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PREFACE* 

Thebb !s no science which requires more concentrated , 
unwearying stadj than that of Mathematics; the yerj 
spirit of other sciences, without which they conld not 
exist, except as confused accumulations of obserred facts, 
yalneless, except for the positive information existing on 
the face of each one. 

There are two classes on whom the difficulties which 
beset the pursuit of the study of figures press yery hardly, 
and those are : — 1st, Youthful students, who are debarred 
the advantages of a thorough mathematical education; 
and, 2nd, Practical mechanics, who conmience the study 
later in life. For the use of these classes the present 
Treatise ok Mathematios has been especially prepared. 

To endeavour to strike out a new kind of treatment of 
a subject which would seem to have been so amply dealt 
with by the most able men of our own and past genera- 
tions, may at first sight seem presumptuous ; wherefore it 
is necessary in some sort to explain the views which have 
led to the publication of the present work. 

Having had to encounter the difficulties which surround 
the academical works on mathematics, we have constantly 
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songht for some simpler form in which the science might 
be tanght, at least in so far as it applies to the arts of 
constmction ; the object being to render principles perfectly 
plain and clear in the simplest possible manner. 

The plan npon which we proceed is one we haye for 
some years used with general success in vivd voce instruc- 
tion, and our endeayour throughout has been to make the 
book talk to our readers as we should talk to our pupils ; in 
fact, it is an attempt to make things connected with figures 
so clear as not to need any further explanation, so that 
mathematics may really be learnt without any tutorial 
assistance. How far we haye succeeded, of course, we 
cannot yenture to premise. 

In the general treatment, that order has been adopted 
which seemed best suited to maintain the continuity of the 
obbject, so as to ayoid diyiding the really concrete science 
of mathematics into a number of distinct sciences, merely 
because symbols of different descriptions are used in 
different processes. 

In the first place, let us allude to the fact that the 
General Discourse on Mathematics occurs in the last 
chapter, notwithstanding a yery common custom in books 
of commencing with something of that description ; it is 
therefore desirable to show why it is last. It is eyidently 
useless to talk freely and familiarly to any one on a sub- 
ject with which he is unacquainted ; therefore, presuming 
that the student on commencing the present work knows 
little or nothing of the science, it would be useless to begin 
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with the discotursei m he mast first learn the processes to 
which it has reference in order to understand its tenor. 
It is moreoyer intended, by additional arguments and 
explanations, to make more distinct the prerious inyesti- 
gations, and to impress more firmlj in the student's mind 
the general working of the science, and its bearing 
upon those practical arts to which the work has special 
reference. 

While the distinctions of symbolical codes haye been 
carefully explained and defined, particular attention has 
been giyen to ayoid the splitting up of the science; in 
fact, we haye repeatedly insisted upon the fact that the 
whole science of mathematics is one continuous chain of 
reasoning from arithmetic to the highest problems of 
algebra ; and that chain has been followed up step by step, 
the demonstrations being in all possible cases brought 
down into simple arithmetic. 

In the treatment of the higher branches of analysis, we 
haye earnestly endeayoured to clear away the air of mys- 
tery that seems to shroud them from ready comprehension ; 
and more especially haye our efforts been directed to the 
illustration of the actual simplicity of the fundamental 
principles of the Differential and Integral Calculus, which 
has hitherto been looked upon as something almost beyond 
the aspiration of a self-taught mathematician, and there- 
fore not to be attempted. 

Some considerable attention has also been giyen to the 
cipher and negatiye quantities, as a mistaken use of them 



VI FBEFAOE. 

will frequently give rise to graye errors ; and althongli a 
little consideration will prevent the chance of errors, yet if 
the proper position of such quantities is neglected, con- 
fusion soon arises. 

Throughout the work we have carefully avoided the 
Introduction of Greek characters, which render mathema- 
tical works so troublesome to those who are unacquainted 
with that alphabet, and in all cases the symbols that are 
necessarily introduced are fully explained. 

As a matter of fact, some elaborate processes might 
have been excluded, but by so doing the opportunity to 
simplify and explain them would have been lost ; and our 
object is not to avoid, but explain away difi&culties. 

In respect to the manner of our work, we wish here to 
remark that we have unhesitatingly thrown aside any 
attempt at elegant writing, and expressed our views in 
whatever way seemed best calculated to convey our mean- 
ing most completely. 
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Thb first edition of this ''Treatise on Mathematics/' 
embodying the substance of a series of oral lectures to 
private pupHs, was published with the view of at once 
placing before the two classes of students to whom it 
is addressed the means of progressing from the simplest 
forms of notation to a stage whence the higher branches 
of mathematical investigation might be reached, and 
also an incentive to persevere in the study of those 
branches denuded (as we hoped to show them) of the 
difficulties, or, we should say, supposed difficulties, with 
which they appeared to be hedged in. 

Not only have our endeavours been rewarded by 
the appreciation of those in whose interests they have 
been exerted, but we have heard wishes expressed that 
the work might be extended to those higher branches 
to which in its original form it appeared as a stepping- 
stone ; for although the elementary parts of the science 
of pure reasoning were shown cleared from the Greek 
symbols, yet when other works were taken up they of 
course appeared, and necessarily to the great hindrance 
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of many of the special classes to whom we address our- 
selves. 

We therefore in this edition include a Second Part, 
which deals with the higher mathematics, and through- 
out that follow the same course as we pursued in the 
first, exclude Greek symbols, and, where it appears neces- 
sary, explain in text such processes as appear compli- 
cated in their algebraical demonstration. 

As in the First Part the uses of yarious tables have 
been illustrated, so in the Second we have determined 
the methods of preparing such tables, viz. the tables 
of logarithms and those giving trigonometrical quanti- 
ties ; for it does not to us seem sufficient that the student 
should only know how to use these tables — he should 
also be acquainted with the methods of calculating 
them, for the mere knowledge of the me of tables savours 
too much of " mechanical action " to be palatable to an 
active and intellectual mind. 

It will be observed by the careful reader that we 
have introduced a method of determining '^ Maxima and 
Minima ^^ by "simple algebra, which, although not so 
elegant as the process by the Differential Calculus, we 
have f oimd useful in the instruction of pupils who had 
not reached the higher stage. We have also inserted a 
method of determining any term of a "Binomial Ex- 
pansion" when the preceding or succeeding term is 
known. 

The vast strides that have been made in elementary 
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education dining the past decade have done much to 
help towards a more general knowledge of science, and 
perhaps especially of that science which is the most 
important of all, mathematical science, without which 
no natural laws could be determined, nor any hypotheses 
advanced to stand the test of rigorous experimental 
research and keen logical argument. 
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NATUKB AND OBJECTS OF MATHEMATICS. 

We consider it advisable, in commencing the present 
work, in the first place to enter upon the nature and 
objects of the science of mathematics ; for by so doing 
it is to be hoped that an additional interest in the 
subject may be called into existence, which may some- 
what relieve the severe studies which the science 
itself in the abstract requires for its thorough com- 
prehension. 

A great deal of the tedium of studying mathematics, 
according to the ordinary course, undoubtedly arises 
from the fact that the learner is poring over a series of 
processes without having any definite idea of the 
practical utility of becoming acquainted with them ; 
and hence there is a longing for something to give, as 
it were, a life to the science under consideration. 

Mathematics is the science of pure reasoning, and 
deals with things tangible, as metaphysics endeavours 

B 
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whioh actually occurs in practice, so tliat wliile the 
student is studying pure mathematics, he is also laying 
a foundation upon which to base a future knowledge of 
mechanics, as our object is not only to teach the abstract 
science to enable those who study the present work to 
attack more elaborate ones, but in such a way that they 
may apply the knowledge acquired at once to works of 
utility. 



CHAPTER II. 



THEORY OF NUMBERS. 

NuMBEBs may be defined simply as symbols expressing 
a comparison between certain tangible objects, as to 
the aggregation or collecting together of such objects, 
or as to their magnitude or gravitative effects, in respect 
to certain other objects or object. 

For instance, we may refer to a house standing by 
itself as one house, and to a terrace of similar houses 
according to the number of houses, say, there may be 
seven houses ; that is to say, the comparison between the 
terrace and the house is that there are seven to one. 

We may, however, say that there are two houses in 
one place, and three in another, which merely implies 
the number of houses, without respect to any similarity ; 
so this is only a comparison as to number, and would 
not ^be any guide as to the relative values or relative 
spaces occupied. 

From these two examples it is evident that the 
arithmetical numerals in common use may be applied 
in two different ways ; in the first case they express 
fully according to some known standard, the condition 
of the body or bodies to which they refer, and in the 
second they do not. 

Taken as they simply stand, the numerals represent 
successive additions of one to the first unit, as shown 
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by the dots in the margin. From an examination of 
this diagram, the rules of addition or subtraction are at 
once demonstrated; for it will be 
observed that if the number of dots, 
which are represented by the symbol 
2j be added on to those opposite the 
symbol 4, we have the number of 
dots which are found opposite the 

symbol 6. 

The sign used to signify that addi- 

tion has to be performed is a cross, 

thus + , and it is called the plus sign; 

hence the process above described may be written as 
under: 

2 added to 4 equals 6 ; or 2 plus 4 equals 6 ; 
or 2 + 4 equals 6. 

But the word equal is also represented by the symbol 
of two parallel straight lines, thus = ; so the above may 
be written symbolically 

2 + 4 = 6 

Taking the obverse process, we notice that if a 
number of dots equal to those opposite the symbol 3 be 
removed from those opposite the symbol 8, there will 
then remain a number equal to those opposite the 
symbol 5. The sign of taking away or subtracting, is 
one straight line written thus — , and called the minus 
sign. So the above calculation may be written, 

8 subtracted from 8 equals 6 ; or 8 minus 8 equals 5 ; 
or 8 — 8 equals 6 ; or 8 — 8 = 6. 

We will now arrange the dots in a different position. 
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Thus, there are shown in the margin six dots in two 
rows, three in each : that is, two rows of dots o 
in such numbers as wiU correspond to the J* ' ' 
symbol 8 will amount to the number that q o o 
corresponds to the symbol 6, and thus we 
arriye at multiplication. Two sets of three dots make 
six. The sign of multiplication is a cross, written thus 
X ; hence the above process may be written^- 

8 multiplied by 2 equals 6 ; or 8 x 2 = 6. 

If, however, we view the diagram in another position, 
we find that three rows of dots corresponding to the 
symbol 2, make up the number 6, which may bo 
written 

2 multiplied by 8 equals 6 ; or 2 x 8 = 6. 

Whereby it is proved that twice 8 is the same as three 
times 2 ; and that which holds good of these numerals 
will also hold good of any other pair of numerals. 

If in the same diagram we draw a horizontal line 
between the two rows of three dots each, 
that is, divide the six dots into two, we shall -r~ 
observe, as shown in the margin, that each 
half of the six dots comprises three dots. 

This process is division, and shows that dividing 6 by 
2 the result is 8. The sign of division is written thus 
-^ ; hence this process is thus written, — 

G divided by 2 equals 8 ; or 6 -^ 2 = 8. 
Again, taking the six dots and dividing them into 
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three by vertical lines, as shown in the mar* 
gin, we find two dots in each division, show- • 
ing that six divided by three gives two as ' 
the result. 

6 divided by three equals 2, or 6 -^ 8 = 2. 

The technical terms used in these four processes are 
as follows : 

If two numbers are added together, the result is 
called the sum. 

If one number is subtracted from another, the former 
is called the minuend, the latter the Buhtrdhend, and the 
result is called the remainder. 

If one number is multiplied by another, the former is 
called the multiplicand, the latter the multiplier, and the 
result the product. 

If one number is divided by another, the former is 
called the dividend, the latter the divisor, and the result 
the quotient. 

In using these numerals in ordinary arithmetic, they 
are always supposed to relate to some standard which 
is the real and material value of the unit or first 
numeral, the figure 1, as 1 ton, 1 pound, 1 cubic foot, 
&c., and whatever the standard of the numeral 1 is, the 
same will be the standard for the other numerals; thus 
8 times 2 tons will be 6 tons, or 3 times 2 cubic feet 
6 cubic feet, and so forth. 

Sometimes it happens, however, that two standards 
are used in multiplication; thus, in calculating in 
mechanics the amount of work done in raising a given 
weight to a given height, we find two standards used, 
the one being the standard by which the weight is mea- 
fjured, the other the standard by which the height to 
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which it is raised is estimated. If, for instance, 70 lbs. 
weight be raised 9 feet, the 70 is multiplied by the 9, 
and the product stated in a name formed by combining 
the two standards thus : — 

70 lbs. X 9 feet = 630 foot lbs. 

And again, if 9 lbs. were raised 70 feet, the work done 
would be the same, 

9 lbs. X 70 feet = 680 foot lbs. ; 

either being equal to 1 lb. raised 680 feet, or to 680 lbs, 
raised 1 foot ; and this result is practically true. 

In a certain class of cases there are three difierent 
standards involved in the calculation ; that is, in calcula* 
ting power, as the power of steam engines, or of animals, 
or other motive force where time becomes an element. 

If of two machines, for instance, doing the same 
amount of work, one does its work in half the time taken 
by the other, it is said to exert twice the power. 

Let there be two machines, and let one of them raise 
5000 lbs. 20 feet high in two minutes, then the amount 
of work done in one minute will be 

6,000 lbs. X 20 feet -j- 2 minutes = 60,000 foot lbs. 

Let the second machine be capable of raising 4000 
lbs. 15 feet high in three minutes, then the amount of 
work done by it in one minute will be 

4,000 lbs X 16 feet -^ 8 minutes = 20,000 foot lbs. 

Hence the power of the first machine in relation to 
that of the second, will be as 50,000 is to 20,000, or 2^ 
times as great. 

b8 
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All these points of the applications of Sgares are 
worthy of the most careful consideration from the com- 
mencement, for if they be not pointed out, the student 
at a later period may be somewhat at a loss when finding 
he has to multiply together two numbers having refe- 
rence to standards of different names, hence we are 
anxious to make the matter as clear as may be at the 
earliest opportunity, in order to save subsequent trouble 
and loss of time and space. 
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CHAPTER III 



SYMBOLS HAVING FIXED RELATIVE VALUES; 
OR, ARITHMETICAL FIGURES. 

In the present chapter we purpose dealing in a pre- 
liminary manner with the arithmetical symbols, being 
those haying fixed relative values. 

The figures 1 to 9 always bear the same j)roportions 
one to another, although they may be used to express 
numbers under different names, as pounds, pints, &c. ; 
but we have hitherto only spoken of whole numbers as 
they are called, or integers, and now it becomes necessary 
to consider the nature oi fractions. 

If the unit be divided into four parts, each part is 
Eaid to be a fourth part, or a quarter, and is written 
thus: 

4: 

This form signifying that the number above the line, 
termed the numerator, is divided by the number below 
the line, called the denominator. 

We may, however, have more of these fractional parts 
than one, say we are dealing with pounds of sand, and 
we have two of these fractional parts of a pound, then 
there will be two quarters, 

4 
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Bat as there are four quarters to make up the pound, 
and 2 is equal to half of 4, it follows that two quarters 
are equal to one-half, or 

A ^ 1 

4 "• 2 

In effect we have divided numerator and denominator 
by a common divisor, thus : 

4-5-2-2 

and we find that the value of the fraction is not affected 
by the process, for it bears the same relation to the unit 
us it bore before the operation. 

If we reverse the process, and multiply both terms 
by the same multiplier, it will also appear that the 
value of the fraction remains intact, thus : 

1x2 2 



2 X 2 "" 4 

which brings us back to the original fraction. 

Now as to the utility of these processes something 
must be said, as it is one particular object of the present 
work to show the practical application of all the 
operations as they are referred to. 

A cubic foot of any substance contains 1728 cubic 
inches, hence, if we find (say in taking out the weight 
of a massive but complicated casting) that in a certain 
mass there are 22,464 cubic inches, and it is desired to 
state it as in cubic feet (knowing that a cubic foot of 
cast iron weighs 450 lbs.), the fraction will appear 
thus: 
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22464 



1728 



of a cubic foot. 



Now this may be reduced to cubic feet at once by 
dividing the numerator by the denominator, or it. may 
be simplified by a series of divisions similar to that 
shown above, which is commonly known as cancelling. 

In the first place, let 8 be the common divisor : 

22464 -z- 8 _ 2MI8 
1728 ^ 8 ^ "216 

The fraction may be further simplified by dividing by 4 : 

2808 ■=- 4 _ 702 
216 -5- 4 ■" 54 

Which may again be divided by 6 : 

702 -T- 6 ^ 117 
54-5-6 "9 

And, lastly, solving the fraction altogether, we find 

9)117 

18 cubic feet. 



(So that in ascertaining the weight of the mass, there 
would be 

18 cubic feet x 450 lbs. = 5850 ]bs. 

being the weight of 22,464 cubic inches of cast iron.) 

This illustrates one of the uses of dividing a fraction, 
that is, to reduce it to its simplest form ; but it does not 
follow that the fraction is going to be reduced to a 
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whole ntunber in evexy case. Let the following example 
be tested; 

045 



1575 



This will divide by 5, as all numbers ending in 5, divide 
without remainder by that number, 

946 ^ 5 ^ 189 
1575 -5- 5 816 

which will divide again by 7— 

189 -f- 7 ^ 27 
815 -i- 7 45 

which is divisible by 9— 

27 4- 9 ^ 8 
45 -V- 9 5 

The fraction is now reduced to its simplest form, 
unless it be carried into decimals by a process which 
will hereinafter be referred to. 

Multiplication of the top and bottom numbers by a 
common multiplier, is often necessary in the adding 
together of fractions, thus : 

^11 
6 "^ 12 

cannot be added together because the denominators, or 
number of parts the unit is divided into do not agree, 
and, therefore, there really are two separate standards 
replacing the unit ; hence they must be brought to one 
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value. In the prei^ent case this can be done by mnlti- 
plying the numerator and denominator of tlie firsi 
fraction by 2, thus : 

5x2 ^ 10 
6x2 12 

and now the fractions may be added together : 

10 n ^ 10 + 11 ^ 21 
12 "^ 12 12 12 

Although neither of the original fractions could be 
simplified, the sum of the two can by using 8 as a 
common divisor : 

21-4-3 ^ 7 _ i. 
12 -J- 8 4 ■" * 

If it is desired to multiply two fractions together, it 
is done by multiplying the numerators together for a 
numerator, and the denominators for a denominator 
thus: 



^ V ^ = 1?. 

6 9 45 



It might be written 

1 X - = ^ ^ ^ = 1^ 
5 9 5x9 45 

If one fraction is to be divided by another, it must for 
obvious reasons be divided by the numerator, and mul- 
tiplied by the denominator ; let it be required to divide 

^^8^2 9^ 2x9 ^ _18 ^ 9_ 
5'9 5 8 6x8 40 20 
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In these last examples the common divisor used to 
simplify the fraction is not stated, being evident. 

Another way of stating that one fraction is divided 
by another, is by putting it as a compound fraction, 
and acting on the 

BuLE. — To reduce a compound fraction, multiply the 
extreme terms for a numerator, and the mean terms for a 
denominator. 

4 

5*7 "T" 

7 

The extreme terms are those at the top and bottom 
(4 and 7), and the mean terms, those in the centre (5 
and 8), therefore — 

4 

g ^ 4 X 7 _ 28 

8 "^ 5 X 8 15 

7 

which is the most simple form of the fraction, being in 
mixed numbers— 

28 _ 13 

16 ■" -^^IS 

Where a problem occurs in which a number of sums 
have to be multiplied together and divided in succes- 
sion by a number of other quantities, it may be stated 
as a fraction, the sums to be multiplied being so 
placed as numerators, and the divisors multiplied toge- 
ther for a denominator. This point seems worthy of 
proof. 

Let it be required to multiply 16 by 24 by 17 and by 
9, and divide the product by 27, by 4, and by 82. 
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16 
24 



64 
82 

884 
17 

2688 
884 

6528 
9 

4) 58742 

82)14688(459 
128 

188 
160 



288 
288 



27)459(17 Answer, 
27 



189 
189 



Now let this be compared with the other process. 

16 X 24 X 17 X 9 ^ 68752 _ 

27 X 4 X 82 8456 ~ ^^ Answer. 

But to avoid multiplication, cancelling might be 
referred to in the first instance, thus : 

16 1 

;:^ X y^ X 17 X y _ 6 X 17 
ff xf y.^% 2x8 

8 12 
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This is the first cancelling, where 16 -r 16 = 1, and 
82 ^ 16 = 2; likewise 4 -t- 4 = 1, 24 -f- 4 = 6, also, 
9-^9 = 1, and 27 -r- 9 = 8; but we can cancel again. 

being the same result as attained by the longer process. 

In practical calculations connected with the con- 
structive arts at the present time, fractions may be 
said to be entirely displaced by decimal arithmetic, 
which for those purposes is by far the most natural and 
convenient ; but to have a thorough knowledge of the 
science of arithmetic as a branch of mathematics, that 
is, in its analytical capacity, it is absolutely indispen- 
sable to study the vulgar fractions thoroughly. 

It will soon be observed that in reality every arith- 
metical expression is virtually a fraction, for it has a 
denominator if not expressed, and when left to be 
understood that denominator is 1. 

This is evident ; for as we say two in speaking of 
thirds of a unit, so may we say two in speaking of 
units, and the expressions fully written become fractious 
thus: 

- , and - 
8' 1 

The denominator showing the standard or measure of 
things with which we are dealing, and the numerator 
the number of those measures taken. 

It is necessary to have a very clear understanding on 
this point, in order to avoid confusion in some expres- 
sions which occur in mathematical investigations, 
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involving tJxe cipher, or the negative sign. Of such 
class are the expressions 

, and 



0' -2 

The greater the denominator is the smaller will be 
the value of the fraction, if the numerator remain un< 
altered ; thus 

- is smaller than -- 

5 o 

the denominator 5 being larger than the denominator 8. 
To compare the relative values of these fractions it is 
necessary to bring them to a common denominator/ 
which will be done by multiplying the two terms of the 
first fraction by 8, the denominator of the second frac- 
tion, and the two terms of the second by the denominator 
5 of the first ; 

2 X 8 _ 6 2 X 5 _ 10 

5x8 15 8x5 16 

hence the ratio of the fractions is 6 to 10 or 8 to 5. 

From this it is seen that where the numerators are 
equal, the values of the fractions are inversely as the 
denominators. 

Generally, the values of fractions are directly as 
their numerators, and inversely as their denominators. 

It having been shown that the numerator being con- 
stant, the value of the fraction will be inversely as the 
denominator ; we may now inquire into the value of 
the fraction having the form 

8 
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The denominator being nothing, is infinitely smdll^ 
that is to say, there is no expression for it ; hence the 
fraction having this denominator must be infinitely 
great; to put it very colloquially, the inverse of nothing 
is everything, or that of no space is all space, or of no 
time, the inverse is eternity. 

From this it is drawn that every fraction having the 
denominator is infinitely great, hence all such frac- 
tions are equal, as there is nothing greater than infinity, 
thus 



These fractions occurring terminate a calculation, 
as we can only deal with finite numbers. 

Inverting the above fraction, we find the cipher 
occurring as a numerator. 


3 

and the value of this is nothing^ as we may say, the unit 
is divided into thirds, and none of those thirds are 
taken in calculation. 

Passing beyond the cipher or zero of numerals, 
negative quantities appear, which when taken by them- 
selves seem paradoxical, as, physically speaking, it is 
impossible to imagine the existence of a negative 
quantity, which is something less than nothing. When, 
however, the negative implies that there is some 
positive number from which that indicated as negative 
is to be deducted, the use of the sign, in calculation 
becomes obvious, and as will be seen in another part 
of the present work, it is also used to indicate the 



MATHEMATICAL FI6UBES. 21 

direction in which lines are developed in algebraical 
formulflB, and also the nature of strains on certain 
structures and machines. 

It is not easy to imagine a value corresponding to 
the quantity 

- 5 

But it becomes intelligible when forming part of a 
statement, thus— 

18 - 5 = 8 

The application, however, of the minus sign to trac- 
tions, is likely to prove the most perplexing, and hence 
requires some careful investigation. 

- 8 



is evidently signifying the subtraction of |, and may 

also be ivritten 

_ 8 

5 

K this followed |, we should find 

9 -_3 = 9 _ 8 ^ G 
6 "*" 5 5 5 5 

Again, the denominator may be negative : 

- 5 

The denominator, or standard, is a minus quantity, 
and the numerator shows the number of such quantities 
to be taken ; hence 

8 _ 8 
- 5 " ■" 5 
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Again, there are fractious haying both terms negative, 

thus: 

- 3 

- 5 

Now in this case both quantities (dividend and 

divisor) are of the same quality ; hence their ratio will 

be positive, it being the ratio of — 8 to — 5, 

therefore 

-^ 8 ^ 3^ 

- 6 6 
As another example, take the fraction 

>- 4 

- 4 

The quantities are equal, for — 4 = — 4, hence 
— 4 will divide once into — 4, wherefore 



- 4 



Thus it is seen that in division the following rules 
apply : 

If dividend and divisor have Wee signs {both + or both > 
— ), the quctient will have + sijn, 

7/ divider i and divisor have unlike svjns {one + the 
other — ), the quotient will have — shjn. 

In multiplying minus quantities, some similarity of 
results obtains, thus 

1 Q 8 

- 5 ^ '= " 5 

for the one-fifth being on the negative side by mul- 
tiplying it by three, we get three negative fifths. 
Similarly, 
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5 6 6 

one-fifth of minus three being minns three-fiffchs, as 
found by the process shown. Let two negative numbers 
be required to be multiplied together, then the second 
negative, being negative to the first, will reverse it, and 
the result will be positive, thus 

- 8 X - 6 = 16 

(Note. — ^This is similar to the rule in grammar, that 
two negatives destroy one another, and are equal to an 
affirmative ; thus, to say there is '' not nothing in the 
house," is to imply that there is something, which 
there certainly must be if " there is not nothing.*') 

In the multiplication of quantities with various 
signs, the following rules must be observed : 

If the quantities to be multiplied together have like signs, 
the product will have + sign. 

If the quantities to be multiplied together have unlike signs, 
the product will have — sijgn. 

If there be a number of fractions to be multiplied 
and divided into each other, all that is necessary to be 
done is to invert those fractions that are divisors, and 
then multiply all the fractions together. 

2 8 4 
Let -, ~, - be multiplied together and divided by 

a* ™» * 5« Invert the last three and multiply all six 

D 7 o 

together thus 

2 8 4 6 7 8 _ 2x3x4x6x7x8 _ IG 
8^4^6^5^6^7 ""8x4x6x6x^x7 26 
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We xntist now pass on to consider the processes of 
decimal arithmetic, which is, in fact, merely common 
arithmetic with the notation table extended downwards 
from the unit in the ratio of 10 to 1, as well as upwards 
from the nnit in the ratio of 1 to 10. 

First consider the ordinary notation — 

8 7 8 6 5 4 9 

OQ QQ CQ OQ QQ OQ OQ 
P} rd r^ rd rd fl .-^^ 



liiii^^ 



5 S3 j3 

o o o 

rg .g ^ hi 

•+» ^3 tj '^ 



W 

Commencing at the units, the next figure to the left 
has ten times the value by virtue of its position, and so 
for every remove from the unit to the left, the value of 
the figure is increased by ten times, thus 9 in the place 
of units means 9 simply, but the 4 to the left by virtue 
of its position, represents 40, and the next figure, 6, 
represents 600, and so on, the whole sum as written 
being as if it were obtained by the following addition : 

9 Units. 
4 Tens. 
5 Hundreds. 
6 Thousands. 
8 Tens of thousands. 
7 Hundreds of thousands. 
8000000 Millions. 

8786 549 



We may now extend this notation to the right, 
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designating the position of the unit by a period placed 
at its right hand side thus, 9* In extending the series, 
each remove of position to the right will be accom- 
panied by a reduction in the intrinsic value of the 
number to one-tenth, for the same as the position of 9 
gives it one-tenth the value of that it would have if in 
the position of the 4, so if another 9 were put beyond 
the period, on the right of the unit 9, it would only 
represent nine-tenths. 

The following table shows the principle alluded to : — 

• 2 Ten thousandths. 

• 8 Thousandths. 

• 7 Hundredths. 

• 3 Tenths. 
9 • Units. 

4 * Tens. 

5 * Hundreds. 

6 - Thousands. 



G549- 8782 

Which would be read, 0649 decimal 3782. In this 
notation, from one end to the other, the relative values 
due to position throughout vary by the same laws ; that 
is, one remove to the left increases the value of the 
numeral ten times ; thus, whilst the 2 represents ten 
thousandth parts, the 8 represents thousandths, and so 
forth. 

The decimal point is the arbitrary limit, which 
shows where the value of the unit of measure com- 
mences ; thus, if we are calculating upon pounds weight, 
it would be right to place the period where it is, but if 
for any reason we wish the result to be given in tenths 
of a pound, the quantity would be written 
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65498-782 

which is, in fact, multiplyiag the figures by ten ; for 
each figure the decimal point is moved to the right, 
the whole sum is multiplied by ten ; and for each figure 
it is moved to the left, the whole sum is divided by 
ten. 

In addition and subtraction of quantities having 
decimals, care must be taken to place the decimal 
points vertically under each other, thus 

4339 
84-28 
16-04 

143-66 Sum. 

The addition being otherwise carried out in the same 
way as in the case of ordinary integers ; in subtraction 
the case is similar. 

84-28 Subtrahend. 
48-89 Minuend. 
50-84 Eemainder. 

In multiplication the number of decimal points in hath 
multiplier and multiplicand are marked off from the right 
in the product, 

28-62 Multiplicand, 
14-5 Multiplier. 

11810 
9448 
2362 



842-490 Product, 
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It will here be seen that in the multiplicand are two 
places of decimals (*62), and in the multiplier one place 
(*5), in all making three places of decimals to be marked 
off in the product, which three are '490. The final 
may be struck out, as it has no value, and a at the 
extreme left of the sum would have no value, as will be 
seen from the following examples : 

80 is thirty. 

08 ,, three. 
8 „ three. 
•30 „ three tenths. 

•8 „ three tenths. 
•08 „ three hundredths. 

Hence, in the integral portion, the cipher gives an 
additional value (of ten times) to a figure preceding it, 
but does not affect the value of a figure following it, 
and in the decimal portion the cipher depreciates the 
value of a numeral following it (by ten times), but does 
not affect the value of a numeral preceding it. Let us 
compare the multiplication of decimals with that of 
vulgar fractions. 

Let one- tenth be multiplied by itself. 



10 10 100 

Now •! is one tenth, 

•1 
•1 



.01 = one hundredth. 

Here we see one times one is one ; but there are two 
places of decimals, so that a cipher has to be i^lQ.<^^d. 

c2 
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before the figure 1 in order to conform to the rules of 
multiplication. 

1 8 

Take another example, multiply j-by 7. 

4 5 20 

The corresponding decimal value to the fractions 
must be found. One quarter is evidently equal to 25 
hundredths, as will be seen by multiplying both terms 
of the fraction by 25, thus 

1 X 25 25 



4 X 25 100 

But from the notation table, it will be seen that 25 
hundredths equal 2 tenths and 5 hundredths. 

•05 = hundredths, 
'2 = tenths. 
•25 

Being the addition of 5 hundredths to 20 hundredths, 
hence 

I = -25 

The-^ we will multiply by 2. 

8 X 2 _ _6 
5x2 10 

But yq is obviously equivalent to -0 

•25 -i 



150 
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This must be compared with the result previously 
obtained ■^%. To get this to the decimal form we may 
multiply both terms by 5 : 

8x5 16 

= -:i^rzr = -15 



20 X 6 100 

which is the same as *150, the final cipher having no 
effect. 

Division next requires attention. Divide 7 hy ^ ; 
by the ordinary rule of inverting the divisor, the reply 
is — 

7 X 1^ = 70 

Divide 7 by •! (= ^js) 

•lyH) 

70 

Two sums of different names, before division of one 
by the other, must be brought to the same arbitrary 
standard unit ; so before we can divide 7 by ji^, it must 
be found how many tenths there are in 7, which is 70. 
Hence we find the following rules for division in decimal 
arithmetic. 

If the dividend have fewer decimal places than the 
divisor, add ciphers to make the quantities equals and 
proceed as in ordinary division. 

If there he more decimal places in the dividend than in 
the divisor, deduct the number in the latter from those in 
the former, and mark off from the quotient a number 
equal to the remainder. 
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Divide 83-2 by 166 

lG6)33-20(20 
832 

00 
Divide 45-03455 by 5-5 

5-6)45-03455(8-188l 

103 
55 



484 
440 

445 
440 

55 
55 



Here there is one place of decimals in the divisor, 
and there are five in the dividend, showing an excess in 
the latter over the former of four, hence four places of 
decimals must be marked off from the quotient, which 
becomes 8*1881. 

If the numbers will not divide at once without 
remainder, we may go on adding ciphers to the 
dividend, and so get nearer and nearer to the actual 
result by increasing the number of the places of 
decimals. Thus, divide 18 by 7 :— 

7) 13-000000000 
1-857142857 

In this instance, we find 1-857142, after which these 
six decimals repeat themselves to infinity, they are 
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called circulating decimals, and the terminal figures are 
marked over the top with periods, as shown, to signify 
the same. 

Now it is certain that the whole sum of circulating 
decimals following the numeral 2 cannot bring it quite 
up to threC; because each succeeding figure becomes a 
fraction of the one preceding it, but as the series is 
infinite, it may come infinitesimally close to three; 
hence in calculations where circulating decimals occur, 
it is customary to add 1 to the last decimal thus — 

1-857142 
1 

1-876143 

and act upon the number so obtained. 

As the denominator of a decimal fraction is always 
10, or one of its powers, it stands to reason that numbers 
which will not divide into 10, or any of its powers, 
without a remainder, will produce an infinite decimal 
fraction. Such a number is 8. 

8 )1-0000 
•8333 

But according to the above rule we may take -8334 
in practice ; it is therefore, desirable to compare this 
approximation with the actual result obtained by vulgar 
fractions. 

Multiply 6476-38 by ^ 

5476-38 X I = ^^I^ = 1825-46 
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Now by the decimal method 

6476-88 
•8834 



2190552 
1642914 
1642914 
1642914 

1825-82509T 

The approximation being sufficiently near for all 
practical purposes. 

The method of reducing vulgar fractions to decimals 
is now obvious; it merely consists in dividing the 
numerator by the denominator, thus 

Beducc J to a decimal fraction. 

4 )8-00 
0-75 

Eeduce g to a decimal fraction. 

8)7-000 
0-875 

Hence 8 ^ ^.rjrg and | = 0-875. 
4 8 

To change decimals into vulgar fractions, the deno« 
minator of the decimal fraction must be placed under 
it, and then the fraction simplified by division of both 
terms. 

The denominator of a decimal fraction consists of the 
unit 1 , and as many ciphers after it as there are places 
of decimals. 
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Eeduce 075 and 0-875 to vulgar fractions, 

75 _ 8 

100 4 

Here the terms are each divided by 25. 

875 __ 175 _ 85 _ 7 
1000 200 40 "8 

In this case the reduction is eflfected by three times 
dividing in succession by 5. 

When a series of numbers occur having a certain 
definite relation to each other, — that is, each number is 
greater or less than the preceding number, according to 
some fixed law, — such a series is termed a progression. 

If the variation is caused by the addition of a constant 
number, the series forms what is termed an arithmetical 
progression. Let the constant number be 2, then 

1, 8, 5, 7, 9, 11, 13, 15, 17, 19 

are in arithmetical progression. 

If the increase or decrease is due to a constant mul- 
tiplier, the series is termed a geometrical progression ; 
let 8 be the constant multiplier, then 

1, 8, 9, 27, 81, 248, 729 

are in geometrical progression. 



c8 



84 



CHAPTER lY. 



SYMBOLS HAVING ARBITEARY RELATIVE 
VALUES ; OR, ALGEBRAICAL FIGURES. 

The symbols essentially nsed in algebra, in contradis- 
tinction to those pertaining to arithmetic, have no fixed 
relative value, their ratios being arbitrary, or, we might 
say, incidental to the nature of any particular problem 
under consideration ; but arithmetical figures are also 
used in conjunction with the algebraical symbols. 

The latter offer the great advantage of affording the 
means of lucidly stating general laws, which may be 
applied to any number of special cases coming under 
any law so stated. The letters of the alphabet are used 
as algebraical symbols. 

For an example, let it be supposed that a general 
rule is required for finding the area of any oblong sur- 
face ; the area is equal to the length multiplied by the 
breadth. 

Let I = length of surface. 
b = breadth of surface. 
A = area of surface. Then 

A =: I X h 

will be the general formula. The length, breadth, and 
area will all be in the same name ; if the length and 
breadth are in inches, the area will be in square inches ; 
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if the length and breadth are in feet, the area will be in 
square feet. 

It will be seen from the formula, that the actual 
figure values of I and b are determined differently 
according to the circumstances of different cases, and 
bear no defined ratio in themselves ; they are generally 
spoken of as known or given quantities, A being an un- 
known quantity to be decided ; in any case where I and 
b are given, being replaced by their given values. 

Let Z = 59 inches. 
ft = 23 inches. 

Then ^ = 59 x 28 = 1357 square inches. 

If, on the other hand, a formula to give the necessary 
breadth, when the length and required area are known, 
is wanted, we have 

Let A = 1680 square feet. 
I = 120 feet. 

IfiftO 

Then b = -jog" = 14 feet breadth. 

Hence it is evident that before any practical result 
can be obtained, the algebraical symbols must be 
replaced by their numerical values. 

Algebraical reasoning is almost indispensable in 
developing rules from the various physical laws, and it 
is always a quick and convenient mode of mathematical 
analysis. 

The general form of algebraical calculation is the 
" equation^' of which the following is a definition : — 

An equation is a statement of two sides, each side con- 
sisting of one or more quantities; but in any case the 
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value of ofie side of the equation is equal to the value of 
the other side. 
In arithmetical figures, 

2x8 = 8-2 

would represent an equation, as, when worked out, each 
side is equal to six, thus, 

2x8 = 6 
8 — 2 = 6 

It is necessary now to enter into the method of 
working by simple equations, and thoroughly to inves- 
tigate the various processes of transposing, &c., which 
occur in their use. 

The following axioms must always be borne in mind. 

Things which are halves of equals are equal. 

Things which are doubles of equals are equal. 

Enlarging upon these axioms, we have the two fol- 
lowing rules : — 

The two sides of any equation may he divided hy a 
common divisor without disturbing the equality of those 
two sides. 

The two sides of any equation may he multiplied hy a 
common multiplier^ without disturbing the equality of those 
two sides. 

So that in neither case is the integrity of the equation 
disturbed. 

Assuming x to be an unknown quantity, and a, 5, c, 
known quantities, let the value of x be required to be 
found from the following equation ; 

5a; 8a , ih 
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37 



It is necessary to simplify the equation so as to get 
at the value of x^ unencumbered with its fractional factor 
^. In the first place, divide both sides of the equation 
by 5, 

5a? 8a , 45 c 

-r 



7x5 2x6'5x5 5 

cancelling the fives in the first term, and multiplying 
out the denominators, 

a? __ 8a , 4ft _^ e 
Y"*10"^25 6" 

Next multiply both sides of the equation by 7, 

7a; _ 8a X 7 , 46 X 7 Ic 

-r 



7 10 ' 25 5 

cancelling as before, and multiplying the numerators, 

21a , 28ft Ic 
10 ^ 25 5 

Which is the simplest form to which the equation 
can be reduced, without the introduction of brackets, of 
which we shall subsequently treat. 

Let a = 6, ft = 5, and c = 8, then 

21x6,28x5 7x8 
10 ^ 25 5 

^126 140 _ 21 
^ 10 "^ 25 5 

In order to perform the addition and subtraction 
these must be brought to a common denominator (as 
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we cannot add tenths to twenty-fifths, &c.), which will 
be 50 ; the first term of the right hand side will have its 
common factor for numerator and denominator 6, the 
second 2, and the third 10. 

630 , 280 210 



60 ' 60 60 

^ 630 + 280 - 210 _ 700 _ 70 _ .^ 
60 60 6 

Hence the value of x is 14. Now to prove whether the 

multiplication and division have vitiated the equation, 

the value of x "thus found can be substituted in the 

original statement, and also the values of the other 

symbols : — 

hx 8rt , 45 
6 X 14 8 X 6 . 4x5 __ g 



7 2 

70 18 , 20 o 
T = -2-+ 5"^^ 

10 = 9 + 4-8 = 13 -3=: 10 

Clearly proving that the multiplication or division of 
both sides of the equation does not vitiate the equation. 

Next must be considered the transposing of quantities 
from one side of the equation to the other. 

Let X be the unknown quantity, w, y, and z being 
known quantities upon which the value of x depends. 

We work upon the two following axioms : - 

If equals be taken from equals, the remainders are 
equal. 
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If equals be added to equals, the sums are equal. 

Whence the rules, 

A given 8um being deducted from both sides of an equation 
does not vitiate such equation, 

A given sum added to both sides of an equation does not 
vitiate such equation. Let 

a? + 5-2: = -^ — 8m; 
o 

Subtract bz from both sides of the equation, 
a; + 5-2 — 5-2 = ^ — 8m; — 5z 

0? = -^ — 8m; — 5-2 

Let ^ = 84, w = 8, and ^ = 2, then replacing these 
known symbols by their values we have 

2 X 84 
^ = 3— -8x3-6x2 

a? = "^"l? - 24 - 10 = 56 -. 34 = 22 

Testing the accuracy as before, we find 

X + hz =^ -^- — 8m; 
3 

22 + 10 = 56 - 24 

82 = 82 

Again proving the accuracy of the process. 

An example may now with advantage be given, to 
show the application of the simple equation in developing 
a general formula for practical application. The case 
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Sometimes there are two or more unknown quantities 
in an equation, in which case there must be two or 
more equations for their solution. 

It is evident from the foregoing examples that the 
formula may be developed for any one of the terms as 
the unknown quantity, and this may be illustrated by 
the following generic example : — 

Let a.a?'= b,c. 

Then a formula may be found for each letter as the 
unknown quantity in turn. 

be 
Divide by a?, then a = — 

Divide by c, then h =: — 

Divide by 5, then c = -— 

he 
Divide by a, then x := — 

We must now revert to the process of simplification, 
by adding or subtracting a given number on both sides 
of the equation. 

Let a; + 4-2: = 3^ 

To simplify for the value of x, subtract 4z from each 
side. 

a? + 4^ — 4^: = 3^ — 4z 
X = dy — 4iZ 

From this it may be observed that, in fact, the 
quantity 4:z has been transposed from the left to the 
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riglit hand side of the equation, but its sign is altered, 
hence the following rule : 

Any quantity in an equation may be transposed from one 
side to the other without vitiating the truth of the equation, 
provided its sign he changed from plus to minus, or minus to 
plus, as the case may be. 

Let X — 2y = z 

Then in transposing 2 y, the sign must be changed from 
minus to plus : — 

X = z + 2y 

In the equation 

a; = y + 2a — 83 

let X and y be both unknown quantities, but 

Let y = Su + 2v 

Then replacing y by its value in the first equation, 
we get 



x = du + 2v + 2a-db 



Let u zz 5 
VIZ 10 
a= 7 
ft= 9 



Then a; = 15 + 20 + 14 - 27 = 49 - 27 = 22 
and y = 15 + 20 = 35. 

Having proceeded thus far, it now becomes necessary 
to explain the uses of brackets and vincula in algebra. 



44 TREATISE ON MATHEMATICS. 

When a number of quantities are required to be mul- 
tiplied by a common factor, those quantities may be 
placed in brackets, and the multiplier put outside, 
thus, 

a,x + a.y + a,z ^ a,b = a {a? + ^ + -2: — b} 

which may be proved by example. 
Let re =10 

y=z 6 

z=20 
b= 4 
a= 3 

SO + 15 + 60 - 12 = 3 {10 + 5+ 20 - 4} 
93 = 3 X 31 = 93 

So an equation may be simplified where a number of 
terms are divisible by a common divisor, by the intro- 
duction of brackets. 

This may be illustrated by the formula for the strain 
on top or bottom flange of a girder under an uniformly 
distributed load, the strain being at any given point in 
the length. 

Let M;=load in tons per lineal foot. 
Z=spaii of girder in feet. 
(?= depth of girder in feet, 
a? = distance in feet of given point from nearest 

si-ipport. 
^= strain on flange in tons. 
The formula is found to be 

9 = ^-^ — ^'^'^ 



ALOEBBAIGAL FIGURES. 45 

Now it is evident from inspection that both the terms 
on the right hand side of the equation contain the 
quantity 

w.x 



2.d 



Hence we can save labour by placing this factor outside 
brackets, thus 






Let ns now test this process by working an example 
by each equation. 

Let w = 2 tons per foot, a? = 20 feet, I = 100 feet, 
d = 9 feet. 

By the first, 

^ ^ 2x20x20 _ 2 X 100 X 20 
2x9 2x9 

_ 800 _ 4000 __ 8200 _ -.. .i 
" 18' 18 " "18" " -^^^'^^ 

(Note. — As we have not yet entered upon involution, 
it should here be mentioned that a^= x squared is equal 
to a; x X,) 

By the second equation, 

= |0_j__3^^_40x80 ^ _ 8200 ^ 1,,.^. 
giving the same result in both cases. 
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Care must be taken when eliminating brackets from 
an equation, to observe the sign in front of the bracket, 

re — {a + 5} 

means obviously that the sum of a and h is to be sub- 
tracted from rr, but if the brackets be removed, the 
signs of the symbols within the brackets must be 
reversed, so it will read 

If the plus sign were outside the brackets, the signs 
on the contained quantities will remain unchanged, 
thus 

a;+ {a ^h + c] =a? + a — 5 + c 

The vincula, or as it is written in short, the ** vincla,*' 
serves the same purpose as the brackets, and is a line 
drawn either over or under the quantities to which it 
refers, thus 



a + 6 or a + h 

The line of division in a fraction serves as vincla to 
both numerator and denominator. 



Thus, x.a + h 

means that the sum of a and h is to be multiplied by a:, 
or it may be written, 

Whereas, x.a + h 

without the vincla, would signify that a is to be mul- 
tiplied by X and h to be added to the product ; in short. 
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x,a -f 6 = x.a+h = ar {a + 5} 
And x. " + ^ + ° 

M X Xf 

signifies that the fraction is to be multiplied by x. 

Brackets are of great use in keeping equations of 
great extent within a convenient compass, and they are 
more generally used than vincla, especially in works 
bearing on matters of a practical nature. 

The nature and use of brackets being understood, it 
becomes necessary next to consider equations where 
two or more sets of brackets occur, such as 

a; = ^a + h] ,{y -- z) 

In proceeding to the solution of this equation, it is 
desirable to recapitulate the rules of multiplication in 
algebra. 

If quantities having like signs he multiplied together the 
prodttct will be plus. 

If quantities having unlike signs be multiplied together the 
product will be minus. 

In the above equation a -f 5 is to be multiplied into 

a + b 
y - ^ 

ay + yb 

-^ az ^bz 

a.y -\- yb ^ az — bz 

Bec0:Ufleaxy=a.y,yx J=^.&,ax — «= ^az,anibx —z 
= — fo. 

X = {a+5} . {y—z] = ay + yb — az — br: 



48 TREATISE ON SIATHEMATIOS. 

The truth of this may now be tested arithmetically, 

Let a=2, J=5, ^=10, and z=i. 
Then, 

x={a+b} . {3^-^}=:{2+5} . {10-4}=7x6=42. 
And, 



=20+60-8-20=70-28=42 

The same result being obtained in both instances. 

The present chapter, treating of algebraical figures, 
must not be looked upon as explaining all the processes 
used in algebraical investigation, but as a general intro- 
duction to the nature and operations involved therein ; 
the more particular details having to be considered in 
subsequent chapters, more specially devoted to them, 
and categorically arranged. 

We have considered, however, that both with arith- 
metic and algebra a kind of free introduction to the 
general nature of the science causes the specific rules 
and formulas to be afterwards more readily understood ; 
and this is probably due to a general familiarity with 
the symbols and commoner operations subservient to 
the more intricate analyses. 

Before closing the present chapter, however, we shall 
insert some examples of addition and subtraction. 

Add together, 

ah+Sac — idy 2ah+Sa+2aCy and 2c? — 8a5 — 4ac. 

In stating for addition, the like quantities must be 
placed under each other, and the plus quantities added 
together, and the minus quantities subtracted from them. 
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a5 + 8ac — 4d 
2ab + 2ac + da 

^ bab - 4:ac + 2d 

ac — 2df+8a== sum of quantities. 

In the first column there is 

aft + 2 a5 - 8 aft = 3 a6 - 8 aft = 
In the second, 

8 ac + 2 oc — 4 ac = 6 ac — 4 ac =s ac 
In the third, ^id+2d =— 2(f 

In the fourth, = 8 a 

In subtraction reverse the signs of the minuend and pro- 
ceed as in addition. 
State the subtrahend as given. 

5a.b.+icd+6x—6i/,z 

The minuend thus, 

— 2a.5. + 8cdf—4a:+6y.« with the signs 

Sa.b.+7c.d+2x'' yz reversed. 

From this it evident that any number of quantities to 
be added and subtracted can be stated in one sum, but 
each column then virtually resolves itself into an equa- 
tion of which the solution is the bottom of the column, 
as in the first column here — 

ISab - 2ab = {5 - 2} a5 = 8aJ. 
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ON SOME MATHEMATICAL EXPRESSIONS 

AND SYMBOLS. 

Before proceeding further with mathematical investiga- 
tions, it is incumbent to state and explain some of the 
mathematical symbols in general use. We might, if 
we wished it, avoid most of them, but this would ren- 
der our work incomplete ; our object being not to avoid 
difficulties, but to explain them, and render them easy 
by simplification, and, in the matter of symbols, by dis- 
cussing their origin, to impress them on the memory 
of the student. For were we to omit this, although we 
should succeed in making clear the processes of mathe- 
matical investigation, yet students of this work would 
not be enabled by it to read others of a more abstruse 
character if they wished it, and it is very far from our 
wish to limit the usefulness of this treatise to its own 
pages. 

In the first place we will recapitulate the ordinary 
terms of arithmetic. 

In addition there are the quantities to be added and 
che sum. 

Example. 185) 

1856 I qi^antities to be added 

286 J (^^' addenda). 

1827 sum of addenda. 
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In multiplication, there are the multiplicand, multi- 
plier, and product. 
Example. 286 multiplicand. 

18 multiplier. 

1888 
236 



4248 product. 

In subtraction, there are the subtrahend, minuend, 

and remainder. 

4376 subtrahend. 

2158 minuend. 
2228 remainder. 

In division, there are the divisor, dividend, and quo- 
tient. 

Divisor 9 )1863819 dividend. 

207091 quotient. 

The signs, both in arithmetic and algebra, are as follows : 

Sign of addition . . -f 

,^ subtraction . — 

„ multiplication x 

„ division . , -=- 

„ equality . . = 

„ varies as . . OC 

„ smaller than . •«< 

„ greater than • ^» 
In fractions — 

the numerator is the term above the line, as 14 
the denominator „ below „ 29 

There are some symbols for words, thus : 

12 : 45 :: 20 : a; 
Means, 12 is to 45 as 20 is to x 

d2 
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Tliat is to Bay, the ratio of 12 to 45 is the same as Uie 
ratio of 20 to a: ; or, to put it in an equation. 



46 X 

Geometrical terms are also used in calculations for 
the sake of simplicity and classification. 

A square in geometry is a plane Jigure having /oar sides 
all equal to each otbei; and all the angles right angles. 

To find the surface of a square, two of its sides are 
multiplied together, and the product is the area, as 
proved hy figure 1. 



1 


2 


3 
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G 
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10 


ai 


IZ 
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14 
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IB 



Let the figure show a square with sides each four 
inches in length : then the area in square inches will be 

4x4 = 16 square inches. 
If the sides of the square be each divided into four, and 
intersectinj; lines drawn as in the figure, it will be 
divided into squares of one inch each, and counting u[ 
the number of squares, we find 16, the same as calcu- 
lated. 
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Hence in arithmetic, when a number is multiplied 
by itself it is said to be squared, or raised to the second 
power, and the sign of the second power is a small 
numeral placed to the right, and above the figure 
thus : — 

4»= 16 

4 simply is 1 x 4, the 1 representing the standard unit 
to which the 4 relates. The algebraic form would be 

«* = « X a: 

Examples. 

Ka? = 8 a?= 8=3x8 = 9 
Ifa;=5 a7 = 6=5x5 = 26 

If a fraction is to be squared, both numerator andde« 
nominator are squared. 

4 4' 4 X 4 16 

But a numerator or denominator alone may require 
to be squared, as in the expression. 

3 .« r " 8 3 

— if a; =5, — = 



a? ' a-* 6 X 5 26 

if* ., 1 , a? 14 X 14 no 

or, - if ar = 14, - = — ^_ = 28 

The sign of the square of a number must le positive^ 
whether the number is positive or not, as like signs in 
multiplication give positive results. 

If 0? = 3 a;* = 3 y 8 = 9 

Ifa? = -3 a^=-8x— 8 = 9 
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To proceed farther : — 

A cube in geometry is a solid hounded by six equal squares, 
and the angles made by the squares one with another are 
right angles, and all the edges are of equal lengths. 

To find the solidity or contents of a cube, three of 
its sides are multiplied together, and the product is the 
solidity, as proved by the perspective view shown at 
figure 

Fig. 2. 




Let the side of the cube be 2 inches, then its contents 
will be 

2x2x2 = 4x2 = 8 cubic inches 

which are shown in the figure, except l^o. 8, which 
is concealed at the back, beneath No. 7, in the same 
position has No. 4 occupies, with respect to No. 2. 

In the former case, the number multiplied occurs 
only twice, but here it occurs three times, and is said 
to be cubed or raised to the third power — being thus 
written, 

2' = 2 X 2 X 2 = 8 ; or, a.-^ = iu X a; X 0? 
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Examples : 

If a? = 8 rc" = 8x8x8 = 9x8 = 27 
Ha? =6 a;»=:5x6x6 = 26x5 = 125 
Kfi?=10 a;»=:10 X 10 X 10 = 100x10 = 1000 

Other processes being similar to the previous case in 
mode of treatment. 

There is no geometrical method of representing the 
higher powers of numbers, hence they are merely 
indexed, thus, 

X to the fourth = a?* = fl?xa?xa?xa? 

X to the fifth =:a^ = xxxxxxxxa 

And so forth, to any power that may occur. 

It may here be remarked that no even powers of any 
number can have a minus sign, but the sign of the un- 
even powers will be the same as that of the number 
raised, thus 

— 8^=— 8x— 8x— 8=9x— 8=— 27 

—3*=— 8 X —3 X —8 X —8=9 x 9=— 81 

—8*= -8 X —8 X —8 X — 8 X— 8=9 x 9 x — 8=— 248 

As 16 is called the square of 4, so 4 is called the 
square root of 16 ; and in like manner, as 27 is the 
cube of 8, so is 8 the cube root of 27 ; and so forth with 
the higher powers. 

When the root of a number is to be extracted, it is 
signified by the symbol, 

the power being indicated by a small numeral : thus the 
square (or 2nd power) root of 9 is thus written. 

V'9 = 8 
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In order to impress this symbol on the mind, it may 
be well to mention its probable origin. 

It will be observed that three is the root (or radix) of 
9 ; hence the symbol shows that the root of the number 
is to be taken out ; hence, beginning with the Latin word 
radix in full, and then taking the initial by the habit 
of scribbling it, we get the symbol lq its present form, 

Examples : V 16 = 4 

Where no numeral is put, the sqaare root is understood, 

V 16 = >/ 4 = 2 

When a number of quantities are to be operated with, 
and a root extracted from the result, the brackets or 
vincla must be had recourse to, as 

3 

-y/ic — ay 

Or, placed in front of a fraction, the radical applies to 
the whole fraction, the division line acting as a vincla. 

3 



7: 



^ + y 

a — b 



Sometimes a number is required to be raised to a cer- 
tain power, and then another root obtained from that. 
Thus the cube of the square root of x is required ; it 
is variously written 
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This implies, that the cube of the square root of x is 
the same as the square root of the cube of x ; and as 
this may not at sight seem very obvious, it may be as 
well to settle the matter at once by proof. 

Let a? = 4, then or* = 4 x 4 x 4 = 16 x 4 = 64 

but, 8 X 8 = 64 

wherefore, ^64 = 8 

Hence, ^y/Js =: 9 

Now proceeding the other way, 

V^ = Vi" = 2, 
because 2x2 = 4 

2' = 2x2x2 = 4x2 = 8 

Hence, ( ^4)' = 8 

Clearly proving the point in question. 

The idea that raising numbers to different powers is 
in any way different from multiplication in the ordi- 
nary way, must not be taken up, for the only object in 
indicating the powers, instead of repeating the numbers 
as many times as might be necessary, is to render the 
statement of the questions that may come under con- 
sideration more concise, and also general formula 
more convenient. 
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CHAPTER VI. 



EQUATIONS AND THE RULES OP 
ARITHMETIC. 

We have had occasion to use the first four rules of 
arithmetic, addition, multiplication, subtraction and 
division, and now we will inquire into the nature of 
the processes involved in those rules, for although they 
are very simple when once learned, yet the demonstra- 
tion of the principles upon which they are based is 
required to be understood before the student can be 
said truly to have a knowledge even of simple arith- 
metic. 

The principle involved in addition has been suffi- 
ciently shown, being in fact obvious up to the highest 
numeral 9, after which the notation table shows the 
object of carrying one figure to the left; but the follow- 
ing analysed example may be useful to niake the matter 
perhaps more clear. 

We shall add the different columns up separately, 
keeping each sum in its proper position as to units, 
tens, &c., and then add together the totals, instead of 
" carrying " on such numbers as may belong to a higher 
position. 
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addenda. 



12847 ^ 
86598 
40200 
8876 
4116 ^ 

21 =: sum of unit column. 
21 . = „ tens do. 
14 . . zz ,» hundreds do. 
20. . . = „ thousands do. 
18 .... = „ ten thousands do. 



151681 =: total sum. 

In the ordinary way, we should reckon the unit column 
21 ; set down 1, and carry 2 to the tens column, which 
would then make 28 ; set down 8, and carry 2 to the 
hundreds column, and so forth throughout. 

Multiplication, as has already been shown, is a kind 
of addition, and it requires a certain set knowledge of 
the sums of certain numbers when repeated, thus six 
fours added together, equal 24, or in the language of 
multiplication, 

six times 4 is 24 
or equally, four times 6 is 24 

It is unnecessary here, to prove this, as it has already 
been shown that 8 times 2 is the same as twice 8, and 
the same line of argument will apply in this case. 

The first step in arithmetic is to learn the notation ; 
and the next, to learn the multiplication table ; but that 
is not given here, as the student is presumed to have 
learnt that before taking up a work on Mathematics, 
such as the present one. 

We must now analyse a multiplication sum, such as 
the following : — 
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4328 multiplicand. 
568 multiplier. 



12984 

25968. 

21640 . . 



2486664 product. 

This amounts to multiplying 4328 successively by 3, 
60, and 500. The second row of figures being com- 
menced one figure to the left of the first, and so on, it 
corresponds to the equation {x being = product) — 

x = 4828 {3 X 60 X 500} 

4328 X 3 = 12984 
4828 X 60 = 259680 
4828 X 500 = 2164000 

2486664 = a? 

Subtraction may be derived from addition, as will be 
evident from the following equation. 

Let 0? = y + « 
then, y :=! X — « 

By transposition : 

If 8 + 5 = 8, then 5 = 8 — 

Take now a longer sum. 

78568 subtrahend. 
48741 minuend. 

84822 remainder. 

This may be analysed by comparing it with the 
equation 
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X = 78568 — {40000 + 8000 + 700 + 40+1} 

78668 — 40000 = 88663 
88568 — 8000 = 85568 
35568 — 700 = 84868 
84868 — 40 = 84828 
84828 — 1 = 84822 = x 

On the thii-d number we have to subtract 7 from five, 
which would by itself leave a negative quantity ; hence 
ten must be borrowed from the preceding figure of the 
subtrahend, which is, as it were, split up thus : — 

85568 ( «^^^^ = »^^^^ 

I 1560 — 700 = 868 

84863 = fourth number. 

Division is found by reversing the process of multipli- 
cation : — 

If a? = y^, y = J 

according to the principles already set forth. 
Let us now analyse a long division sum. 

285)194845(827 quotient. 
1880 

684 
470 



1645 
1645 



In tLis case ^=827, a;=194,845, and ^=285; so, if 
the working be true, the divisor and quotient multi- 
plied together should equal (x) the dividend. 
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285 = Z 

827 =y 



1645 
470 

1880 

194845 = X 

demonstrating the accuracy of the process. 

Next must be treated the process known in arith- 
metic as '^ruU of three!' or ** proportion,*^ and used for 
solving questions such as this : — 

If 10 cubic feet of water weigh 6251bs., how much 
will 2 cubic feet of water weigh ? 

Rule. — Make the given number corresponding to the 
given weight the first term, the number for which the 
weight is required the second term, and the given weight 
the third term ; then multiply together the second and 
third terms and divide by the first, the quotient will be 
the required answer. 

10 : 625 : : 2 



10)1250 



125 lbs. answer. 

Let us now work the same question by the rule of com- 
mon sense. 

It is obvious the weight of the water will vary exactly 
as its bulk, the weight of one cubic foot will be equal to 
the weight of 10 cubic feet divided by 10;— again the 
weight of 2 cubic feet will be that of one cubic foot 
multiplied by 2 ; hence, the simple form of putting the 
rule ig| 

Rule* Divide the given weight by i^* given bulk, 



EQUATIONS AND THE BULES OF ABITHMETIC. 63 

and multiply the quotient by the bulk of which the 
weight is required. 

Given bulk 10)625 lbs. given weight 

62-5 

2 bulk of which wt. is reqd. 

125 lbs. required weight. 

In this latter mode of stating, the principle is at once 
recognised, and the process evident, no matter in what 
form the question may be presented ; whereas, by the 
previous method there is a strain on the memory, the 
rule being merely a formula o{ words, showing no reason 
for the form they assume. 

It stands to reason that every question which arises 
suggests an equation of which one side is the unknown 
quantity, and the other the data given for its solution. 
Take the last one, we know the weights of the two bodies 
of like material are directly as their bulks ; so, if ^ =: 
bulk of any body and w = its weight, 

w cc b 
or, w == h X c 

that is, the weight is equal to the bulk of the body 
multiplied by a constant depending upon the nature of 
the material dealt with. 

Let b and B be two masses whose respective weights 
are w and W, then 

w = b X c 
Also, the material being the same, 

TF== B X 

Whence we find 

w 
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and from the second equation 

W 

Equating these two values of c we get 

b B 

This equation must be true, because both sides of it 
are equal to c, and *' things which are equal to the same 
thing are equal to each other." 

From the above we derive the formula— 

W.h 

Applying this to the example, 

Let W = 625 lbs. 

^ = 10 cubic feet. 
5 = 2 cubic feet. 

then, w = ^^^^ = 126 lbs. 

Amongst the various ways of dealing with equations 
having more than one unknown quantity, may bo men- 
tioned that of finding some condition under which one 
side of the equation becomes o. This occurs in an 
equation in the investigation of the principles of con- 
tinuous girder bridges, and that may be taken as an 
example ; the form of the equation is 

In this question Q is unknown, and so also is J(f , and 
the latter is required to be found. It is a property of 
this equation that when a? = Z, Q = o ; hence, by re- 
placing X by the value Z, we get the following equation : 
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wJ^ tvP ,« 
" = -4 - -6 - ^^ 

Transposing Ml we find 

__ wP wP _ SwP 2wP 
+ iliZ = -J- - -g- - ^^ - -j2- 

The may of course be dropped ; then dividing both 
sides by I the value of Jlf is found : 

M = ^"^^ - ^^^[ = t^^{3-2} _ wP 
12 12" 12 12 

And this quantity thus obtained may be substituted 
in the original equation : 

Q = —-—-Ml 

Making it 

^ _ wloc^ tra? _ wP 

^ " "1 6" 12 

The truth of the equation may be checked by now 
making in the last x=l, when, according to the princi- 
ple set up, the equation should altogether disappear. 

^ ■" T T 12 

"12" 12 12 "■ 12 ^ ^ 

wP 



12 



X = 



Thus verifying the calculation. 
Perhaps it is not unadvisable to give some further 
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explanation in reference to the making one side of an 
equation equal o without destroying it entirely, and 
this may be done by assuming one of simple form. 

a = 6 
then, a " h ^ 

Yet the equation stands* 

In some researches equations may assume forms 
which at first sight appear impossible ; not that they 
are so, but merely their appearance, as 

2 = 2 
a 

This is solved thus : multiply both sides by a. 

2a = 2 

Let us now consider an equation of the following 
form: 

a* — i' = axv + hxv 

Where the value of x is required to be found, it is usual 
in the first place to bring the unknown quantity to the 
left hand of the equation : thus, 

aayo + hxv ^ c? — l^ 
in the first place a + h may be bracketed: 

XV {a + h] =a^ — l^ 
Both sides of tne equation may cow be divided by 
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a + b. For example's sake we will perform the division 
of the right hand side. 

g' + ah 
« + aJ-6> 

- ah -}? 

(The -^-ab becomes — a5 by virtue of the rule of sub- 
traction. Beverse the sign of the minuend and proceed 
as in addition.) 

The equation now becomes 

x.v s:^ a -^ h 

^ ssi a — b 
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CHAPTER YII. 



INVOLUTION AND EVOLUTION. 

Involution refers to tne raising of numbers to certain 
powers, and evolution to the extracting or evolution of 
roots of numbers ; in dealing with these processes, we 
shall treat algebra and arithmetic together, as they are 
in fact not separate sciences, but concomitant parts of 
one science. 

The symbolism of involution and evolution has been 
explained in Chapter 5, hence does not require recapi- 
tulation in the present one. 

The following ascending series will serve as examples 
of involution 2— 

1 = 1 

rfXl=iV 
xxxxx^a? 

XXXXXXX = Ql^ 

xxxxxxxx x^a^ 
xxxxxxxxxxxs=:af^ 



Let a?=2 



2^ = 2 

2^=2x2=4 
2^=2x2x2 = 8 
2*=2x2x2x2 = 16 
2^=2x2x2x2x2 = 32 
2«=2x2x2x2x2x2=64 



navoLUTioN and evolution. C9 

Again : {xxxxx} ^ [xxx] =0.-* 

but, {xxxx x] =x^f and {a? x a;} =«* 

therefore, a-' x a;* = a.-* 

Taking x=2, 

a;'xa.-"=8x 4 = 32 = 2^ 

hence, qi?xx^=x =cl* 

from ^which is derived the rule, 

Ta multiply two or more powers of the same number toge- 
ther, add together the indices, and take the sum for a new 
index. 

In this way a number of multiplications may be done 
by one sum in addition. 

(Note. — This should be particularly attended to, as it 
will in the next chapter be found to be the key to the 
system of Logarithms.) 

a;>xa;*xa;«=a;2±^+l=a;^» 
Next division of powers may be taken. 

— z= X 

X 



x^ 



— -. a? 

X 



a^ _ xxxxxxxxx _ • 

X^ XXX XX 



wherefore, ^ ~ ^ * ' = «" 
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Let a?=2 as above: 

Hence we also observe that to divide different powers, 
there is the following rule : — 

To divide a power of any number hy another power of the 
same nwnhert subtract the index of the latter from the index 
of the former and take the remainder for a new index. 

Thus if there be a number of powers of the same 
quantity to he multiplied and divided, it can be done 
with great rapidity. 

T , a^Xx'^XT^XX^ [3 + 4 + 2 + 7] -[5 + 6] 

Let y = -r — . — = X 

The involution of numbers, it will now be seen, is 
merely a matter of multiplication, and therefore ex- 
ceedingly simple. We will now proceed to algebraical 
quantities having two terms, commonly called binomials. 

Let it be required to square {a+5} : 

a + b 
a + b 

a^+ab 
+ ab+h^ 

a^+2ab+IJ' 

Let the cube of this number be now required, this 
will be obtained by multiplying the square by {a+b]^ 
and then let the 4th and 5th powers be obtained. 
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a+b 

a'+8a*6+8aft'+«»»=cube of {a+h} 
a+b 

a*+8a»6+8a»6*+aft» 

a*+4a»J+6a«6»+4aft»+6*=4th power of [a+h] 

a+b 

a*+ ia^b+MV^+ia^b^+ab^ 
+ a*b+4:a''bi+6a'b'+iab*+b'' 

a*+5a*6+10a'6«+10a'6»+5a6*+i»*=5th power of 

{a+b} 

It will be observed from inspection of this calcula- 
tion that in binomials, whatever power they have to 
be raised to the first quantity in the result is the first 
term of the binomial with such index, which in the 
following terms drops one at every term till that quan- 
tity disappears, whilst the second term in the binomial 
appearing in the second quantity of the result has a 
rising index, until the last is equal also to that to which 
the binomial is raised. 

It will also be observed that each result has one more 
quantity in it than is equal to the number of the index. 

As to the factors we can also discern a rule by which 
they are determined, and upon these observations the 
*< Binomial Theorem,*' as it is called, is based. 

These factors, or co-efficients, as they are commonly 
termed, are found as follows :— 

The co-efficient of the first term is always 1. 
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The co-efficient of the second term is the same as the in* 
dex of the binomial. 

For the remaining co-efficientSy multiply the co-efficient 
of each preceding term hy the index of the leading quan- 
tity in that term, and divide the product by the number of 
terms to that place, the quotient will be the co-efficient oj 
the next term. 

In the above case let the co- efficient for the fourth 
term (5th power) be required. 

We must deal with the third term ; its co-efficient is 
10, the index of its leading quantity d, and it is third in 
position : hence, 

10x8 



8 



= 10 = co-efficient of fourth term. 



Eaise {a+5} to the sixth power. The terms without 
the CO efficients are 

a\ a% a% aW, a%\ ah', b* 

From this we can now get the co-efficients for each 
term from the preceding and arrange them seriatim : thus, 

The co-efficient for 
1st term is 1, hence, 1st term=a* 

2nd „ 6, „ 2nd „ =6a'b 

8rd „ ^-|-^ = 15, „ 8rd „ =15a*i» 

4th „ 1^ = 20, „ 4th „ =20a'b^ 

5th „ ?2^=i5, „ 6th „ =15a«^»* 

6th „ ^^^=0, „ 6th „ =6a5» 

7th „ ^^^h „ 7th „ =5 
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And from this we find that 
{a+ft}«=a«+6o*^»+15a*ft'+20a>^+16a'5*+6aft*+6« 

In order to raise a fraction to any given power, its 
numerator and denominator must be raised to such 
power. 

This may be proved by example : let a=12, ic=6. 
Then, ^« = ^ = 2 

a? ^ 12x12 __ 144 ^ . 
«> 6x6 " 86 

Let {x-^a} be squared. 

x—a 
x — a 

a^'-ax 



a^--2ax+a* 

From this it will be seen that if the binomial has a 
negative term, the sign of the first quantity in the result 
will be +, the second — , and so on, the odd terms 
being all positive and the even terms negative in every 
case, whether the^r^^ or second term in the binomial be 
the negative part of it. 

Let —0?+ a be squared. 

E 
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^x+a 



a^—ax 
—ax+c^ 

a?-'2ax+(^ 

From this it appears that (re— a)' = (a— a;)*. 
Let xssiOf then, 

a;— a=4a— a=8a 

8a*=9a» 

a— a?=a— 4a= — 3a 

-8a»=9a« 

But in this case it does not hold good that if the two 
numbers or quantities be equal their square roots also 
are equal ; for it is obvious that 

X'-a:=a—x 
is not a true equation and cannot be, for if 

a—x^^u 

and w=— t* 

whereas tt must in any case be equal to twice the value 
of — u, for — u signifies the value of u is to be taken 
away, and +u that it is to be added ; so the difference 
to the quantity operated on in the two processes is 
equal to twice the value of u. 

Let y=z — u andy=^+tt 
where ^=15 and u=8 

y =^— M=15 — 8=7 
the difference being 16 or twice u. 
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Before leaving the subject of involution, we must 
briefly revert to the Binomial Theorem, respecting the 
first and second terms. It is stated in the rule that 
the co-efficient of the first term is always 1, and the 
second equal to the index or exponent of the power : this, 
it should be remarked, is a natural consequence of the 
law, which applies here as to the ensuing terms, 

Baise {a—b} to the fourth power. 

The terms without the co-efficients will be 

a*, -0.% +a'b\ -aW, +^»* 

The co-efficients for the 

1st term=l, hence, 1st term = a* 

4x1 



2nd „ ^=4, 

8rd „ i|^ = 6, 

4th „ ^^^=4, 

5th „ ^4^=1, 



»> 



»» 



»> 



>9 



2nd 


„ =-ic?b 


8rd 


„ =6aV 


4th 


„ =-4aJ' 


5th 


,. =6* 



4 
The power thus raised being 

{a-ft}*=a*-4a3J+6a*^«-4a&'+6* 

We will now turn our attention to evolution or the 

extraction of roots, 

For low numbers (say under 100,) our knowledge of 
the multiplication table enables us to detect square and 
cube roots at sight. 

If ar^=64, then, a;=4 

a;»=25 „ a;=5 

And so forth ; but when the numbers run higher the 
roots must be worked out. 

£2 
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In arithmetio, the square root of a number is found 
thus ; — Point off in the number every two figures to the 
left, beginning at the unit, and if there be decimals 
also in the decimal portion, every two figures to the 
right from the same point. 

Find the square-root of the first figure or figures 
pointed off, and place it as a divisor, and in the quotient 
square it and subtract as in ordinary long division ; 
then bring down the next two figures and double the 
divisor, for a new one ; then find a figure suitable to 
follow it, which place in divisor and quotient ; in find- 
ing other divisors always bring down the previous one, 
but doubling the right-hand figure each time. The fol- 
lowing example will illustrate the matter. 

Extract the square root of 

4)20963852-6769(4578-63 

16 

85)496 
425 



907)7138 
6349 



9148)78252 
73184 



9166-6)5768-67 
6498 96 



9157'28)2747169 
2747169 



In Algebra the process is very similar. Having found 
the root of the first term, double it and bring it down 
to form part of the next divisor, and so on with the fol- 
lowing ones. 
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Extract the square root of a*-2tf'^+3aV-2aa:='+a;*. 



a* 



2a«-aa:) -2a'x+8aV 
— 2a'a;+ a'ic' 



2o' - 2aa;+ a;*) 2aV - 2aaf* + a;* 

2oV-2ffa;^+a; * 

Extract the. square root of a*+2a^+^'+2ac+26c+c*. 

a)a'+2a5+6'+2ac+2^>c+c»(a+6+c 
a» 



2a+h) +2ah+l^ 
+2db+V 



2a3+2ft+c) +2ac+26c+c» 

+2gc+26c+c' 

In treating a fraction for evolution, the roots of the 
numerator and denominator may be separately ex- 
tracted to form numerator and denominator of a new 
fraction. 

The general rule for extracting roots in algebra is as 
follows : — 

^Find the root of the first iemif and place it m the quo- 
tient, subtract its power from that term, and hnng down the 
second term for a dividend; involve this part of the root to 
the power next below that whose root is required, and mul- 
tiply the quantity that arises by the index of the given power 
for a divisor ; by which divide the dividend for the second 
term of the root. Involve the whole root to the given power, 
and always divide the first term of the remainder by the 
divisor first found for a new term, and so on till the whole 
is finished. 
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Required, the square root of a*— 2a'iz;+8aV — 2aa^+a;*. 



)a* — 2a^a; + 8a V — 200;* + a;*(a' --ax+x 



jj 



a* 



2a*) -2a'a; 

a* — 2a'a;4- tt'ar* = { a' — aa:} * 

2a«) 2^ 

2aV 

a* - 2a'a; + 3a V - 2aar^ + a;* = (a» - aa; + a?)* 

This method requires considerable explanation, as it 
is not very clear at sight. The first step is simple 
enough, a* being the root of a* ; then the divisor a* is 
multiplied by 2, being the index of the root required, 
and remains a', because the number has an index just 
one more than (a*) ;* then 2a* remains the divisor to 
the end. That 2a* may divide into — 2a'a; it must be 
multiplied by — ax^ for 

2a* X — aa; = — 2a^a; 

Hence, cf-^ax are the first two terms of the required 
root. If we square these we get 

{ a* — aa?} = a* — 2a'a:+ c^V 
and, deductiing this from the original dividend, we find 

o*-2a'a;+8a*a^-2aa?+a* 
g* — 2a^ag+ c^x 

+2a*a^-2aa;»+a^ 

as the next remainder 2a*a;*. This also must be divided 
by 2a*, which must therefore be multiplied by a^, for 

2a*X^=2aV 

♦ Note.— It must be remembered that (a*) is the first power 
of the first term of the root. 
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Hence is +3^* the third term of the root ; and, involving 
the root to the given indej, it is found that 

Hence the solution desired is arrived at. 

It is not necessary to work the higher roots through- 
out always, as they may sometimes be simplified thus : 
the square root of the fourth power is the square of the 
root ; the square root of the 16th power is the 4th and 
the square root of that. 

Let us take one more example of the square root. 

Required, the square root of a*+2ah+V. 

a^+2ab+b'{a+b 



2a) +2ab 
+ 2ah 



a?+2ab+V={a+b}^ 

Next we will take an example of a cube root. 
Required, the cube root of a;«+6ar^-24ar*+96a?-6:l. 

aJ»+6a^-24a;'+96ic-64(a;'+2a?-4 
^ 

+ 8a^) -12a:* 

-12a;* 

jK6+6a:*-24ar»+96a?-64= {a;"+2a?-4»} 

By this method it will be seen that we get at the 
result, as it were, piecemeal, working from the left to 
right* 
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Bequired the fifth root of 

16a^x6=80a:*) -SOa^ 

-80a; 



82a;»-80a^+80a:'-4a:*+10a;-.l = {2a;-l}* 

The truth of the result may be tested by raising 
{2a?— 1} to the fifth power by the Binomial Theorem. 
The terms without the co-efficients will be 

82a*; -16a:*; +8a^; -4a;'; +2a?-l 

The co-efficient for the 

1st term is =1, hence, 1st term=82ar^ 

2nd „ =5, „ 2nd „ =— -80a^ 

8rd „ = ^ =10, „ 8rd „ =003* 

10 y 3 
4th „ =_A_=io, „ 4th „ =— 40a;' 

5th „ =12+? ^5^ ^^ 5|.jj ^^ ^2Q^ 

6th „ =^ = 1, „ 6th „ =-1 

which terms correspond with those given above. 

We may now apply a similar process to arithmetic, 
and so obtain a general rule. In the first place, the 
figures must be pointed off according to the index of 
the root required. Suppose it to be the cube' root of 
890277128, then, commencing with the unit, every 
third figure must be pointed off, for three figures in the 
power answer to one in the root. 
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890277128 

This may now be regarded as composed of a number 
of sums added together, thus, 

890000000 

277000 

128 



890277128 



And for the more perfect exhibition of the process in- 
volved, it is advisable to state this in a form similar 
to that used in the algebraical process of which ex- 
amples are given above : thus, — 
Bequired the cube root of 

890000000+277000+128 

We proceed as follows, — 

890000000+277000+128 (900+60+2 

729000000 

161000000+ 

277000 

2480000)161277000 

The first step is finding the nearest number beneath 
the cube root of the first term, which proves to be 900, 
for a new divisor : we have 

900'x 8=2480000 

The first term of the root being raised to the 2nd 
power (the index of root being 8, and 8—1=2) and mul- 
tiplied by the index 8. 

This divisor will go into the remainder by 60. We 
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must now cube 900+60, and deduct from the original 
number, 

960 
960 

57600 
8640 

921600 
960 



65296000 
8294400 
884786000 



890277128 
884786000 

2430000) 5541128( 2 

890277728= {900+60+2}»=^ 

Wherefore, 962 is the required cube root. 

In that part of the science of hydraulics which treats 
of the flow of water through pipes, there is a formula 
of the following form, — 

Let ^=fall of water (or pipe) in feet. 
Z=length of pipe in feet. 
cZ= diameter of pipe in feet. 
Q= cubic feet discharged per minute. 

Then, d= 7l— fxl 

V ^2356) h 

Hence we And that it is sometimes necessary in 
ordinary engineering practice to extract a fifth root; 
wherefore an example is given below. 
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Bequired the fifth root of 

248882 

In the first place the figures must be pointed off by 
fives from the units thus, 

248832 

Then the quantity may be supposed to consist of the 
two series, 

200000+48832 

and with this we must deal ; but in the working it will 
be unnecessary to thus divide the figures, as the prin- 
ciple has already been explained. 

248832(10+2=12 
100000 
50000)148882 

248832 =(10 +2)* =12 

Therefore, 12 is the fifth root required. 
It has been previously shown that 

a^X3i?=x^^^ =05* 

and therefore, 

re* ^« ^ 

We revert again to this in order to prevent any mis- 
apprehension arising in extracting roots, for we have 
known the fallacious idea taken up that the cube root 
of the square root of the fifth power of a number would 
be equal to such number, wherefore, it is advisable to 
disprove it. 
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Let US assume (for the sake of argument only) that 
the fifth root may be found by extracting the cube root 
of the square root, 

because, 

x^ X x^ = X ^ * = X ^ =:x * = a^ 
The cube root of this root will be 

^X^ = X^^ =z X^ = V^ 

So that instead of arriving at x, the required root, we 
get the sixth root of the fifth power of x. 

The following examples illustrate the raising of 
powers to powers. 

(a«)" = a*, (a')» = o» X a» X a» = a« 

(a>)* = a», (a*f = a«* 

In these cases (o*), (o^), and (a*) play the part of 
roots, in the same manner as a is the root of a', &c. 

By ordinary arithmetic or algebra, involution and 
evolution cannot be performed when the indices are 
mixed numbers except under certain conditions, such 
as when they may be reduced to fractions of simple 
character, thus : — 

If it be required to solve 



X = a" 



that is a to the 1^ power, we may write it 



a = o* 
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and take the square root of the cube. 



But in such cases as 



I 



17 



we must have recourse to logarithms for the sohition ; 
and this is not an imaginary example, but such a 
fraction does actually occur in the formulaB for the 
strength of columns. The next chapter treats of 
logarithms. 
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CHAPTER VIII. 



LOGARITHMS. 

LoGABiTHMio opcrations differ from the ordinary arith- 
metical processes, inasmuch as instead of deahng with 
the numbers presenting themselves, they are all taken 
as powers of a certain fixed number or base, the indices 
of which are worked with. 

Tables are requisite for the use of logarithms, as will 
be seen from the following example which we give pre- 
vious to entering upon the principles on which their 
use is founded. 

Let it be required to solve the fraction forming a 
term in the following equation : 

884 X 5362 X 4876 X 8982 x 6754 
491 X 4568 X 2974 X 9381 x 5963 

In logarithms and arithmetic the following rules 
must be followed in solving this equation : 

(Note. — Logarithm in practice is for shortness 
written " log.") 

Multiplication. — Add together the logs, of the numbers 
to he multiplied together, and the number corresponding to 
the resulting log. will be the product. 

Division. — Subtract the log, of the divisor from the log, 
of the dividend, the number corresponding to the remaining 
log. will be the quotient. 
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We proceed by multiplying together the terms of 
the numerator ; as also those of the denominator, and 
dividing the former by the latter. 

The logarithms are taken from Chambers's Mathe- 
matical Tables. The table gives the decimal portion, 
the integral or characteristic is the number of whole 
figures less one. There are three figures in 884, so the 
characteristic is 8—1=2. 

Log. 384=2-584831 
„ 6862 =8-729327 
„ 4876 = 8-688064 
„ 8932 = 8-960949 
„ 6764= 8-829661 

17* 782282= log.' of product of terms 

in numerator. 

Log. 491 = 2-691081 
„ 4668=8-669726 
„ 2974=8-478841 
„ 9381=8-969928 
„ 6963 =8-775465 

17-669641=log. of product of terms 

in denominator. 

17-782282=log. of product of terms in numerator. 
17*669641 = ,, M denominator. 

0-212691= log. a; 

Therefore, a;=:l-681 nearly. The characteristic being 
0, there is one integral figure in the result as 

+ 1 = 1 

To illustrate the amount of labour saved, it may be 
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observed that the whole operation is completed in 151 
figures, whereas, in the ordinary method of multiplica- 
tion and division, it would require 696 figures. 

We can now enter upon the principles of logarithms. 
They are based upon the equations, 



a;™ 



Let a^ix'^i and 5= a?'. 



— = — = a;**^ 
h x" 



and a Xh =a;** X a;' = aj^^" 

In this case a and h are the numbers, u and v their 
logarithms, and x the base of the table of logarithms 
worked from. 

The table of logarithms used in the present treatise is 
calculated to 

a? = 10 

Which is according to the system adopted by Briggs, 
and the convenience of this system for ordinary pur- 
poses will presently appear. 

Taking 10 as a base, or root, the numbers are 
arranged seriatim in one column, and the powers of 10 
corresponding in another : these powers being the logs, 
of the aforesaid numbers, some of the logs, may be 
fixed upon at sight. The log. of 1 is 0, because 1 is no 
power of 10, that of 10 is 1, of 100 is 2, and so on, as 
shown in the adjoining table- carried to six places of 
decimals. 
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89 



Number. 


Log. 


Nambor. 


Log. 


1 


0-000000 


1-888 


0-125000 


10 


1000000 


1-778 


0-250000 


100 


2-000000 


2-154 


0-888838 


1000 


8-000000 


8-48 


0-666667 


10000 


4-000000 


8-88 


0-588883 


100000 


5-000000 


4-215 


0-725000 


1000000 


6-000000 


61-05 


1-833888 


10000000 


7 000000 






100000000 


8-000000 







On the left hand part of the table are shown the 
powers of 10 up to the eighth power, the logs, of the 
numbers being the indices for those powers. 

From this it is observed that the whole number in the 
index, or the characteristic of the logarithm, is one less 
than the quantity of figures in the number to which 
such logarithm refers. Hence — 

Rule. — To find the characteristic of a logarithm, subtract 
one from the quantity of whole figures in the number ^ 

Example : Bequired the characteristic of the log. o^ 
8687. 
Here there are four figures, hence 

The characteristic =4 — 1=8. 

The decimal part, or mantissa, must be taken from a 
table. 

The logs, of the intervening numbers must be inter- 
polated by various means. 

It will be necessary in the next place to consider 
the bearing of logarithms upon involution and evolu- 
tion. 
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(^ 


)« = a*^• = a;« 




1 


K* = x^ = a? 


Let a = a;* 






then, 




a' = af^' 


and 




9 m 

Vn = a?» 



By means of these equations, we can interpolate some 
of the intermediate logarithms from those already 
obtained. 

Let the square root of 10 be taken, the log. of 10 is 
1 '000000, hence the log, of the square root of 10 is 

ijoooooo ^ o.gooooo 

But we find the square root of 10 by arithmetic — 

8)lb-0000(8-162, &c. 
9 

61)100 
61 



626)8900 
8766 



6822)14400 
12644 

1756 
• • • • 

Hence, 

log. 8-162, &c. = 0-500000 

(Note. — These examples are merely worked out to 
show a simple method of preparing a table of logarithms. 
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an are, therefore, only carried out to near approxima- 
tions. The algebraical method is too cumbroas for the 
present treatise.) 

Beferring to the Table 

Log. 3-162 (exact) = •499962 
Log. 3-163 ( „ ) =-500099 

the number above, 8-162, &c., lies between the two 
numbers here given, and likewise the log. The mean 
of the two logs, is 

0-499962 
0-500099 

2 )1-000061 

0-500035 

which proves the accuracy of the process. 
The log. square root of 1000 will be 

By arithmetic, 

8)lb0b-0b(31-62, &0. 
9 

61)100 
61 



626)3900 
3756 



6322)14400 
12644 

1756 



So the log. 81-62 = 1-500000. 



92 TREATISE ON MATHEMATICS, 

This proves the previous remarks as to determining 
the characteristic, as here we have the same figures as 
before, but there are two whole figures instead of one ; 
hence the characteristic is 

2-1 = 1 

Next take the cube root of ten, and other following 
quantities. 
The log. cube root of ten will be 

1-000000 ^ ^.33333^ 



8 

^^** VTO = 2-154, &c. 

hence, log. 2-154, &c. = 0-833383 

The fourth root of ten ; 

Log. vTo = 1:222229 = 0-250000 



VIO = >/8*162278 = 1-1778, &o. 

Log. 1-778, &c. = 0-250000 

The square root of 1-778, &o. 

•250000 



Log. VV718 = ^^^^^ = 0-125000 



Vl-778 = 1-838, &c. 
Log. 1-888, &c. = 0-125000 

From the logarithms already obtained we may get 
others by multiplication, &o. (dropping all beyond the 
first four figures in the numbers). 
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8-162 
1-883 

9486 
9486 
9486 0-500000 = log. 8 162 

3162 0-125000 = log. 1-833 

Log. 4-214946 = 0-725000 

We may call the last number 4-216, 

4-215 
8-162 



8430 
25290 
4215 
12645 


0-750000 to 
0*500000 


= log. 4-215 
= „ 3-162 


Log. 13-827830 = 


1-250000 




2-154 
1-778 






17282 

15078 
15078 
2154 


0-383333 = 
0-250000 = 


log. 2-154. 
„ 1-778 


Log. 8-829812 = 


0-688883 




These last nximbers may be called 13-828, and 3-83 


18-828 
8-83 






89984 
106624 
89984 


1-250000 = 
0-583333 = 


: log. 13-328 
: „ 8*83 



Log. 51-04624 = 1-833333 



04 
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By division, 



13-828 
8-83 



= 3-48 nearly. 



Log, 18-328 = 1-250000 
8-88 = 0-583333 



»• 



666667 = log. 3-48. 



We will collect these logarithms into the remaining 
column of the table ; but must here reiterate that they 
are merely rough approximations given as examples of 
a method, and the results are not intended to« be used 
as standard quantities. 

As, however, the characteristic can be determined 
at sight, it is omitted from the table, and only the 
decimal portion or mantissa inserted, which is the same 
for 4-215 as for 42-15 or 4215, so the table would ap- 
pear thus : — 



Number. 


Mantissa. 


Number. 


Mantissa. 


1883 
1778 
2154 
8480 


125000 
250000 
338383 
666667 


8880 
4215 
1382 


588833 
725000 
250000 



In the Table the mantissa is given to seven places 
and for five figures, four being in the left hand column, 
and the fifth in the horizontal row at the top of the 
table. 

Required the logarithm of 7584. 

On page 157 we find in the left hand column 
7584; opposite which we find the mantissa sought, 
8770256. 

As there are 4 whole figures, the characteristic will be 
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4-1 = 8 

and thence, log. 7534 = 3-8770266. 

The simple rales for involution and evolution are, 

To involve a number to any given power ^ multiply the log, 
oj given number by index of power; the product will be the 
log. of the required power » 

To extract a root, divide the log, of the number by the 
index of the root^ and the quotient will be the log, of the 
required root. 

Examples. — Eaise 887 to the fourth power. 

Log. 387 = 2-587711 

4th power 
10-350844 log. 4th power. 

Looking for the mantissa in the table we find the 
nearest less 850829, and the next above it 851023, cor- 
responding to the numbers 2248, and 2244 ; hence, we 
may assume 22435 practically correct. The character- 
istic is 10, hence there must be 11 whole figures in the 
number; therefore, 



887 = 2248500000 

Bequired the fifth root of 8765. 

Log. 8765 = 8-942752 

5 )8'943752 

•788750 log. 5th root. 

The nearest mantissa in the table is 788734, corre- 
sponding to 6148. The characteristic is 0, hence the 
number of whole figures, 

+ 1 = 1 
"Wherefore, ^8765 = 6-148 
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It will be interesting to test the accuracy of this I 

moltiflication. 

6-148 
6;U8 

49184 
24592 
G148 
86888 



We may call this 



87-797904 = square. 

87-8 = 6Tl8' 

87-8 = M48* 

3024 
2646 
1134 



1428-84 = 4th power. 
6-148 



1143072 

571536 

142884 

857304 
8784-60882 

The percentage of error can now be found. 

8784 
8765 

19 actual error. 
100 
6784)1900-0(-21 (nearly) 
17568 

14320 

8784 

5536 
• • • • 
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This is about a fifth part of one part in one hondred, 
and for all practical purposes is inappreciable. 
Solve the following equation, as to x. 

(179/ 

Log. 146 = 2-164353 

4th power. 

8-657412 = log. of numerator. 



Log. 179 = 2-252853 

8rd power. 



6-758559 = log. of denominator. 



8-657412 = log. of numerator. 
6-758559 = „ denominator. 

r898853 = log. X. 

The nearest mantissa in the table to 898858 is 
898835, corresponding to the number 7922, therefore 
practically, 

0? = 79-22 
"We will next take an example of the form. 

6 4 — 

X == a* or va* 

Let a? = 8854* 

Log. 8854=8-585912 
5 

4 )17 92956 

4-482390 = log. x. 

F 
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The nearest mantissa to 482890 in the table is 
482445, corresponding to the nnmber 8037 ; therefore, 

0? = 80370 (nearly). 

So far we have dealt with logarithms of whole 
numbers and mixed numbers, but we must now con- 
sider their application to decimal fractions. In this 
case the mantissa remains the same (and continues 
positive), but the characteristic becomes negative, the 
negation sign being put, not in front, but over the top 
of the characteristic : thus, 

2-308080 

and in solving a multiplication sum, the mantissa 
would be added, but the characteristic deducted. The 
characteristic is the number of figures from the de- 
cimal point to the first significant figure : is not sig- 
nificant. 

The following table will show the gradation of 
characteristics : 

8564000000 -8-551988 

856-400000 -2-551988 

85-640000-1-551988 

8-564000-0-551988 

•856400-1-551988 

•085640-2-551988 

•003564-3-551988 

Multiply 8564 by 0-03564. 

Log. 8564 = 8*551988 
„ -03564 = 2-551988 

2-103876= log. 127 (nearly). 
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Find fhe square of 0*25. 

Log. 0-25 = 1-897940 



2'795880=log. '0626 

We mil check this by ordinary arithmetic in order to 
show its accuracy. 

•25 
'25 

125 
50 



-0625 



The first is prefixed to make the proper number of 
decimals. 

Divide 4876 by •008462. (The minus in subtrac- 
tion becomes plus, because - { —a;} = +x.) 

Log. 4876=3-688064 
„ -003462 =8-539327 

6-148787 =log. 1408500 (nearly). 

We mil now show some of the practical applications 
of logarithms to the ordinary calculations used in con* 
struction. 

Take the general formula for the gross horse-power 
of any description of steam-engine : it is this, — 

Let c= contents of steam cylinder in cubic feet. 
„ n= number of strokes of engine per minute. 
y, j9=mean pressure of steam in pounds per 

square inch, 
„ SP=a?=horse-power of engine. 

f2 
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cxnxp 
229 
Let c = 16 

„ w = 80 

„ p = 45 

Then, Log. 16 = 1-204120 

„ 80=1-908090 
„ 45 = 1-663213 

4-760423=log. cXnxp 
„ 229 = 2-359835 

2-400588= log. X. 
Corresponding to the number 251-5 (nearly). 

Hence, Horse-power = a? = 251-5. 

Kequired the breaking weight of a hollow column, 
external diameter = 2> = 15 inches, internal diameter 
= £? = 13-5 inches; length = Z = 16 feet ; 5 IT break- 
ing weight in tons. The formula is 

Here it will be observed there occur powers of mixed 
numbers, — 

Log. i)=log. 15=1-176091 

3-6 power 

7056546 
8528278 



4-2889276 =log. JD»*=.log. 1714 

(nearly). 
Log. cZ=log. 18-6 = 1-180884 

8*6 power 

6782004 
8891002 



4-0692024=log. f?'*=log. 1173 

(nearly). 
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As subtraction cannot be performed by logarithms, 
where it occurs we have to revert to the corresponding 
numbers. 

1714 — 1173 = 541 = numerator of fraction. 

Log. /=log. 16 = 1-204120 

1-7 power. 

8428840 
1204120 



2-0470040 = log, of denominator. 

Log. of numerator = 2-783197 
„ 44 =1-643453 

4-376650 
n denominator=2-047034 

2'329646=log. of^TT. 
2-329646 = log. 213-6 (nearly). 

Hence the breaking weight of such a column in cast- 
iron would be nearly 214 tons, therefore assuming that 
one sixth the breaking weight is the safe load, the work- 
ing strength of the column would be 

814 

-g- = 85-6 tons safe load. 

Bequired the proper diameter for the main shaft of a 
steam engine. 

Let HP ziz horse power of engine. 
„ -B = number of revolutions per minute. 
„ c^ = diameter of main shaft in inches. 
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The formula is 



^=7- 



20xHP 



Let the horse-power = 68 ; number of revolu- 
tions =: 84, 

Log. 820 = 2-505150 
„ 68 = 1-832509 

4-887659 
„ 84 = 1-581479 

Lidex of root 8)2-806180 

0-984888=log. d. 

But 0-985898 = log. cZn log. 8-617 inches (nearly). 

Hence the diameter of the shaft would practically be 
made 8^ inches. 

We will take one more example, let it be required to 
determine the thickness of a wall for a reservoir con- 
taining water. 

Let t= average thtchtess of wall in feet, 
„ (7= depth of water in feet. 
„ u;= weight in pounds per cubic foot of wall. 
„ /= horizontal distance in feet of centre of gravity 

from outer toe of wall. 
„ n=number of times wall is to be stronger than 

the pressure upon it. 

The formula is 

10-4 xnxd' 



t = 



wxl 



Let d= 


16 


II 


w= 


110 


II 


1= 


8 


II 


n= 


8 
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Log. d=log. 16=1-204120 

2 power. 

2-408240= log. d 
Log. n=log. 3=0-477121 

Log. 10-4 =1-017083 



3*902894 =log. of numerator. 



Log. w = log. 110 = 2-041893 
Log. I = log. 8 = 0-903090 



2*944483= log. of denominator. 



Log. of numerator 8-902894 
Log. of denominator 2-944483 

0-957911 =log. t. 

And 

Log. 0-957911 = 9-077 nearly. 

Hence practically 

t ss 9 feet. 
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CHAPTER IX. 



TRIGONOMETRY. 

Tbigonombtby is that branch of Mathematics which 
comprehends the measurement of angles and angular 
figures. It is divided under two heads, — plane trigono- 
metry and spherical trignometry ; but it is only with 
the former that we have to deal in this treatise, the 
latter not being required in the Arts of Construction. 

In the first place it will be necessary to explain the 
meanings of the various terms used in Trigonometry, 



Fig. 3. 




In figure 8, let a b and c d be two diameters to the 
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circle abed, drawn at right angles to each other, so as to 
divide the circle into four quarters or equal parts. 

Angles are measured by the proportionate part of the 
circumference of a circle contained between the lines 
forming such angles : thus, the arc ^ 5 is the measure of 
the angle geb. 

According to the most common notation, every cir- 
cle is supposed to be divided into 860 degrees, each 
degree is divided into 60 minutes, and each minute into 
60 seconds, and an angle of 47 degrees, 42 minutes, 
and 18 seconds would be written thus : 

47^ 42' 18" 

If the circle is divided into four equal parts, each 
angle will be 90 degrees, and is called a right angle, 
hence the whole circle is comprised by four right angles. 

iris.4. 




The terms used in trigonometrical calculations always 
have reference to the values of certain lines in respect 
to the radius of the circle as unity ; for instance, so 
long as the angle geb remains unaltered, the line ^/, 
drawn from g at right angles to e b, will always bear the 
same ratio to the radius ^ ^ of the circle. 

f3 
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This is according to the properties of similar trian- 
gles which it now becomes necessary to explain. 

Definition. — Similar triangles are those which have 
their angles similar ; that is, in Figure i, in the two 
triangles abc, dbe. 

< abc = < dbc 

< bac = < hde 

< bca = < bed 

The length of the side ac will always be propor- 
tionate to the base be, while the angle abc remains 
constant ; hence a c bears the same relation to ^ c that 
de bears to be, and be bears the same relation to ba 
that b e bears to b d. Summarising these properties we 
find— 



ac 




de 


re 




be 


be 




be 


ab 




db 


ac 




de 


ab 


""" 


db 



The three angles of any triangle are together equal 
to two right angles ;* hence, if two angles of any tri- 
angle be given, the third can be found by subtraction. 

Let two angles A and JS of a given triangle be 82 and 
70 degrees respectively, then, by deducting the sum of 
these angles from 180 degrees, the value of the third 
angle will be found. 

180« - {82^+70^} = 180^ - 102'* = 78 degrees. 

* Note. These statements are not proved in this Treatise, as 
the demonstration would unavoidably introduce a great number 
of Problems from Euclid, for which we have not space. 
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If one of the angles of the triangle be a right angle, 
then it stands to reason that the remaining two angles 
are together equal to one right angle, and therefore 
each of the angles referred to is complementary to the 
other. 

Definitions. — That angle which, added to another, will 
make the two equal to 90 degrees^ ia the complement of such 
angle. 

That angle which, added to another, will make the two 
equal to 180 degrees, is the supplement oj such angle. 

To find the complement and supplement to any 
angle, we have the following rules : — 

BuLE. — To find the complement of any angle, deduct it 
from 90 degrees, 

KuLE. — To find the supplement of any angle, deduct it 
from 180 degrees. 

Find the complement to an angle of 73 degrees. 

90-73=17 degrees. 
Find the supplement to an angle of 78 degrees, 

180-78 = 102 degrees. 
We must now return to Fig. 3, and state the— 

Tbigonometrioal Notation,* 

e g. Is the radius. 

gf Let fall from g, where the radius meets the cir- 
cumference, to meet eh ^i right angles at /, 
divided by the radius is the sine of the angle geh. 



* The lines gfy h &, &o., are drawn at right angles to a 9, and 
ci,hg, at right angles to cd, and therefore parallel to a (, as also 
are gf, k h, &c., toed. 
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k b. Drawn from the extremity h of the diameter a h 
and at right angles to the same to meet the 
produced radius ^^ in ^, divided by the radius, 
is the tangent of the angle geb. 

e k. Divided by the radius is the secant of the angle 
geb. 

fb. The part of the diameter a 5, cut off between the 
sine and the tangent, divided by the radius, is 
the versed sine (or versine) of the angle geb, 

g b. Is the chord of the arc geb, 

ceg,lQ the complement of the angle geb, 

hg. Divided by the radius (=e/) is the sine of the 
angle ceg and cosine of the angle geb, 

c i. Divided by the radius is tangent of the angle ceg 
and cotangent of the angle geb. 

And so forthwith the other terms ; the various terms 
referring to one angle being used with the prefix 
CO- when applied in speaking of the complementary 
angle. 

Make the angle mea equal to the angle geb; then will 
mebhe the supplement to the angle geb. 

It is evident that the sine (m,o) of the supplement is 
equal to the sine (gf) of the angle geb, hence the 
sine of any angle is equal to the sine of its] supple- 
ment, &c. 

It may be mentioned that in using plus and minus 
signs the quantities measured upwards from a b and to 
the right from c d are plus or positive, whilst those 
which are measured downwards from a b or to the left 
from c d are minus or negative. 

The above notation may be thus written :— 
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^— = 8tn. geh 
ge 

-^ = ~ = cosm. geh 
ge ge 

Jch ^kh ^ J 

— = 7— = tan, geh 
ge he ^ 

Foige and J e, both being radii, are equal to each other. 

rr- = versin, geh 
be 

ke , 

— — zz. sec, geh 
ge ^ 

— = cotan, a eh 

ge 

ie , 

— = cosec, geh 
ge 

ch • . t 

— =: cover sin, geh 

ce 

~ ?-2 =: sin, peh 
pe 

Having explained the notation, we can now proceed 
to determine formulaa for the solution of triangles. 

It must be understood that the sines, &c., as given 
in the tables, are all for a radius of unity, correspond- 
ing with the foregoing definitions; wherefore, to find 
the actual length of the line representing a sine or 
tangent, &c., of any angle, the tabular number must be 
multiplied by the radius of the circle containing such 
angle. 

Note. — Comparing had, Fig. 5, mihgef. Pig. 8, it 
is obvious that ad divided by a ^ is equal to sine ahd 



110 



TBEATISE ON MATHEMATICS. 



{adb being a right angle) ; and similarly, comparing the 
same triangle with ekb (Fig. 8), that ad, divided by 
bdia equal to tangent abd. 

Fig. 5. 




Let a be, Fig. 5, represent a plane triangle, and from 
the apex a let fall the perpendicular a d, meeting b c 
in the point d of the base of the triangle, and at right 
angles to the same. 

In the two triangles abd, acd, the angles bad, abd 
are complementary to each other, as also are the angles 
daCf ac <?|— 

ad . ^ 1 J 

-—- zi sm, <. aod 

ah 



ad 
ac 



=: sin* K, acd 



We have now to find an equation by ampHfication. 
It is evident that 



ac 
ab 



ac 
ab 



also, that 



ad 
ad 



= 1 



and by multiplying either side of an equation by 1, its 
value is not altered ; therefore. 
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ac ^ ac X ad 
ah ad X ah 

The last fraction can be stated in two, as the quantities 
in both numerator and denominator are connected by 
the sign of multiplication ; then, 



But, 



and. 



ac ^^ ac ad 
ah ad ah 



— r- = Sin <, ahd 
ah 



ad . ^ J ac 
— = stn, <,acd — . = 



ac ad sin, <,, acd 

Therefore, 

ac __^ sin, <,,ahd ^ ac sin. <,, abc 

— ^^ ^ or — — izn » 

a h sin, <,,acd ah sin, <., acb 

ac ::i ao x , 

sm, <, ach 

Let ac = A 

„ ah = B 

„ <,ahc = a 

f, K* ach = h 

Then the foregoing formula becomes 

A = B ^'^' ^ 
sin, h 

which is the general formula for the solution of plane 
triangles ;^one side and two angles, or two sides and 
one angle, being known, the rest may be easily deter- 
mined. 

Let the side B = 1200 feet, the angle a = 50 degrees, 
and the angle & = 42 degrees. Referring to any table of 
sines, we find — 
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Sin, a = 8in. 60 = 0*766, &c. 
siu, h = sin. 42 = 0*669, &c. 

(Three places of decimals are sufficient.) 

A = 1200 X ^^ = 1874 feet (nearly). 

If two sides and one angle be given the formula must 
b& transposed : then, 

-.V ^ -^ X sin. h 



Of course A can be applied to any side of the triangle 
according to which it is required to determine, but the 
angle a is always the one opposite the side A. 

To return to the figure : 

-^ =^ sin <, aod 
ab 

-7 = COS, <, aba 
ab 

—-- = tan, <, abd 
bd 

Proceeding in a similar manner to that adopted in 
determining the last equation we find 

ad _ ad 
bd" bd 

and, — r = •'• 

^ ab 

ad _ ad X ah 
Td " ab X bd 

ad _ ad ab 
Td "^ ab bd 
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But 

ad . ^ -, J bd ^ ^-Lj ^b 1 

= 8in, <.abd, — = cos, K.aod, , .= 



bd ab bd cos, <,abd 

Wherefore, 

ad ^ad ^ ab .^ ^ ^,, sin, <,abd 

--=:—- X --3 = tan. <. aba = .- 

bd ab ad cos, <,abd 

From which we find the tangent of any angle is equal 
to its sine, divided by its cosine. Equations like this 
should be learnt, as they are often required in sub- 
stituting in trigonometrical equations. 

sin, a 

tan, a = 

cos, a 

sin, a = tan, a x cos. a 

sin, a 



COS. a = 



tan. a 
Similarly, it may be shown that 

COS. a 1 



cotan. a 




sin. 


a 


tan. 


a 


ab 
bd 


= 


sec. 


<. 


abd 




ac 
dc 


zzz 


sec. 


<. 


, acd 




ab 




ab 








bd 


^■^H 


bd 









Again, 



ab _^ ab ad 

bd ad bd 
But, 

— = sec. K.aoa, — . = — : , --. = tan, a 

bd o,d sin, a bd 

tan, a sin, a 1 

sec. a = " 



sin. a sm. a x cos. a cos, a 



114 TREATISE ON HATHEMATICS. 

Similarly, it may be shown that 

1 
cosec. a = -r 



8tn. a 



As an example of the application of trigonometry to 
the constractive arts, assume a stmt to be supporting a 
load of twenty tons, and being at an angle of say 55 
degrees, its position at the top being secured by a 
horizontal tie. 

The formula for the strain upon such strut will be as 
follows:— 

Let S = strain in tons on strut in the direction of its 
length, 
TT = the actual load in tons carried by the strut, 
a = angle of inclination of strut to the horizon. 

Then» s = .^ 

8in, a 

Prom the table we find, 

sin. a s= sin. 55^ = '819, &c« 

JS = -^ = 24-42 tons, 
0-819 

which would be the direct thrust on the strut. 

We will now, by the aid of the tables, test the accu- 
racy of some of the various equations given above. 

In every case let a = 40 degrees. 

tan. a = tan. 40^ = 0-889 = 

8in. a _ sin. 40^ _ 0-623 _ q.q ^ 
COS. a " COS. 40* 0-766. 
cotan. a = cotan. 40® =1*19 



tan. a tan. 40 0*889 
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The last is exact, and the previous one errs within 
the limits due to dropping the decimals. 

When an angle, corresponding to a given trigono- 
metrical quantity, is required, it is stated thus, — 



If 



o 



sin. or = X 



a® = 5171.""* X 



k formula of this sort occurs for determining the 
angular lead of an eccentric used to work the slide- 
valve of a steam engine. 

Let a^ = angular lead of eccentric, 

d =3 distance over which the valve has passed in 
inches, when the piston is at end of its stroke, 
h = travel of valve in inches. 

The formula is 

COS. o® = 1 — 

* 

Let <2 = 1-5 mches, and t = 4 inches, 

COS. o» = 1 - 2x1^ = 0-25 

4 

a* = COS. -* 0-25 = W 80' (nearly). 

We may here mention that trigonometrical language 
is very commonly introduced in treating of matters 
where there is not the slightest necessity for it, and this 
is one of the causes which militate strongly against the 
student who is endeavouring to acquire mathematical 
knowledge without the aid of a master. For instance 
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in calculating the strain of a lattice-bar of a warren 
girder, the rule is generally given thus, — 

Let Tr= load in tons, a = angle of inclination to 
horizon— /S = strain. 



8in, a 



This has been diversified a little by certain mathe- 
maticians thus ; 
Let t = angle of inclination with vertical line ; 

then, /S = ^ 



cos, t 



The formula we use obviates the use of tables and 
trigonometrical terms. 

Let I = length of lattice-bar in feet, 

d = depth of girder (between pins) in feet. 

« Wl 

Let Tr= 5 tons, Z = 12 feet, d = 10-4 feet, a^ = 
60?; then sin. 60^ = 0-866, 

S = ^ = 6-77 tons. 
0-866 

S = 5-ii-i^ = 6-7692 tons. 
10*1 
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CHAPTER X. 



DIFFERENTIAL AND INTEGRAL CALCULUS. 

In the calonlations required for the development of 
theory, and the deduction of formulaa applicable to the 
designing of works generally, there is but little occasion 
to apply the infinitesimal calculus ; nevertheless, it is 
used to a certain limited extent, and therefore it is in- 
cumbent upon us to explain the principles upon which 
it is based, in a very elementary way, nor shall we 
pretend to enter into the more complex operations, as 
such a course would occupy much space with matter 
having but little interest for the practical constructor, 
although the first and fundamental processes may often 
prove of service in problems of a special class. 



Fig. 6. 




In the first place it will be necessary to show to what 
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that is, at half the height of the material the fibres are 
only stretched half as much as at the whole height, 
and therefore exhibit only half the tension. 

Again, we have to consider that the moment of this 
resistance abont the centre of motion e, varies as the 
distance at which the fibre is situated from such centre ; 
and in fact the moment is equal to the resistance mul- 
tiplied by X. Hence, the moment of resistance per 
square inch of any layer of fibres will be, if wi z= such 
moment, 

f» = - . ar 
a 

This, be it particularly noticed, is the moment of 
resistance of any layer of fibres per square inch about c, 
and it is the whole sum of the resistances of all the 
layers of fibres that sustains and is equivalent to the 
moment of strain produced by the weight W. 

Having found the moment of resistance per square 
inch, this multiplied by the sectional area of the layer 
of fibres should give the total moment of resistance. 

Let h = breadth of layer in inches, 
t= thickness of layer in inches, 

then the moment of resistance for any one layer will be, 
if m' = such moment, 

d 

and the sum of the moments of all the layers added 
together will give the total moment of resistance. 

The breadth of the layer of fibres is of course the 
breadth of the material holding the short arm of the 
lover to the wall, so that point is easily got at ; but 
not so the thickness. 
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If we imagine the material to be divided into the 
thinnest possible layers, then there will be some ap- 
preoiable thickness, so that the top of the layer will be 
farther from e than the bottom, and therefore more ex* 
tended on the top than at the bottom ; wherefore we 
cannot determine any thickness, for the amount of ex- 
tension is incessantly increasing from up to the maxi- 
mum ; it is, in fact, a flowing or fluent quantity. 

If, however, we can And some law which will enable 
us to determine the sum of the mx>ments of resistance for 
any depth of material, we shall then be able to solve 
the problem before us ; but in order to do this we must 
ascertain the relations existing between flowing quan- 
tities and their sums at any particular point in their 
upward (or downward) progress. 

In the resistance or strength of the material alluded 
to in the example, we have a quantity varying with the 
depth or height (the breadth being supposed to be con- 
stant), and depending upon that depth. 

The depth, which is the maximum value of a;, is 
arbitrary, and can be made what we consider necessary, 
according to the purpose we have in view, hence, x is 
called the independent variahky* and the sum of the 
moments or the whole resistance of the material is 
called the '' dependent variable,'* because its value de- 
pends upon and is determined by the maximum value 
of the independent variable x. The resistance is also 
termed a ^^ function^* of a?, 

T/ith a little careful consideration it will now appear 
that what we really have to find out is this : If a certain 

* The word " variable " is here used as a substantive ; quantity 
being omitted for brevity. 
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quantity is found by multiplying or by raising to some 
power a certain other quantity, what changes will be 
brought about in the latter by increarjing or diminishing 
the former ? For instance, if we have a box whose 
width and depth each equal a?, and its length 2 a?, what 
addition shall we make to the contents of the box by 
increasing x by some small quantity ^, which may be 
assumed to be indefinitely small. 

As the cubic content of a body is found by multiply- 
ing its length by its depth and width, the capacity of 
this box, being called = w will be 

U =: X X 00 X 2x =z 2x^ 

Here x is the independent, and u the dependent variable 
ox function oix. 

In order to render the equation more general, the co- 
efficient 2 will be replaced by a, then, 

u = a,o^ 

The question which now arises is, What will be the 
value of w if we raise x to the value {a? + A} ? Let m' 
correspond to the increased value of x ; then — 

u :=^ a{x + hY 

This equation can now be developed by the " Bino- 
mial theorem." 

v! ^a{x+hY = a{a^ + Za?h + ^xl? + h^) 

= aaj' + 3aa^A+ &c. 

As the increment h is supposed in itself to be infini- 
tesimal, all the powers of it may practically be neg- 
lected without introducing any appreciable error in 
calculation. 
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But a aj* = M 

Wherefore we can replace ax' in the right hand side of 
the equation by u ; then— 

it ^u -{- S ax^ h 

and ti' — u=3aa;*A 

Then S aa^kia very nearly the difference of the two 
yalnes of u and u\ and is called the *' differential,** 

h is the difference in x, and it is observed, that it has 
to be multiplied by 8ic" to give the corresponding 
difference (or differential) of u and u' ; hence 8 a a,** is the 
CO- efi&cient of the differential, or the <* differential co- 
efficient.'* 

— T~ = 8 a.a^ = differential co-efficient. 

Agaiui 

ti' — tt = difference of u and m' 

h = difference of a? and {x + h) 

wherefore the above is written, 

d, u 



d, X 



= 8. a. aj* 



Let us now try this with arithmetic, and see in case 
of known quantities how near the approximation is 
(for it must be remembered all powers of h after the 
first are omitted). 

Let a = 1, the question being that of the contents of 

a cube. 
Let X = 1000, and h = -002, then 

u = iK? = 1000000000 
q2 
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The differential co-efficient is 8 a;" = 8000000, hence 
the difference 

8000000 X -002 = 6000 

and therefore the value of u will be 

m' = 1000000000 + 6000 = 1000006000 

We can test this by cubing the value of (a? + A) 

u' = {x + hy = (1000-002)' = 1,000,006000-012000008 

From which we find, that although h is not taken 
very small, the result is exceeding near that obtained 
by the calculus. 

From the foregoing equations we discern a rule for 
finding the differential co-efficient without developing 
the powers. 

KuLE. — To find the differential co-efficient, multiply hy 
the index of the independent variable^ and reduce it hy one, 

u = aa? 

Multiply by (index) 8, and reduce it to 8 — 1 — 2 

ax 

as found above. 

The following are a few examples of differentiation — 

du 
u = aXf __ = a 

dx 

^ du o 

u = aar, __=2aa? 

dx 

u = ax* + hix^ + cx^, ~^r-=4:aa^ + 3ha^ + 2cx — 

dx 

Having determined the law by which to find the 
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differential co-efficient, we can now by inverting it find 
a rule for getting the integral from it, which is called 
integrating, and if an equation is to be integrated, it is 
marked thus : 



/ 



Integrate the equation, - - = 3 aiu* 

We have to add one to the index (2) and divide by it : 



u ^flaa^dx^^-— 



= air 



X 



8 
Similarly, 

du C 

=a, u = I a X = a 

dx J 

^ = 4aa:» - 8a;' + 2a 
dx 

«=-— — h2aa;= _--a;»4-3aa; 

o 8 8 

We can now return to the case with which we began 
the chapter, and take up the equation as we left it. 

riTL = — — iC^. t 

d 
For convenience replace d by ^, 

m = -— ar,t 
h 

But t must be infinitely thin, or in other words, t is re- 
presented by the infinitesimal distance between two 
values of a;, and in like manner m' is the differentiri of 
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the resistance of the whole mass, m' is the dependent, 
and t the independent variable. 

However, as t is the difference between two values of 
a; ; if Jf = the whole moment of resistance, 



%J h h 



l^ut the maximum value of x is h^ hence this is called 
integrating from o up to A, and is correctly written 
thus, 

^ Q h h 

If, however, the material had only extended part of 
the way downwards from the layer of fibres g, the case 
would be different. Let the material be only between 
g and the fibres distant z from the centre of motion : — 

In this case we should have to integrate between z 
and h thus, 

M= / _a;'rta? = — — = ih^—i^] 

•J h h h h 

We may, as an example, here apply the first result to 
calculating the strength of a solid beam ; but we must 
assume another short arm to the lever and an equal 
strength of material below the centre of motion to that 
above it ; the moment of resistance will then be twice 
the above, or 

Let the safe resistance be 10 cwt., and the beam be 
fixed at one end to carry a load at the other, the breadth 
being 8 inches, and the height 9 inches, the length of 
the beam 5 feet clear, and the safe load = TF. 



INTEGBAL CALCULUS. 127 

In order th^t the forces of strain and resistance 
shall be in equilibmm, 

For the resistance must be equal to the load — (Z = 5 ft. 
= 60 inches). 



w= ^ 

=216 cwts. = 10 tons 16 cwt. 



I 
2 X 10 X 8 X 81 



60 

There is not a limit to the number of times an equa- 
tion may be differentiated until it disappears, for a 
differential co-efficient of the differential co-efficient 
may be obtained if the independent variable is of suf- 
ficiently high power. 

Take the following as an example : — 

Differentiate (until it vanishes) aaJ' + J^ — cru*+a;' 

ax 

^i = 80aa;* + 12 5ar» - ^cx -f 1 

^- = 120rta» -f 24 ^a;- 6c 

-^-i = 860 aar + 2ib 
aocr 

^= 720ax 
axi 

after which the expression disappen 'S. 
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One of the uses of repeated differentiation is to deter- 
mine whether any maxima or minima occur under 
certain conditions in an equation, as in such a case it 
will be, by making an odd diff : coef : = 0. (The 
first, third, &c.) 

The general formula for the strain on either flange 
of a plate girder is 

w a^ wlx 



S = 



2d 2d 



for a uniform load ; where S = strain in tons, w = 
load in tons per foot run, I = span in feet, d = depth 
between flanges in feet, x = distance in feet from the 
point at which the strain is required, to pier. The girder 
being freely supported at both ends. 
Differentiate this equation and make diff ; coef : = 0. 

dS ^ wx _^ wl __^ r. 
dx d 2d 

wx __ wl 
1 '^ 2d 

I 

Therefore the maximum strain on the girder is at 
the centre, where os = - 

For another example take the case of a girder 
uniformly loaded, fmdi firmly fixed at both ends. 

If a? = the distance at any point at which the 
deflection = y^ and E = the moments of elasticity, we 
have the formula 

TP d^y wlx w a? w P /1\ 

da^ 2 2 12 ^ ^ 
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Differentiate as before, and put diff : coef : = 

Tpd^y wl 
d^ 2 

I 

"=2 

thereforei in this case also the maximnm is at the 
centre. 

The calculus also enables us to determine unknown 
quantities, thus : 

d^ 2 T^ ^^^ 

where M is the moment of strain over the piers, and 
must be found before the equation can be solved ; and 

at the same time E j^\^ also unknown. 

Integrate then 

•t:,dv wla? wa^ ., 

But ^ = tangent to the angle made by the girder 

with the horizon ; therefore, as the girder is firmli/ fixed 

d y 
over the pier; at that point-—-, = o and a; = / 



Wl^ V)f Ti^j 

0= ^- ^-Ml 




^^'"4-- 6 ~ 12 - 12 " 


10^ 

12 


^'- 12- 





g8 



180 TBEATISE ON MATHEMATICS. 

and by replacing M in equation (2), equation (1) is 
obtained. 

Having thus briefly explained the fundamental prin- 
ciples of the calculus, and we hope sufficiently clearly 
to enable our readers to apply it to such uses as may 
be necessary, we shall not enter farther into the matter, 
as by so doing we should pass beyond the limits of our 
subject, without any corresponding advantage accruing 
therefrom. 
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CHAPTER XI. 



REMARKS ON MENTAL CALCULATION. 

To a certain limited degree, any one possessing a taste 
for mathematics may cultivate the accomplishment of 
mental arithmetic ; but to attain any considerable de- 
gree of excellence, the individual must be gifted with 
faculties comparatively rare in combination. He must 
possess an aptitude for perceiving instantly the ratios 
of quantities, a method of arranging the results of 
the various processes in such order as will be most 
suitable for the ensuing operations, isad a memory 
capable of retaining them until the final result is 
attained. 

Generally, when a problem is presented for mental 
solution, the first step will be to cancel, if possible, and 
so reduce the statement to a simpler form. Suppose, 
for instance, we have, 

8 X 48 X 48 



8x4 

To solve mentally, we perceive the 3 will not cancel 
out, so set it, as it were, aside in our memory ; then the 
48 mil cancel to 6, eliminating the 8 in the divisor, 
and the next 48 will cancel out to 12, eliminating the 
4 ; so we find we have left 6 times 12 is 72, and 8 times 
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72,— three times 2 is 6, three times 7 is 21 ; answer 
216. This calculation we have endeavonred to put 
down in the same way as we should reason it out 
mentally. 

This, however, forms one examplo of a general 
formula, 

w X I X I 



S =^ 



6 X d 



but I and d always have some specific ratio as J, tV, or 
^^f which are great helps in the calculation. 

In order to perceive readily opportunities for cancel- 
ling, constant exercise in the application of figures is 
requisite, and, moreover, mental calculation generally 
requires a thorough knowledge of the properties of 
figures, and of the principles of arithmetic, for in no 
case can it be exercised by any one who in any ways 
doubts or mistrusts his own accuracy. 

In many cases the process of multiplication may be 
simplified by dividing the multiplier into two or more 
parts. 

Multiply 16 by 13 ; here ten times 16 is 160, and 
8 times 16 is 48, and 160 added to 48 is 208. 

The power so far developed as to enable its possessor 
to extract square and cube roots, requires mental facul- 
ties of a character possessed by very few, and which 
indeed seem to impart an almost intuitive knowledge 
of the solution, though of course this cannot actually 
be the case. 

The occurrence of a number of quantities which will 
not admit of cancelling, materially complicates the pro- 
blem, and renders it much more trying, as in such cases 
there 8»re more figures to remember. 
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In regard to a mnltiplication sum such as this, — 

1835 
238 

14680 (a) 

5505 (b) 

8670 



436780 

to work it mentally, preserving the products for final 
multiplication would be more tedious than to pursue 
the following course : 

1835 X 200 = 367000 

1835 X 80 = 55050 

422050 
1835 X 8 = 14680 

436730 

Because, in the first process, we must retain the two 
products (a) and (b) in the memory whilst working out 
the third, whereas in the second there is never more 
than one sum to be remembered while working another, 
the two products being dismissed from the memory and 
their place taken by the sum of their quantities, as 
shown. 

It is impossible on paper to enter into the details of 
mental arithmetic ; hence we now conclude these brief 
remarks. 
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Let it be required to determine the height of a clifF 
without measuring it. The formulaB above given are 
complete when the value of g is inserted, which is found 
by experiment to be 82*2 feet nearly. 

Let a stone be dropped from the top of the cliff and 
its time of fall until it strikes at the bottom noted. Let 
the fall occupy 9 seconds. 

A = ?|. ^^^±^^^^^ =161 X 81 = 1804-1 feet. 

If a body be discharged vertically, it will rise (leav- 
ing resistance of the atmosphere out of the question) as 
high as it would require to fall to attain the like velo- 
city ; for rising against the attraction of the earth the 
effect of gravitation would be to decrease its velocity by 
32*2 feet per second. 

Let a cannon ball be fired vertically, what height would 
it attain leaving the cannon's mouth with a velocity of 
2200 feet per second ? 

l_ 2200 X 2200 ^ ^^^^ 

2g 2 X 82-2 

If the cannon ball be discharged horizontally, how soon 
will it touch the ground, the latter being assumed to be 
horizontal, and 10 feet below the muzzle of the gun ? 

From ^ = '^ 

we find r z= - . , t = / — 



y2 X 10 

-g^ = ^0-62 z= 0-79 seconds. 

and if the ball has a mean velocity of 1800 feet per 
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second, the distance travelled before touching the ground 

would be 

1800 X 0-79 = 1422 feet. 

From such a calculation the trajectory of a gun may be 
determined. 

We will next take an example of an empirical formula. 

This will consist in arriving at the law of falling 
bodies by a process based on the comparison of a num- 
ber of experiments recorded in the following table : 





h 


V 


Ist second 


16-1 


32-2 


2nd „ 


64-4 


64-4 


8rd „ 


144-9 


96-6 


4th „ 


257-6 


128-8 


5th „ 


402-6 


161-0 



It is evident from observation that g is involved in 
the formula, which also varies as some power of the 
time of fall ; wherefore, 

/* = c.g.t^ 

c being a co-efficient, and u an index to t required to be 
determined. 

Let h and h' be heights of fall corresponding to times 
t and ^ ; then, because 

h =e.g.V* 

therefore, Ji = c.g,t''' 

h _ c.g.r 
h cgW" 



or, 



Log. h — log, h! = u {log. ^— log. f] 

__ log, h — log, h ' 
"" log. t - log. t' 



140 TBEATISE ON MATHEMATICS. 

Log. p = log. 78 = 1-892095 
„ P = „ 90 = 1-954243 
„ < = „ 810-2 = 2-491642 
„ T = „ 820-2 = 2-505421 

therefore, n = 1'892095- 1-954248 

' 2-491642-2-606421 

^ -0-062148 ^ ... 
-0-013779 

giving a different result, and in fact showing that this 
is not the exact law. 

Suppose the same question is tried under different 
conditions. The pressure of steam is taken as the ab- 
solute or total pressure ; the temperature is taken as 
read on Fahrenheit's scale. .Let it be read from the 
absolute zero, which is calculated to be 523-4 degrees 
below Fahrenheit's zero point; hence, the absolute 
temperature would be equal to 

Apparent temperature + 523-4 

In the last case, then, the pressures being 78 lbs. and 
90 lbs., the temperatures will be 810-2+ 523-4 =833-6, 
and 320-2+523-4=848-6 degrees respectively. 

Log. jo = log. 78 = 1-892095 

„ P = „ 90 = 1-954243 

„ < = „ 833-6 = 2-923958 

„ T = „ 848-6 = 2-926137 

therefore, 

1-892095 - 1-954243 - 0-062148 



n 



2-920958 - 2-926187 - 0-006179 

This would bring the formula to 

p = c.t" 



= 12 
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Let ns now try the former example. 

The pressure being 42 lbs. and 52 lbs., the tempera- 
tures will be 274-4 + 623-4 = 7978 degrees, and 
283-6 + 623-4 = 806-9 degrees respectively. 

Log. p = log. 42 = 1-623249 

P = „ 62 = 1-716003 

t = „ 797-8 = 2-901984 

r = „ 806-9 = 2-906820 
therefore, 

1-628249-1-716003 



>> 



99 



99 



nzr 



2-901894-2-906820 



-0-082764 _ -- . , , 
= -0-004926 = '^ (^'"'^^) 



Here again we find that the formula found is not 
general; wherefore, until more complete investigation 
is made into the matter, we must be guided entirely by 
the records of experiments. 

As the next example of mathematical analysis, let it 
be required to determine the nature and extent of the 
transverse strain on a solid rectangular beam, supported 
at its two ends, and loaded uniformly throughout its 
length, as shown in Figure 7. 

Fig. 7. 




Let A B represent the piers or supports carrying the 
beam or girder, upon which is placed an uniformly 
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distributed load. I is equal to the span between bear- 
ings. 

The effect of the load i;3 to produce a cross breaking 
or bending moment. Let the strain be required to be 
determined at any point distant x feet from the pier A. 
/ = span in feet, w zz load in tons per foot lineal, M=: 
required moment of strain. 

Between the pier A and the point at which Jlf is re- 
quired, the load is equal to w x, and this acts downwards 
in the direction of the arrow. This load may be con- 
sidered as aggregated together at its centre of gravity, 
which will be midway between the pier and the point at 
which the strain is required ; hence, it will act about 
that point with a leverage equal to 

X 

2 

wherefore, the moment of strain due to the weight act- 
ing downwards will be 

, X wa? 

= iVXX- = -- 

As the whole load is carried on the two piers A and 
B, there will be half on each. The whole load is evi- 
dently 

w X I :^ wl 

hence the load on each pier is 

wl 

"""2" 

And if the forces be in equilibrium, the pier must be 
pressing by its elastic resistance upwards as much as 
the load is pressing downwards; hence, there is an 
upward pressure on the end of the girder equal to 
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Wl 
2 

and this acts about the given point at a distance x, and 
in the opposite direction to, the load between A and the 
given point ; hence it must be subtracted. 
The moment of the re-action of the pier is 

wl ,, wlx 

X X =, 



2 2 

By subtracting one quantity from the other, we ob- 
tain the required moment of strain at the given point. 

M='^-^ = V!^{x-l} =foot tons. 

This being the moment of strain, that of resistance 
must be made equal to it. 

The beam is subjected to two kinds of strain, tensile 
at the bottom, and compressive at the top, there being 
an intermediate layer, or rather plane of division, where 
there is no strain — termed the " neutral axis.*' 

If ^ = the maximum safe resistance per square inch 
in tons 

b = breadth in inches, 

d = depth in inches. 

2 will be the height of half the beam ; hence, the re- 
sistance at unity from the neutral axis will be 

^J__ 2 8 

d~d 

2 

We must now use the process shown in the 10th chap- 
ter, to summarise the areas, multiplied by their lever- 
ages ; the result will be what is called the " moment of 
inertia^* of the section. 
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The value of the moment for any part of the section 
distant y inches from the neutral axis, is 

hence, integrating and calling / = the moments of 
inertia, 

8 

but y is = to half c?, hence 

d 



^ 



y^dy 



3 X 8 24 

for one part of the beam above the neutral axis; 
and it will be as much for that below the neutral axis ; 
hence, for the whole beam it becomes, 

Multiplying this by the factor of resistance and call- 
ing m zz moment of resistance, 

d a 12 6 

The moment of strain however is worked out in foot 

tons ; hence, we must alter that of resistance to the same 

name : — 

^__ m __ shd^ ^shd^ 

~ 12""~6xT2""'72" 
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Equate the two moments, 



sbcP 



86 



= wx{x]^ /} . . . (a) 



To find Wf we transpose equation (a), 

86 a; { a; - / } 

Let a bar be of material 1 inch square and 2 feet 
long ; so it will be an inch wide and an inch deep, and 

« = 16 : required w, when a? = ^ 
w = 



86.^1^-4 86.4X-' -••"■ 



16 X 1 X P = 16 ^,, 

= . = — 0*44 

-9x2» -36 

In this case the minus sign only shows that the bar 
is deflected downwards through the strain producing 
that deflection being assumed minus, and being the 
greatest, 0*44 tons represents the load per foot ; hence, 
as the bar is two feet long, the total load distributed 
over it would be 

0-44 X 2 = 0-88 tons. 

Let the bar be one foot long, the other quantities re- 
maining unaltered, 

«, = _i:*_:J = 16 X 1 x"if ^ J6 ^ j g tons. 
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Let ns now take the same case to investigate, bnt 
treat it in a more simple manner as regards the deter- 
mination of the moment of resistance. Let Fig. 8 
show a portion of the heam bent under the load, then 
two sections, infinitely close together, and parallel 
while there was no strain on the beam, may be supposed 
to have crossed each other as at ab, cfy intersecting at 
some point e on the neutral axis. 

Fig. 8. 




i 

The area of the triangle afe may be regarded as re- 
presenting the sum of the resistances, and they may be 
assumed as acting about e with a leverage equal to the 
distance of the centre of gravity of the said triangle 
from the neutral axis. 

8y the maximum resistance of the material per square 
inch, is the base of the triangle in calculation, being 
proportional to the extension of the fibre. 

The area of a triangle is equal to half its base multi- 
plied by its height, and in the present case the height 
is one half of the depth of the beam, hence the area, 

__ 5 d _^ 8 d 



ICATHBHATIOAL ANALYSIS. 147 

The leverage with which this force acts is equal to 
the distance from its centre of gravity from the nentral 
axis. The centre of gravity of a triangle is one -third 
of its height from the base ; therefore, two-thirds from 
its apex, so the distance required is | of ^e/, or, 

2 8 8 
Hence, the moment of resistance for half the beam is 

"1~ 3""T2" 
and that for the entire beam, 

---- X 2 = — — - inch tons : 
Iz b 

being the same result as was arrived at by the other 
process. 

The advantage of the latter method of demonstration 
is that it is exceedingly simple, and it is, in fact, almost 
a geometrical way of working the infinitesimal calculus- 

We shall now take another example with the view of 
illustrating how to solve a certain class of equation, 
with which we have not, as yet, had to deal. 

The general formula for moment of strain on a beam 
fixed at both ends and uniformly loaded is, 

,y. __ i«; Z re _^ wx^ ^ tv P 
"IT "Y" TtT 

Now there are certain points in the length of the 
bridge at which there is no strain, for over the piers or 
places where the ends of the girder are fixed, the beam 

h2 
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is in tension on the top, and in compression on tlie 
bottom layers, but in the centre of the span, the con- 
trary is the case ; hence there must be intermediate 
points, two, one on each side of the centre, at which 
there is no bending strain at all on the girder. 

To find the distance of these points from the piers we 
must find the value of a?, when the above equation is 
made = : 

r, W IX WO? w? 



" 2 a 


12 


w 0^ wlx 


IV l^ 


2 2 


12 


Divide both sides by ^ 




a^ — Ix == — 


6 



This is what is termed a quadratic equation ; there 
is on one side a^ — Ix^ which is not a complete square, 
and therefore its square root cannot be extracted ; but 
as the equal sums may be added to both sides of the 
equation without vitiating its accuracy, we can add 
such sums as would make it a complete square, that 
is, supply the third term. 

By proceeding as to extract the square root we can 
ascertain the missing number. 

x' -lx(x-^i 
7 :f_ 

2x ) _/ 

V. / 






"Wherefrom it is perceived that the quantity to be 
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added is -- . But before proceeding with the example, 
4 

a general rule may be drawn for finding the required 

term in quadratics. 

Divide the second term by twice the square root of the 
firsts and the square of the quotient is the quantity required. 



— Z re 
2x 



= -jLand-/-?-V=^ 
2 V 2/ 4 



or in other words ; Ifxis the first quantity in the power, 
add to the imperfect square the square of half the co-efficient 
of X in the second term. 

Applying this to the equation we find, 
OCT — t a? -| = -- — -— ■ = 



4 4 6 12 12 

= J' 
12 

V ^ 4 V 12 



We can now extract the square roots. 

x^ 4 V 2 



2 x ) - I x 



a? 



-^^+i=(^-iy 



Hence, x - i = / — = T -4=- 

5i V 12 Vl2 
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Takmg the root of 12 we find 

8)12-o6o6(3-46 (nearly) 
9 

04)300 
266 



086)4400 
4116 



284 



• • • 






2 ' 3-46 



2 8-46 
8-46 ^^ 21 



6-92 6-92 

6-92 ^ 6-92 
We must now find these two values by division 

^ = 1^ = 0-79 1 (nearly), or, 

a? = gi^ = 0-21 1 (nearly). 

As the points of contra-flexure will be equi-distant 
on each side of the centre, the sum of these distances 
should make up the entire span. 

0-79Z + 0-2U = Z. 

Now let it be required to ascertain the resistance of 
cylinders to internal or bursting pressure. 
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In Fig. 9 let a 5 c c? represent a cylinder subject to in- 
ternal or bursting pressure. The tendency will be to 




tear the cylinder asunder at two points in its circum- 
ference, as at a and b. The pressure tending to do this 
is the sum of the pressures acting on the diameter ah ; 
so the strain on one side for one inch of its length 
would be, the pressure per square inch in the cylinder 
multiplied by the radius in inches, — or if < z= tension 
in lbs. ; p = pressure in cylinder in lbs. per square 
inch, and r = radius in inches. 

t =p.r. 

The inner rings or layers of the cylinder will, how- 
ever, be more strained than the outer, because they 
must be distended before any strain can be transmitted 
to the rings which surround them, and the strain on 
the various layers will be inversely as their distances 
from the centre of the cylinder. 

This difference between the inside and outside of 
the cylinder is not noticed in cases where the thickness 
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is insignificant compared with the diameter of the 
cylinder, but in thick cylinders it fixes a limit beyond 
which we cannot go. Let/> = pressure in lbs. per 
square inch, x = thickness in inches, r = radius in 
inches, R = resistance to rupture, c = constant factor 
of strength. 
As the resistance must equal the maximum strain, 

i? = / = 7>.r. 

As the strain is constantly diminishing outwards, we 
must have recourse to the calculus for solution : c being 
the maximum strain per square inch on the inside of 
the cylinder, and r the internal radius, the strain on 
any layer distant x from the inside of the cylinder will be 



= c X 



r + a?. 

and the thickness of the layer by which it must be mul- 
tiplied will be the differential of x\ the length of 
cylinder taken being one inch, that may be omitted 
from the calculation, as multiplying by unity does not 
affect the value of a quantity. We find 

22 = 



pr 



• c. 


Jr 


dx 

+ x 


' = 


E== 


c,r,x 
r + X 




2> = 


C X 




r -\- X 


pr 


+ p, 


X ^ ex 


pr 


=z ex — p X 




X = 


pr 



c — p 
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Let US take an example and apply this formula to 
ascertain the bursting pressure of a wrought iron tube 
3 inches in diameter and i inch thick. The ultimate 
tensile strength of wrought iron is 5600 lbs. per sectional 
square inch = c ; hence, 

„ cd? _ 56000 X -5 _ 28000 ,,^^^,^ 

^"^F+i V6+'6 "2 " = l^^OO lbs. per sq. in. 

If, on the other hand, it is required to determine the 
thickness proper for a cylinder to withstand a given 
pressure^ the formula 

pr 



c—p 
must be used. 

Let p = 200 lbs. per square inch, and c be taken for 
the safe working strength of the metal at 10,000 lbs. per 
sectional square inch, the radius of the cylinder being 
2 inches, then 

10000-200 9800 
From the peculiar form of this equation, 



X 



c-p 



it will be seen that, if the pressure per square inch be- 
comes equal to the strength of the metal per sectional 
square inch, the thickness becomes then infinite ; for if 

c=p, c— p=0, and 

pr 

Hence we infer from this that it is impossible to 
make a cylinder which shall contain a pressure per 

h8 



154 TREATISE ON MATHEMATICS. 

square inch greater than the tensile strength per sec- 
tional square inch of the material itself. 

If the thickness be made greater than the radius, all 
over and above will be useless unless the outer rings 
are artificially contracted upon the inner, so as to put 
them in a state of compression before the tension is 
brought upon them. 
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CHAPTER XIII. 



PLANE CURVES. 

Plans Cubyes are those which are described upon a 
plane superficies or surface, as in contra-distinction to 
corves drawn or developed upon cylindrical or spherical 
surfaces, &c. 

The curve with which we shall first deal is the circle, 
of which the following is a definition. 

Definition. — A circle is a figure described upon a plane 
superficies about a point in the same plane, in such manner 
that every point in the circle is equally distant from such 
point. The point referred to is the centre of the circle. 

Fig. 10. 




In figure 10 let c^ be a given point about which it is 
required to describe a circle, at a distance equal to c^ c ; 
then J c is the radius of the circle, and abciB the circle 
required to be described. 
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We purpose now to consider the properties of the 
circle which it has in addition to that stated in the de- 
finition upon which it is bassd. 

One of the first points to be considered is the area of 
the circle as compared with that of the square having 
one side equal to the diameter of the circle, and this is 
the more worthy of careful attention (instead of merely 
taking the well-ascertained and proved pro portions as 
granted) ; because, even so lately as three years since, 
erroneous pamphlets have been published on the 
subject of ** squaring the circle," as it is technically 
termed. 

We may imagine a circle to be divided into a number 
of wedge-shaped parts, as shown at c c?e, but in every 
case, however small these parts may be taken, the figure 
found is not a perfect triangle, because the base ec 
being a portion of the circumference will be a curve, 
not a right line ; hence we must approximate to its 
value as nearly as possible, and then apply the rule for 
the area of a triangle, which is — 

The area of a triangle is equal to its base multiplied by 
half its height. 

If the angle edcis taken exceedingly small, the area 
of the triangle edc will very closely approximate to a 
mean between the areas of the triangles edg SLudifdc. 
eg is the sine of the angle edc, and/c is the tangent of 
the same angle. In each case assume the radius to be 
unity. 

The area of the triangle edg mil be equal to dg 
multiplied by e^r and divided by 2, or calling A = area. 

J _ sin. <. edg x cos. <. edg 

2 
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and the area of the angle fd c will be equal io do mul- 
tiplied by/c and divided by 2. 
But dc = the radius = 1 ; hence the area being A' 

., _ tan, <. edg x 1 
"^ 2 

We will assume the angle edg io he 5 minutes, which 
will be equal to 

_ of the circumference of the circle ; 
4320 

for there being 60 minutes to each degree, and 860 
degrees to the circle, we find 

55 X 360 = 12 X 360 = 4320 
5 

The sine of 0°. 5' =0*001454 
„ cosine of 0^5'= 0-999999 



J9 



tangent of 0^5' =0001454 



(Note. — It will here be observed in the figures given 
that the tangent appears of the same value as the sine, 
showing that there is no difference between them up to 
the sixth place of decimals.) 

We can now determine the areas of the two triangles, 
the one inscribed within the ** sector '' of the cuxle, the 
other described about it, and ascertain the mean area 

The area of the triangle edg 

_ sin. <. edg x cos. < edg 

_ 0-001454 X 0-999999 nnnnrrocoo/ i \ 
— g^ = 00072699 (nearly). 
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The area of the triangle fd c 

_ tan. <.edg x 1 _ 0001454 x 1 _ 0-000727 
2 2 

The mean area will therefore be 

0000727 + 000072G99 ^ 0000726995 

which, multiplied by 4320, should give a very close ap- 
proximation to the area of the circle : 

0000726995 
4320 

14539900 
2180985 
2907980 

8-140618400 

The radius being =1, the diameter will be =2, and 

the area of a square having a side = 2 will be = 4 ; hence 

the ratio between the circle and the square will be thus 

found : 

4 )8-1406184 

•785, &c. 

This result is nearly accurate, but by taking a smaller 
angle we can more closely approach the truth. 

We will take a sector comprised in one minute of the 
circle, and work the calculation by logarithms. In this 
case we can assume that the tangent is identical with 
the length of the arc, so close is the approximation. 

The logarithmic tangent is calculated to a radius of 
10,000,000,000. 

Log. tan. OM' = 6-463726 

the radius is 10,000,000,000 ; hence, 



FLAKE CUBVE8. 159 

Log. rad. = 10000000, log. 2 = 0-801080, the area of 
the triangle, 

= 6-468726 + 10-000000 - 0-801080 

= 16-468756 - 0-801080 = 16-162696 

this log corresponds to the number 14-545000000000000. 
The number of these areas in the circle will be 

60 X 860 = 21600, 

hence the whole area of the circle will bo 

14545000000000000 
21600 



87270 
14545 
29090 



814172000000000000000 



The radius of the circle being 10,000,000,000, its 
diameter will of course be 20,000,000,000, and the area 
of a square having an equal side — 

20000000000 
20000000000 

400000000000000000000 
And 

814172000000000000000 



400000000000000000000 



= 0-78548, &o. 



Hence, to find the area of a circle^ multiply the square of 
lis diameter hy 0-7854. 
In order to find the circumference of the circle we 
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multiply the tangent of 0*^.1' by 21600, being the pro- 
portionate part of circumference to such tangent. 

Log. tan. on' = 6-463726 
Log. 21600 = 4-384454 

10*798180 =log. circumference. 

This corresponds to the number 62,835,000,000, and 
the diameter is 20,000,000,000 ; hence the ratio is 

62835000000 ^ g.^^^^^ ^^^ 



20000000000 



This is slightly in excess, the more accurate number 
being 3-1416 ; hence, to find the circumference of a circle, 
multiply its diameter by 3*1416. 

We will now determine the equation to a semi-cu-cle, 
then the curve, or rather points in the curve, may be 



Fig. 11. 




ttsc 



found by calculation. Let a c, figure 11, be the dia- 
meter of a semi-circle abc, d being the centre, and d a 
equal to the radius. 

The object of the present investigation is to find the 
relation between any *^ ahcissa'' x, measured from the 
*^ origin^' a, and its corresponding ** ordinate'' y\ so 
that various values of x being given, the corresponding 
values of y may be found at points in the semi-circle 
thus determined, and the curve itself di-awn through 
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them, y is drawn at right angles to x, and xy are 
called rectangular co-ordinates. 

By the 47th Proposition of the First Book of Euclid 
it is established, — 

That the square of the longest side of a right angled tri- 
angle is equal to the sum oj the squares of the remaining 
sides. Or, 

The square of the hypothenuse of a right angled triangle 
is equal to the sum of the squares of the base and perpen- 
dicular. 

In Figure 11, 5cf c is a right angled triangle, because 
5 e (y) is drawn at right angles to a c^ ; wherefore, 

But, 

Jrf = radius = i?, le = y and ed = i?--i» 

for, ed = ad — X, and ad zn R 

y* = R' - {R'-xy 

if = R^ - R^ + 2Rx---x^ 

y* = 2Rx- ^ 

y = "J ^Rx - x^ 

Let it now be supposed that the origin is fixed at c/, 
the centre, instead of a, the end of the diameter ; then, 
starting from d^de will equal —x. The quantity is 
marked minus, because it is measured from right to left ; 
but we will assume it to be measured in the other direc- 
tion, so as to have the positive sign ; then, 

.V* = 72* - a,-« 
y = V'i^'-'oi* 
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Let it be required to find the equation to an arc of a 
circle shown b,b bed, Figure 12. 



Fig. 12. 

e 



J 
/ 



y-^ 




S 


a 






£ 


' i 


f 



a is the origin of co-ordinates, a c the height of the 
arc =/f, and ec = eg, the radius of the arc. 

X = ej, because ef is part of a diameter drawn pa- 
rallel to a d, and e c, gf are both at right angles to ef, 
and are therefore parallel to each other ; so that a efh 
is a parallelogram, and the opposite sides of parallelo- 
grams are equal. 

but, 

/// = y + f^i Buifh =:ea = E = ac = Ii — S 

eg^R,ef^x 

y + R''H= Vr* ^x* 



y = Vig* - ic» -. i? + JE? 

Let us now take examples of each of the three 
formula 
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It is required to set out a circular reservoir from a 
diameter line, beginning at the end of the diameter ; 
what will be the ordinate or offset at a distance of 20 
feet, the diameter being 240 feet, therefore the radius 
120 feet 7 

= v" 2 X 120 X 20-20 X 20 

= ^4800-400 = ^4400" 
= 66-38 feet. 

Again, what will be the offset at 140 feet ? 

y = v^2 X 120 X 140-140 X 140 
= v^ 88600-19600 
= V 14000 = llB-82 

Next, let the centre be taken as tke origin, and the 
ordinate required when a; = 20 

y^ VW^x^ 
= v'l2'0~x""l20-20 X 20" 



= V 14400-400 
= V 14000 = 118-82 

which cl ec'cs the accuracy of the previous calculation, 
as 20 feet from the centre of the circle is the same as 
140 from the commencement of the diameter for the 
radius, being 120, 

120 + 20 = 140 feet. 

In setting out very large curves, however, it will be 
more convenient to use the third method, as then the 
ordinates become much shorter, and there is, therefore. 
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less liability to error in laying them down practically, 
although the calculation is somewhat longer. 

Let the radius of the required curve be 180 feet, and 
the height of the arc to be laid down, measured at the 
centre, 20 feet. Then the offsets or ordinates will be 
thus found : 

Let a: = 20 feet, then 

y = VW^x^-R + II 

= v^ 180x180-20x20-180+20 
= V" 82400-400-160 
= V 82000-160 
= 178-88-160 = 18-88 feet. 
Let a; = 40 feet, then 

y= V 180x180-40x40-180+20 
= V 82400-1600- 180 + 20 

= ^^"80800-160 

= 175-40-160 = 15-49 feet. 

We will now take a distance that will fall beyond the 
circumference or arc. 

Let X = 140 feet ; then, 

y = -/T86^T80^T4l) X 140 -180 + 20 



= V 82400 - 19600 - 160 



= V 12800 - 160 

= 118-187 - 170 = - 46-868 feet. 

the minus sign means that the ordinate is to be measured 
downwards from the line of absciss®. 
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We can, if we wish, set out the curve by offsets from 
the tangent, by transposing the above equation for a 
new formula. This method is often used in setting out 
the curves of railways, as the continuation of the line of 
rails forms the tangent to the curve. 

To alter the equation we have to make 7? — // = 7?, 
or 27 = 0, 



then y + 7? - 7/ = >/ ^« - it- 



becomes y + 72= \/7?*— ar* 



Let It = 700 feet, a? = 50 feet, 



y=z >/ 700 X 700 - 50 X 50 - 700 



= ^ 490000 - 2500 - 700 



= V 487500 - 700 

5= 698-2 - 7000 = - 1-8 feet. 

In this case all the ordinates are minus, and must be 
measured downwards. 

The next curve which comes under our consideration 
is the ellipse. 

The ellipse is produced by projecting a circle, or by 
taking a section of a cylinder at an angle to its axis. 

An ellipse is shown in Fig. 13. It maybe developed 
from its two foci, ab, cdis called the major diameter, 
and c/the minor diameter. Lines drawn from the two 
foci to meet in the perimeter, have the property of 
always being together equal to the major diameter : 
thus ag,gb =: cd. 
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The ellipse bears the same relation to the rectangle 
circumscribed about it, as the circle does to its cir- 
cumscribed square, hence 

To find the area of an ellipse, multiply the major diameter 
by the minor diameter, and the product by 0*7854. 

ab c, Fig. 14, represents a parabola^ of which the 
apex is at b; its area is thus found: 

Fig. V4. 




To find the area of a parabola multiply its base (a c) by 
twice its height (b d), and divide the product by 8 ; the qtio- 
tient mil be the required area. 
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The parabolic onrve is the curve of strain on girders 
uniformly loaded, having the formula 

y z=z c,x {oj— Z}. 

It is unnecessary for our present purpose to enter fur- 
ther upon the consideration of curves, as the remaining 
ones, except in a geometrical sense, have but little to do 
with the mathematical principles of construction. 
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CHAPTER XIV. 



LAWS OF FORCE AND MOTION. 

In the present chapter we purpose to consider generally 
the laws of force and motion, and methods of calcula* 
ting the effects produced by mechanical or external 
forces. 

If certain forces balance each other so that no motion 
ensues, it is evident that those forces are equal in in- 
tensity and opposite in direction ; hence it is a maxim 
that to preserve equilibrum, 

Action and reaction must he equal and opposite. 

If, for instance, a man is pressing a spring, the 
spring yields until, on account of its elasticity, it offers 
a resistance equal to the pressure brought to bear upon 
it, when equilibrum is obtained. 

In like manner, if a body be laid upon a table, the 
table will be compressed (although not noticeably), 
until its elastic upward force is equal to the weight 
placed upon it ; in fact, the weight itself will also be 
compressed, the lower portion having to sustain the 
weight of the upper parts, so that the compression 
varies from nothing at the top of the weight to its max- 
imum at the bottom. 

All bodies are to some degree elastic, otherwise, they 
could not sustain force without rupture, though the 
perfection and range of elasticity vary very widely. The 
elasticity of matter is said to bo perfect when a body 
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having been distorted by external force, immediately 
resumes its former shape and size on being released ; 
the range of elasticity refers to the proportionate 
amount of distortion a body will suffer without rup- 
ture. 

While the elasticity is unimpaired, the extension or 
compression of a given body is proportional to the force 
acting upon it ; hence, in order to have a convenient 
means of calculating extension, &c., the force is cal- 
culated which would (if such a thing were practicable) 
stretch a bar of the material one inch square to twice 
its length. The number so obtained being called the 
«* modulus of elasticity.'' 

The following table shows the modulus of elasticity 
for various materials used in construction : 



MODULUS OF ELASTICITY. 



Brass 8,930,000 lbs. 

Gun-Metal 9,873,000 

Cast-iron 18,400,000 
Wrought Iron 24,920,000 

Lead 720,000 

Steel 29,000,000 

Tin 4,608,000 

Zinc 13,680,000 

Marble 2,520,000 



Slate 16,800.000 lbs. 

Portland Stone 1,633,000 



Ash 

Beech 

Elm 

Fir (red) 

Larch 

MahogaQy 

Oak 



1,640,000 
1,346,000 
1,840,000 
2,016,000 
10,074,000 
1,696,000 
1,700,000 



Let it be required to determine the extension of a two 
inch square bar of wrought iron under a stretching 
force of 18 tons. 

18 X 2240 (lbs. per ton.) = 40320. 

Rule. — To find the extension or compression of a body 
under a given strain, multiply the strain by the length of the 
body, and divide the product by the sectional area of body 

I 
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in square inchss, and hy the modulus of elasticity for the 
material of which it is composed. 

Let the length of bar be eighteen feet. Its size being 
2 inches square, its sectional area will be 4 square 
inches, then we have, 

40820 X 18 ^ ^^-Q ... , . 
4 X 24920000 = ^'^^^^ ^''^ ^^^^^y) 

00078 X 12 = -0876 inches, 

which is not quite equal to J of an inch. 

Let there be 10 tons pressure on a cubic foot of mar« 
ble ; it is required to find corresponding compression. 

The sectional area in inches will be 

= 12 X 12 = 144. 
The length is of course 12 inches. 

10 X 2240 = 22400 lbs. load. 

22400 X 12 ^ ^^^- . . , 
144-^520-000 = ^'^^^^^ '°'^'' compression. 

From the fact of the elastic properties of materials, 
it follows that no change in the direction or intensity of 
forces acting on a body can take place, without some 
kind of motion, however limited, ensuing ; for if the 
pressure be increased it will cause a greater compression 
of the body ; or if it be diminished, the body will partially 
regain its original compass. 

If a force is imparted to a body so as to keep it 
moving at a uniform speed, then that force just over- 
comes the frictional and other resistances to niotion 
tending to impede the progress of the body in question, 
and is said to be equal to the friction of the body at the 
existing velocity. 
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Thus if the force required to keep a train in motion 
on a level line at 25 miles per hour is 14Ib. for every 
ton weight, that proportion will represent the friction 
of the train and the resistance of the atmosphere at 
such speed ; or, as there are 22401b. per ton, the 
resistance will be 

14 1 

2240 = 160"^^ *^® weight. 

If the forces acting on a body do not balance, then 
motion is produced, that is not mere compression or 
extension, but actual motion of translation. Thus, if 
a body be not supported, it will fall towards the earth 
from the gravitative attraction of masses of matter for 
each other. 

As has already been shown, the attraction of the 
earth for bodies at ix near its surface is sufficient to 
impart to them a velocity of 82*2 feet in one second ; 
hence this is called the force of gravity, and generally 
signified by the letter g. 

We cannot compare moving force to stationary 
pressure ; but the amount of work ^.ccumulated in a 
moving body may be reailily ascertained if its weight 
and velocity be known. 

If a body fall, the work done is equal to the weight 
of the body multiplied by the height of fall, thus ; if a 
body should fall 60 feet, and weigh 80 lbs., the work 
done wUl be 

60 feet X 80 lbs. = 4800 foot lbs. 

Should there be any uniform resistance to the fall of 
the body, the work done may be given off as it proceeds ; 
but if it falls unresisted, the work is evidently accumu- 

1% 
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lated, ready to be expended npon the first obstacle that 
may present itself. 

In the first case the body will descend at a uniform 
rate of velocity, but in the latter its velocity will con^ 
stantly increase. 

By the two following rules we can ascertain the effect 
of a blow. 

EuLE. — The accumulated work in a body falling freely 
is equal to the weight of the body multiplied by the height 
of fall. 

KuLB.— jTo^nJ the mean force exerted by a falling mass 
on an obstacle which brings it to rest, divide the accumulated 
work by the distance through which the falling body acts on 
such obstacle. 

The weight should be taken in pounds, and the height 
of fall in feet. 

Let a five ton hammer-head fall through 6 feet ; what 
will be the accumulated work at the end of the fall ? 

2240 X 5 tons = 11200 lbs. weight of hammer. 

11200 X 6 feet = 67200 foot lbs. 

accumulated work. 

Assume this hammer to flatten hot metal so as to 
make it ^ inch thinner than before the blow, then the 
distance through which the accumulated work is ex- 
pended will be ^ inch, or, 

12^T = 96^""*- 
Hence the mean pressure will be, 

«If20 = 6451200 lbs. 
96 
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AssQining that the initial pressure at the commence- 
ment of the blow is gradually reduced to its termination, 
the maximum force in this case would be twice the 
mean force, or 

6451200 X 2 = 12,902,400 lbs. pressure. 

It has been shown in Chapter XII., that from the 
velocity of a body the corresponding height of fall may 
be found ; hence the amount of accumulated work may 
be ascertained from the velocity of a body, and that 
without regard to the source of power imparting such 
velocity. 

The accumulated work is equal to height of fall mul- 
tiplied by weight of body, but 

The height equals the square of velocity divided by 
64*4, hence we have the rule : 

BuLE. — The accumulated work tn foot-lbs, in a moving 
hody is equal to the weight of the body in lbs, multiplied by 
the square of the velocity in feet per second^ and divided by 
64-4. 

Let a train weighing 90 tons be moving at a speed of 
40 miles per hour. 

90 X 2240 = 201600 lbs. weight of train. 

One mile per hour equals 1-466 feet per second, so 
the velocity will be 

1-466 X 40 = 58-64 feet. 
Then the accumulated work 



201600 X 58-64 
64-4 

201600x3438-6496^^ 3^ ^^^^ 

64*4 
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If a body be set in motion by an impelling force its 
tendency will be to continue to move in the direction 
in which it is stai-ted, and it will so move in a straight 
line if no other force is brought to bear upon it, and it 
would also retain its initial velocity. 

In Fig. 15, let A be a body which is set in motion in 
the direction of from a to h, with a velocity sufficient to 
carry it from A to & in a second ; let also a second 
force act upon it with a velocity sufficient in one second 
to carry it from A to c, and the direction A c^ 

Fig. 15. 



Draw c d parallel and equal to A 5, and h d parallel 
and equal to A c, so that Ahdci^ a parallelogram. 

Suppose the force A c to act first, it will move the 
body to c, then the force A I acting will move it io d\ 
hence it will virtually have traversed the diagonal A dj 
and if both forces act continuously, the body will travel 
along A d. 

Similarly if the body is fixed and acted on by the two 
forces, they will produce the same effect as one force, 
represented by A d. This ' is the principle of the 
*^ Parallelogram ri Forces J' 

If any two forces act upon a given point at one timef and 
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their lines of direction enclose an angle, draw lines showing 
the direction and intensity of such forces, and complete the 
parallelogram ; then the diagonal drawn from the given 
point to the opposite angle of the parallelogt^am will be the 
" resultant force.'' 

In Fig. 16, let a be the given point, and ahfac, the 
given forces ; complete the parallelogram ah d c and 
join a d, then a d will represent the resultant, and will 
be equivalent to a 5 and a c combined. 

Fig. 16. 




If the intensities of the forces and the angles are 
known, the resultant may be calculated by the rules 
for solving triangles. 

All questions of inclined forces may conveniently be 
worked out geometrically in this manner, and with 
sufficient accuracy for practical purposes if care be 
taken to use a properly divided scale in laying down 
the forces in action. 

In this way the strains upon cranes, roofs, and 
trussed work generally may be determinecl. 

"When a body having a certain velocity given to it is 
then constrained to move in a curved path, say, for 
instance, in a circular direction, there will be a con- 
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stant tendency to resume a straight course, and this 
tendency is' called the centrifugal force. 

The intensity of centrifugal force is found from the 
properties of the circle, and determined by the fol- 
lowing rule : 

Rule. — To find the centrifugal force of a body moving 
in a circular pathy multiply the weight in lbs,, by the square 
of the velocity in feet per second, and divide by 32*2, and 
by the radius of the circle in which it moves. 

Let a body weighing 60 lbs. revolve at 80 feet per 
second on a radius of 55 feet, the centrifugal force 

60 x3b' 60 X 30 X 30 



55 X 82-2 55 x 82 2 

= jTYgTF = 30 lbs. nearly. 



J 77 



CHAPTER XV; 



MISCELLANEOUS EXAMPLES. 

In the present chapter we purpose taking a variety of 
miscellaneous examples connected with the construc- 
tive arts, and just as they might arise in practice, 
without any regard to classification, in order to give 
acme exercise in turning from one class of problem to 
another, without danger of confusing together the dif- 
ferent processes used. 

As we have not, of course, demonstrated all the for- 
mul8B used in construction (our object being to teach 
mathematics and its application), the proper rules will 
be inserted for each example taken. 

Ex. 1. — Required : horse- power of engine necessary 
to raise water 120 feet high to supply 21,000 inhabi- 
tants at 80 gallons per head. The engine to work 12 
hours a day. 

21000 inhabitants 

80 galls, per head 

630000 galls, per day 

10 lbs. weight per gallon 
Hours 12 )6800000 lbs. weight per day 
Minutes 60)625000 lbs. weight per hour 

8750 lbs. per minute 
120 feet high 

1,050,000 foot lbs. per minute. 
x8 
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One horse-power according to the adopted standard 
is 88,000 ft. lbs. per minute, hence the effective horse- 
power required is 

1050000 ■ o. 1 

= 82 horse-power nearly. 

The gross horse-power will exceed this to allow for 
the friction of the engine, for which add 25 per cent. 

The gross horse-power will therefore be, 

82 + \^^ = 82 + 8 = 40 horse-power. 

Ex. 2. — Let it be required to determine the proper 
sectional area for the chain of a suspension bridge. 

• 

'R\SLR,'^To find the sectional area in square inches of a 
suspension bridge chain, multiply the total load on the bridge 
by its span in feet, and divide by the depth or versine of the 
chain in feet, and by the safe resistance of material and by 8. 

Let the span be 200 feet, total load 800 tons, versine 
of chain 20 feet, and the safe resistance of material 5 
tons per square inch of sectional area. 

800 tons load 
200 feet span 

Versine = 20)60000 

Resistance = 5 )8000 

600 square inches. 

If there be two suspension chains, we shall therefore 
require 800 square inches of sectional area in each. 

Let it now be determined what should be the sec- 
tional area of the same chains over the piers. 
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Rule. — To find the area of the chain at any point in 
square inches^ square the area in square inches at the cen- 
tre, to which add the square oj the {load per lineal foot in 
tonSf multiplied by the distance in feet of the given point 
from thecentre, divided by the safe resistance of the material} , 
atidexti'act the square root of the sum. 

The load per lineal foot will be 

800 tons load - - . . . 

^^^ ^ ^ = I'o tons per foot. 

200 feet span ^ 

As the point at which the area is required is at the 
pier, its distance from the centre will be half the span ; 
or, 



Hence we have, 



M.= 100 feet. 



1*5 tons per foot. 
100 feet distance 



Resistance 5)150-0 

80-0 
The area of the chains at centre = 600 square ins. ; 
the area at pier 

= ^600* + 80' = V 860900 
= 600-8 square inches ; 

or, 800-4 square inches in each chain. 

Ex. 3. — Required to make a crab winch (or crane) 
whereby one man may lift two tons. 

Assume that a man can exert an average pressure of 
20 pounds on the winch handle, which is to be 15 inches 
long ; then in one revolution of the handle the man's 
hand will pass through 

16 X 8-1416 = 47-124 inches = 4 feet (nearly). 
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Practically, we may take tliis as 4 feet ; the amount 
of work done will be 

20 pounds pressure 
4 feet per revolution 

80 ft. lbs. per revolution. 

In one revolution of the winch 80 ft. lbs. of work is 
done. In two tons there will be 

2240 X 2 = 4480 lbs. 

As the velocities of the extremities of any machine 
vary inversely as the forces acting on them, we must, 
to find the velocity of the load per revolution of winch, 
divide the foot lbs. of work by its weight. 

-I?- = 0-018 ft. = 0216 inches. 
4180 

Let the drum on which the chain holding the load 
winds be seven inches diameter, then its circumference, 

= 7 X 81416 = 22 inches. 

Hence, the portion of a revolution to be made by the 
barrel for one revolution of the winch handle will be 

Hence the winch handle must make 102 revolutions for 
each revolution of the barrel. 

If a tangent screw and worm wheel be used, this dif- 
ference of velocities might be attained at once ; but if 
spur wheels are used, more than one pair will be requi- 
site. Let the pinion on the winch handle shaft have 8 
teeth, and the wheel on the second shaft 48 teeth ; this 
is B ratio of 1 to 6. Let the pinion on the second shaft 
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have 8 teeth, and the wheel on the third 56 teeth ; these 
are in the ratio of 1 to 7. Let the pinion on the third 
shaft have 21 teeth, and the wheel on the barrel shaft 
51 teeth, then it will be found that the required velocity 
ratio is obtained. 

Bulb. — To find the relative numbers of revolutions made 
hy the extreme shafts of a train of spur wheels, multiply the 
diameter of all the dbiving wheels together for a numerator , 
and those of all the driven wheels ^br a denominator, and 
the resulting fraction will he the required ratio, (Or, instead 
of the diameter being taken, the numbers of teeth may be used 
where more convenient*) 

Teeth in pinions 8 x 8 x 21 _ 1344 _ 1 



Teeth in wheels 48x66x61 187088 102 

The mode of getting at the required number of teeth 
exactly is this. Assuming the two first pairs, the ratio 
becomes 

«3=6 ^^ = 7 6X7=42 

Now for the last pair we have to find the ratio between 
102 and 42 

42 _ 21 
102 51 

Ex. 4. — Required the force requisite to overturn a 
square chimney stack. It is evident that the wind 
blowing against the side of a chimney stack has a ten- 
dency to upset it, with a force equal to the pressure of 
wind per square foot multiplied by the area of the 
chimney side, and by half the height of the chimney, 
the latter being the mean leverage with which the wind 
acts. 
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On the other hand the stability of the chimney is 
equal to its weight multiplied by half its width at base, 
this being the distance of the centre of gravity from 
the edge of base. 

Let the chimney be 7 feet square on the base 50 feet 
high, 6 feet square at the top, and its weight 187,500 lbs. 

Let U = overturning pressure per square foot, and 
M = moment of stability. 

ilf = i7 X 50 |I+?} X ^ = 187500 x 1 

Where 50 ] — q— \ = area of side of chimney, 7 and 
6 being the bottom and top widths and 50 the length, 
•g = the leverage of half the height, and-o the leverage 
of half width at base. 

187500 X I 

£r = - 2 



=»m-? 



187500 X 14 ^^ , ,, 
= 5Q X 1 Q X 50 = 6^'^ li^s per square foot. 

The pressure of wind in a hurricane is under 82 lbs. 
per square foot ; hence the ratio between the stability 
of such a chimney, and the maximum strain to which 
it would be subject is, 

?^ = 2^5tol- 
82 

therefore the structure is perfectly safe. 
A round chimney shaft is, in proportion to its weight, 
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dimensions being equal, twice as strong as a square 
one. 

Ex. 5. — Eequired the horse power of a turbine watei 
wheel. 

Bulb. — To find the horse power of a turbine^ multiply 
the pounds oj water passing through the turbine per minute, 
by the head of water in feet (height of sujtply), and divide 
the product by 41,250. 

Let the quantity of water be 600 lbs., and the height 
of fall 90 feet : 

600 lbs. water per minute 
90 feet 

41250)54000(1-8 horse power. 
41250 

127500 
123750 

8750 

. • • . 

The total amount of work done by the falling water is 

54000 ft. lbs. per minute. 

= ^4^ = 1-63 horse power. 
83000 ^ 

Showing 0'83 horse power absorbed by friction. 

Ex. 6. — Eequired to determine the theoretical quan- 
tity of water evaporated from 212 degrees Fahrenheit, 
by one pound of coal, of which the chemical composition 
is known : 
Let C = weight of carbon in one pound fuel. 
H- „ hydrogen „ 

= „ oxygen „ 

P = pounds of water evaporated by one pound 
of fuel from 212^ 
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The formula is 



0. 



P=15(C+4-28(iy-p} 

Let 1 lb. of fuel be of the following composition : 

Carbon 0-855 lbs. 
Hydrogen 0*058 lbs. 
Oxygen 0-092 lbs. 

P= i5{0-855+4-28(0-053-?^)} =15-49 
pounds of water evaporated per pound of fuel. 

Fig. 17. 




Ex. 7. — Let rt5, figure 17, represent a semi-arch 
carrying a bridge. It is required to find the strain 
(tension) on a point at a given distance from the point 
hy by the formula 



„ n^ n? 72^,^ 

5^= Ix — a? /f.-1-F*— 16F* -— — 

F-4F--p^s/4^'^ ^^ ^*^ 

In which S = required strain, V = versine of arch 
w = load per lineal foot, I s= span of semi-arch in feet. 



HISOELLANEOUS EXAMPLES. 185 

X =s distance in feet of given point from b. Lot w = 2 
tons, I = 80 feet, F = 40 feet, a? = 80 feet. 

2x80 

3= 



40-.4v4q80x20-2Q'x 

80* 



J 



T +40'-16x40'— =5 



60 



40-160 1600-400 X 
6400 



J 



400 , ..^^ oKftnn 256 0000-160000 
- +1600-25600— jj^gg^^^^— 



60 y400_^igoo^i4g4 



40-80 V 4 

= 6V^100+1600-1464=6 a/236 = 6 X 15-4=92-4 tons 
strain on the chain at the given point. 

Ex. 8. — Required the actual horse power necessary 
to propel a given steam vessel at a given velocity, the 
vessel being designed on trochoidal water lines. 

The answer will be obtained by means of the follow- 
ing formula : 

^^^— 8600(7 i^ + ~T^} 
In which, 

I H P = the indicated or nett horse power. 

G = mean girth under water. 

V = velocity in miles per hour. 

L = length of ship in feet at waterline. 

L' = sum of lengths of bow and stem in feet. 

B = greatest breadth in feet. 
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Let L = 160 feet, G = 15 feet, JB = 16 feet, Z'= 160 
feet, v = 25 miles per hour. 

/ffp-- 160x 15x25^ f. 9-87 X 16' ) 
80000 ( "^ 160V ^ 

_ 160xl5x 15625 (^ 9-87x256 ) 
80000 \ "^ 25600 ) 

= 1250{l+0-0987} =1250x1-098 

= 1872-6 horse power 

required to propel the given vessel at the required rate 
of 25 miles per hour. 

Ex. 9. — Required to find the proper radius of curva- 
ture for a lens from the formula 

m 

in which, 

E = the radius of curvature. 
m = index of refraction of the glass. 
F = focal distance of required lens. 
t = thickness of lens at centre. 

Let m = 1-5, i^ = 10, e = 2. 

.R = (l-5-l).{10+f|} 

= 0-5 X 11-88 = 5-665 
which will be the required radius of the lens. 

Ex. 10. — Required to find the " criterion'' number of 
a vessel of any type in order to compare its efficiency 
with that of others of a different type. 
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Let G = the criterion number. 
P = indicated horse power. 
D = displacement. 
S = speed. 

C = - ^- = -_ 

Let S = 12'53 knots per hour, D = 8974 tons, P = 
1862 horse power. 

Log. 12-63 = 1 097951 

8 

8-298835 = Log. 5» 



Log. 8974 = 3-599228 

2 



8)7-198456 = Log. D* 
2-899452 = Log. D% 
8-293858 = Log. S^ 



5-693305 = Log. /S'.Dl 
Log. 1862 = 8-269980 = Log.P 3 

2-423326 = Log. — ^=Log.<7 



2-423325 = Log. 265 (nearly). 

Hence 265 is the criterion number required, and the 
higher it is the higher is the eflSciency of the vessel. 

Ex. 11. — Required the number of cubic yards in a 
cutting or embankment. 
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Let d = depth in feet at one end. 
D = depth in feet at the other end. 
b = breadth in feet. 
I = length in chains. 
C = content in cubic yards. 
h = horizontal run of slopes to 1 vertical. 

The formula will then be, 

C='^OU'llSb{d+D)+U{(d+Dy-'dD\'] 

Let d = 6 feet, 2> = 12 feet, J = 80 feet, I = 18 chains, 
and ^ = 1*5 ; then 

C=-4074xl8[3x80(5+12)+4xl-5{ (5+12^-5x12}] 

=7-8882 [90 X 17+6{289-60}] 

=7-3882 [1580+6x229] 

=7-8882 X 2864=21001-7 cubic yards. 

Ex. 12. — Let it be required to determine the proper 
thickness of metal for the cylinder of a steam engine 
from the formulae 

8 I 440 ^ ^ J 
In which, 
d = diameter of cylinder in inches. 
p = maximum pressure of steam in lbs. per square 

inch. 
e = thickness of cylinder in inches. 

Let j) = 40 lbs. per square inch, and d = 80 inches. 



. _ 1 j 40x30 ,-o7.| 



= I {2-72+5-47} = 1-02 inches. 
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Ex. 13. — ^Let it be required to determine the limit of 
velocity to a wheel beyond which it is not safe to nin 
it, on account of its tendency to burst, by reason of the 
centrifugal force in the rim, 

1st case. — ^If the wheel be cast iron. 

Rule. — To find the limiting number of revolutions per 
minute, divide 2546 by the diameter of the wheel in feet. 

Let the diameter of wheel be 15 feet, then we have, 

15)2546(160 revolutions per minute 
15 safe velocity. 

loi 

90 



146 
145 



1 

2'nd case. — ^If the wheel be wrought iron. 

Rule. — To find the limiting number of revolutions per 
minute f divide 4427 by the diameter of the wheel in feet. 

Let the diameter of wheel be 4 feet, then we have, 

4)4427 

1106*75 revolutions per minute 
safe velocity. 

Ex. 14. — ^Let it be required to find (by the trigono- 
metrical formula) the strain on a strut in a triangular 
girder, being at a given angle to the horizon and under 
a given load. 

The formula is 

Bin. a 
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"Where ^S' = strain on strut in tons. 
W = load on strut in tons. 
a = angle made by strut with horizon. 
Let W = 14-5 tons, and a = 58 degrees. 

sin. a = sin. 58** = 0*848 
HencOi 

^ "^0^848 ^ ^'^'^ *^^® (iiearly). 

Ex. 16. — Bequired to find the tractive force of a 
locomotive engine, having two cylinders, each 20 inches 
diameter, and 80 inches stroke, the mean pressure on 
the piston being 50 lbs., and the diameter of the driving 
wheels 72 inches. 

BuLE. — To find the tractive power of a two cylinder loco^ 
motive engine t multiply the mean pressure of steam in pounds 
per square inch on piston by square of diameter of piston in 
inches, and by length of stroke in inches, and divide the 
product by the diameter of the driving wheel in inches ; the 
quotient is the tractive force in lbs, 

60 lbs. per square inch, mean pressure 
80 inches stroke 



1800 

400 square of diameter in inches 



Dia. of whl. 7 2)720000 

10000 lbs. tractive force. 

Hence assuming the friction of a train on the level 
to be 25 lbs. per ton, such an engine would take a train 

weighing 

10000 ,^^ ^ , , -. 

og = 400 tons on a level line. 
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But of course considerable extra tractive power is re- 
quired in ascending inclines, and under various circum- 
stances of weather. 

Ex. 16. — ^In this example we will take a case to illus- 
trate the application of mathematics to analysing engi- 
neering questions ; let us consider the principles of the 
undershot water-wheel. 

The undershot water-wheel is usually made with 
floats placed radially, or curved slightly backwards so 
as to get free of the water in leaving the tail race with- 
out incurring unnecessary friction. 

These floats may be so curved that the water does 
not act by direct impact or shock on them but by gra- 
dual pressure. The sides of the race should fit tolerably 
close to the wheel to prevent loss of water. A clearance 
of about one inch is suflicient. 

If the wheel were moving at the same velocity as the 
water it would receive no pressure from the latter, and 
if it were held still it would receive the greatest amount 
of pressure ; but being at rest would give oflf no work 
or power, hence there is some relation intermediate 
between these two conditions existing between the velo- 
cities, and of the wheel and water, which correspond to 
a maximum effect. 

The less velocity that the water leaving the wheel 
has the more work has been done, as if H and h repre- 
sent the virtual heads to produce the velocities V and v 
before and after the water acts on the wheel, the work 
done will vary (Q being the quantity of water in pounds 
passing the wheel) as 
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which varies, as 



^(64-4 64-4) 



Because by the laws of falling bodies 

F* w* 

H = ---, and h = — --. — 
64-4 64-4 

Eemoving the constant quantities, the work done 
varies as 

and it is evident, the smaller v is, the greater will be the 
amount of work done. 

Let V = velocity of water in feet per second before 
acting on the wheel. 
v = „ after ,, 

il = quantity of water passing wheel in lbs. per 
ndnute. 

Then the horse power will be (one HP being 83,000 
ft. lbs. per minute) 

88000 ^ ' 

where c=the co-efficient of efficiency ; hence, 

83000 I G4-4 ) 



_ Q.c 



2125200 



{V^-v") 



but for falls under 6 feet c = from 0*83 to 0*4 ; hence 
the rule becomes practically, 

HP = ^ I P-v*} 

6440000 ^ ^ 
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But if the wheel be so designed that v = 0, as should 
be the case to obtain the greatest economy, we have 

HP = ^'^* 

6440000 

These formulas are for radial floats, but if curved 
floats be used the value of c = 50 to 60, hence in such 
case, 

IIP = ^-_ / F^-vn 

4000000 ^ ^ 

and if i;=0, 

HP^ Q^' 



4000000 



It may be assumed that the proper velocity for the 
periphery of the wheel will be the mean velocity of the 
water acting upon it, or if Z7 = velocity of Hoats of 
wheel in feet per second, then 

2 

and if t; = 0, as in the most economical arrangement it 
should do, 

Ex. 17. As another example of analytical investiga- 
tion, we will consider the laws regulating the flow of 
water through pipes. 

The gravitating force which causes the flow of water 
in pipes evidently varies as the head of water divided 
by the length of the pipe, for the applied force is the 
pressure due to that head, and such force has to be 
given off through a distance equal to the length of the 

s 
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pipe ; SO, if A = head or height of water in feet, and 
I = length of pipes in feet, the accelerating force will 
vary, as 

I 

The resistances are of a frictional character. In the 
first place, the friction varies as the square of the velo- 
city per second (=i^), as twice the number of particles 
pass over the surface of the pipe and twice as quickly if 
the speed be doubled. Again, the friction will vary as 
the circumference (C) of the pipe, and inversely as the 
area of its section ; for the less rubbing surface there is 
in proportion to the area of passage, the less friction 
will there be. 

Let S = area of pipe, and c = a constant to be de- 
termined by experiment ; then the resistances 

and as action and reaction are equal and opposite, the 
accelerating force must be equal to the resistances; 
wherefore, 

4 = v«x§xc 

Hence, transposing, 

. h S 1 

Let d = the diameter of the pipe in feet, then by the 
properties of the circle, 

^ = e?x-7854 
and also, C = c?x8-U16 
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Wherefore, 4-f^:^?ff.= ^ 

Keplacing ^ in the foregoing equation, by this value 
we get 

t?'= -.X - X — . . . («) 

Let Q = the discharge in cubic feet per minute, then 

Q = X ^ X 60 

being equal to the area of the pipe in feet multiplied by 
60 times the velocity in feet per second^ replace S by its 
value; then, 

Q = V X 0-7854.cf« X 60 

Q 



0-7854.c^*.60 
Q 



47-124.d* 
Replacing v by this value in equation (a) we have 



(47- 



G V_ h ^ d 



= -, y> -^ X c 



124.e?» y - 1 ^4 



From Smeaton's experiments c was found equal to 
10,000. 

Q \» A.c?x 10000 



V47-124.e?V 



i X 4 



Q ^ / A.(/x 100^ ^ / 

47-124.c/« V ^x4 V T 



A.c? x 2600 



Q = 47-124.d* / 2 

k2 
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Taking the square root of 2500=60, and placing it 
outside the radix, we have 



Q = 47-124 X 50 xei»/-^ 



I 



d^ 



= 2356.c? /^=285G /^A 

The quantity in gallons will be 

G = 2356 X Q'25.cP^yj 

= 14725.d«y ^-^ = 14725 ^ ^ 



I 



The formula may be required transposed; for in- 
stance, the other quantities being given, let the neces • 
sary diameter of pipe be required : — 



=71 



Q 1* I 

2366 i "k 



Again, it may occur that it is required to determine 
the head required, as in a case where the supply pipes 
are already laid, and a standpipe is to be erected to 
regulate the pressure ; then, 

12356] ^ d 

Thus it will be seen that by mathematical analysis 
we have determined rules for finding the solutions to 
the different problems in connection with the flow of 
water in pipes. 

Ex. 18. We will next take a case for analysis into 
which we can, for the sake of example, introduce the 
Integral Calculus. 
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Let it be required to find a rule for determining the 
proportions of walls or drains for retaining water. 

The pressure at any depth per square inch in pounds 
is 0*484, multiplied by the depth in feet. Let the depth 
equal x, then 

the pressure per square inch =0*434a; pounds, and 
the pressure per square foot =0*434 x 144 xa?=62'5.a" 

pounds. 
Let b = the length of wall in feet. 
h = the extreme depth of water. 
M = the overturning moment of pressure on the 
wall. 

Then the moment of pressure for any given depth is 

= 62*5. J {h — x} xdx 

because 62*5 a? is the pressure per square foot, and the 
area is b,dx, the length multiplied by the depth of sec- 
tion, which is the difference between x and x' ; and 
h—x is the amount of leverage with which the force 
acts to overturn the wall, being the distance from the 
given point to the bottom of the wall ; hence, 

d,M =s 62*5.5 {h—x} . x.dx 
Litegrating, we have 

M=62'5.b I^-k} 

But the integration is &om to h, hence x=7i. 

Jlf = 62-5.5 {|'-|'} = 62*5.5 It-TI 

= 62*5 .^'= 10 4165.A» 
o 
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To resist this there is the stability of the wall, which 
is the moment of the stability of the wall. 

Assume the wall to be of rectangular section, then 
the moment of stability acting on any point on its base 
will be thus found : 

Let t = thickness of wall in feet. 

X = distance of point at which moment is taken. 
H = total height of wall in feet. 
w = weight of material in lbs. per cubic foot. 

Then the moment at any given point is 

==ivxbxHx x.dx 

The pressure per square foot being the same all over 
the base of the wall. 

Integrate x between the limits and U Let M = 
moment of stability, 

M =wxbxHx- = — 5 — 

The moment of stability must practically be con- 
siderably greater than the upsetting moment in order 
to insure safety. Let it be greater by n times. 

M* ^n X M 
Hence, 



2 

Assume H ^h 

2 



= » X 10-416.6.A» 



= 10-416.w.i.^" 



2 



But -gin this case ia eijual to the distance from tlie 
centre of gravity of (he wall to the outer toe ia feet = i>; 
tlierefore, replacing -^ by D, 

w.D.t=10-il6.fi.k* 

_ 1Q-416.W.A' 
wM 

t in cTery case ia the mean thiokntsi of the Tall, 

Ex. 19. — ^In thia example we ehall proceed to deter. 
mine the strength of a bressammer beam, being of thS 
section Bhonn at Fig. 18. 





•^ 


-" 


•t 




\ 




^ -i 





The beam ia composed of wood and iron, eonaiating 
of a "flitch "plate enoloaed between two beama of wood 
A, A which are of equal thicknesa, so the whole thick- 
ness of wood ia 2 2*,ttie thickness of the "flitch'' being 
t, itnd the depth of the beam d. 

The range of elasticity of wood being so much wi'lfi''. 
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and its modulus of elasticity so much less than that of 
iron, it follows that if the wood be thin, the iron has to 
bear nearly the whole load, but it stands, to reason that 
if the thicknesses are properly proportioned in regard to 
the elasticities, the timber may be caused to carry half 
the load. So that one half the load on the wood may 
produce the same deflection as the other half on the 
iron. 

To put it in another way : if there is an iron beam 
deflects -^ of an inch with 14 tons weight, and a beam 
of the same dimensions in wood deflects ^ of an inch 
with one ton, then, if the two were fastened together to 
carry 15 tons, the iron would carry 14 tons, and the 
timber only one ton, the latter at a deflection of -^^ of 
an inch, only offering a reactive resistance of one ton ; 
if, however, 14 similar wood beams were placed, say, 
seven on each side of the iron, and all fastened together, 
then when the whole is deflected the -^ of an inch, the 
total resistance offered by the beam will be 28 tons, 
being 14 tons by the iron and 14 tons by the wood. 

Hence we may And the proportionate thicknesses of 
wood and iron, thus- 
Let t = thickness of iron in inches. 

r = (2 T) total thickness of timber. 

m = modulus of elasticity of wrought iron. 

M s modulus of elasticity of red fir wood. 

t If 

The thicknesses being evidently inversely as the 
modulus of elasticity, and the depth d being equal for 
both materials, — 
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From a Table of modulus of elasticity, we find — 

m = 24,920,000 
J/= 2,016,000 

Therefore, if < = f inch, 

T-t^''' -0-625 y 2492000 

= 7*77 inches. 

which may practically be taken as 8 inches, which will 
be made up by 4 inches on each siue of the flitch. 

Let the beam be 15 inches in depth, and 20 feet 
clear span between the points of support. 

The strength of \ «phd beam to resist cross breaking 
varies directly as tue breadth and as the square of the 
depth, and inversely as the length between bearings. 

Hence if c = a constant, showing the breaking 
weight of a bar 1 inch wide, 1 inch deep, and 1 foot 
span loaded in the centre, the same may be found for 
any other beam of the same material, from the formula 

where W = breaking weight (in same name as c). 
c = constant. 

h = breadth in inches (thickness of flitch). 
d = depth in inches. 
I = clear span in feet. 

For wrought iron c = 4000 lbs. (nearly). 

-fir^cxhxd* _ 4000 X -626 X 15 X 16 
^ I 20 

e 28125 lbs. = 12-6 tons. 
s8 
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This is the breaking weight of the " flitch." But we 
have shown that the timber will carry as much as the 
iron if according to the proportions given above^ hence 
the total strength of the bressummer will be 

12-6 X 2 = 25-2 tons. 

When this point is arrived at the beam will be 
destroyed through the failure of the iron, as the 
breaking point of the timber will not yet have been 
reached. The breaking weigbts of the timber and iron 
compared, are as 

8-4 to 27 

Therefore, the width of a beam of timber equal by itself 
in strength to the iron ** flitch " would be 

•625 X P, =4-93= (say) 6 inches width. 
8'4 

But the deflection before breaking would be much 
more in the wood than in the iron. 

Ex. 20. — ^Let it be required to calculate the prepon- 
derating weight for the pump of a Cornish pumping 
engine. 

(Note. — In this class of engine the steam only acts 
to draw the pump plunger and a weight attached to its 
rod upwards, so filling the pump barrel with water, 
which is subsequently expelled into the standpipe or 
mains by the downwaid stroke of the pump which is 
made by the preponderating weight, the steam having 
no action during the down or " outdoor** stroke of the 
pump.) 

The amount of preponderating weight must be 
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equivalent to the gross pressure on the plunger, and 
the friction of the machinery. 

The pressure on the plunger will vary as at the top 
of its stroke, the point to which the water is to be lifted 
is not, virtually, so high as when the plunger is at the 
bottom of its stroke. The pressure in lbs. due to a 
head of water is equal to the head in feet multiplied by 
0-434 per square inch. 

Let L = weight in pounds. 

A = area of plunger in square inches. 

d = diameter of plunger in inches. 

H = height of lift in feet above plunger at bottom 

of stroke. 
h = height of lift in feet above plunger at top of 

stroke. 
/ = friction of machinery. 

Then the mean pressure per square inch 



= 0-434 



ff+h 



2 

= 0-2175 {H+h} 
and mean gross pressure on plunger 

= 0-2175 {H+h} A . . . (a) 
But, A = 0-7854 d^ 

hence equation (a) 

=zO 2175 xO'lSH {H+h} d' 

= 0-1708 {H+h} d* 
Therefore, 

L == 0-1708 {H+h}d^+f 
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The quantity /has to be found by experiment. 

Let H = 120 feet h = 108 feet (this will make the 
stroke 12 feet), and (^ = 50 inches, 

Then L = 01708 {120 + 108} lo' +/ 

= 0-1708 X 228 X 2500 +/ 
= 97856 lbs. +/ 
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CHAPTER XVI. 



GENERAL DISCOURSE ON MATHEMATICS. 

In proceeding to the close of the present treatise, it 
seems necessary to generally review the subject to 
which it is devoted, in order to afford some further 
explanation which during its progress could not con • 
veniently be rendered, and also to show the real concrete 
character of the whole science, notwithstanding its 
consisting of many branches. 

It must be obvious that the whole science is one 
simple system of pure reasoning from beginning to end, 
and the various set rules and processes are merely so 
many conventional methods of conveniently stating for 
reference certain results, each one having relation to a 
number of cases differing only in certain numerical 
values, thus — 

a VV 

as = 

c 

may be regarded as such an expression applicable in 
principle to a number of cases where the values of 
a, h, and cvary ; this expression, is then, the statement 
of a law. 

We would here remark that, in our oi)inion, the pre- 
senting of what may be termed catch questions to 
students is highly injudicious, unless the root of the 
errors existing in them be clearly pointed out, and in 
almost every case the absurdity will be found to consist 
in the introduction of the cipher. We shall not iUus- 
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trate this with any case in figures, but explain onr 
meaning by reference to one of the many well known 
syllogistic arguments put forth to prove an absurdity. 

To prove a cat has three tails, — 

No cat has two tails ; 

One cat has one tail more than no cat ; 
Therefore, 

One cat has three tails. 

This, ridiculous as it is on the face of it, may be taken 
as a fair type of such questions as "To prove 1 is 
equal to 2," &c., of which an endless number may be 
heard by those who care to waste time over them, 
under the fallacious idea that such exercises sharpen 
the faculties. In point of fact, indulging in processes 
of false or equivocal reasoning is exceedingly apt to 
result in general confusion and inaccuracy of ideas. 

While speaking of the cipher it may be as well to 
make a few remarks upon it in a discursive manner, 
to render more clear the part it plays in mathematical 
processes. 

The may be used as marking a boundary or com- 
mencement : thus, in plotting curves from equations, its 
use will be seen as indicating a starting point for all 
directions, thus 



a!' 



y 



'X 



y 



C |"0"~^ i ^ 

y' y 



x 
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a h and c d are the co-ordinate axes from which the 
different points are laid off when the various relations 
of X and y are known. 

Measuring horizontal distances parallel io cd from 
a bf which passes through 0, those quantities laid off 
from a i^ to the right, as a?, a?, are positive, or +, those 
measured to the left are negative, or — , as x, x\ 

In regard to measurements from c d parallel to a 5, 
those upward, as y, y, are positive, or +, and those 
downward are negative, or — . 

As a rule, the value of x is measured on the hori- 
zontal line y, being vertical. is called the origin, then 
if ^ is dependent on a; in an equation, such as 

y =i aa^ 

if the result be plus, y is measured upwards, but if mtnw*, 
downwards, from the line c d. 

In some equations it may occur that 

y = 

then the point sought is on the line c d, and marks the 
transition of the value oty from positive to negative or 
the contrary. 

If the equation to a curve be known, and it is also 
known that y does change its sign at some point, the 
value of X may be found for such point, by making y=0. 

In a continuous girder, for instance, that is, a girder 
carried over several piers, but made in one length, the 
nature of the strain on either flange changes twice in 
each of the spans, except in the end ones ; and also in a 
girder with the ends tightly fixed instead of being merely 
supported, the like change of strains occurs. Thus, 
commencing at one end of the girder, the strain on the 



208 TBEATISE ON UATHEMATICS. 

top flange is tensile for some distance, after which it 
becomes compressive, and subsequently again tensile ; 
hence there must be two points in the length of the 
flange where there is no strain at all, at which the 
character of the strain will change. 

The equation which determines the strain on any 
point of the flange is 



6 



where S = the strain, I = span of girder, x = distance 
of any point at which the value of S is required, and 
a = constant referring to load, &c. 

Now to And the value of x at the point of no strain 
we give 5^ = 0, therefore 

S = = alx — aa? rr- 

6 

It is easy to show how such an equation can exist, 
for evidently 

1-3 + 2 = 
and 

0+1+2=8 

is found by transposition. 
Similarly with the above equation, 

0+ aar-^alx = -""a' 

S J «^ 

aof'-alx . = — TT- 

6 

p 
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A quadratic equation which is thus solved : 

^4 4 6 12 

1 , I 

2 \/l2 

a? = 0*5 Z ± 0-29 1 (nearly) 
= 0-21 1 or 0*79 / (nearly) 

That is to say, that the points of change of strain are at 
x^0\y and T^jy ^^ the span from the pier, and it matters 
not which end we begin at ; as, 

100 - 79 = 21 

This then shows the one utilisation of the cipher in 
algebra ; but it must be borne in mind that it is not 
every equation can be equated to without disappear- 
ing ; for instance, no expression of one term can, such 
as 

y = v.a.o? 

there must be at least two terms of different signs. 

Suppose, X = a + b 

Let X = = a + b 

then a = — b 

Which is absurd, as a negative quantity cannot be equal 
to a positive quantity. 

In arithmetic the is useful chiefly in determining 
the positions of significant figures ; thus, one hundred : 

100 



210 



TBEATISE ON MATHEMATICS. 



the two ciphers fixing the integer at the position indi- 
cating hundreds ; and again, 

•001 

Here the two ciphers fix the 1 at the position indicating 
thousandths. 

There is a peculiar property possessed by certain 
curves that they are constantly approaching a given 
right line, yet, if carried on to infinity, will not touch 
it ; and the nature of the equations to such curves here 
demands some notice, as, at first sight, it would appear 
unreasonable that a continually diminishing distance 
between two lines should not ultimately culminate in 
actual contact. 

Fig. 19. 




Let a e and c d, Figure 19, be two straight lines in- 
tersecting each other at the point b. From the point e 
draw any number of radiating lines, ef, eg. ek^ &c., 
crossing and passing beyond the line c d, and crossing 
it in the points ij, k. 
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Take the distance h a and lay it off on each line from 
the point where such line intersects c d, so that 

ba = if = j g =s kh 

From inspection alone it is evident that the perpen- 
dicular distance A Z of the points /, g, h, is constantly 
diminishing, and yet, however far we may carry the 
radial lines, will never disappear ; hence, a curve drawn 
through the points a, /, g, h, &c., will be constantly 
approaching the line c d but will never touch it. 

c d is called the asymptote to the curve. 

We will now find an equation to this curve, or rather 
two equations ; for we must first find an equation for y 
and then one for x. We will act upon that part of the 
diagram included by a, 6, e, ^, A, L 

Let hi =1 y z= ordinate 
bk = a 

hi = X = absciss 
hk = ab = z = modulus 
be = d = distance 

First find equation to y, because hkl and ekb are 

similar triangles. 

hi _ be 
hk ke 

01., l = f 

z ke 

^gaiu, because c A; 5 is a right angled triangle, 

ke =^ be •■r bk 

=^ d^ + a^ 
ke^ Vd^ + a* 
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tlioreforey y _ d 



Which is the equation to y ; but as jr is to be erected 
on the line b d perpendicular to it, and at a distance x 
from h the origin, the value of x must now be found. 

X = hl ^ hk + hi ^ a + kl 

because hkl is a right angled triangle. 

it? = hJ^^hl^ 

k I = "^tk^-Tf 

therefore, 

Let a = 0, then we find the yalue of y. 

__ d z ^ dz __ d.z __dz^ 

and 

a; r= a + V z^-^y^ 

hence ^ is to be erected at the origin h, and is equal to 
and coincident with 5 a = a? 
For the sake of argument make ^ = ; then 

So, for the curve to touch the line, x -^ a must equal z^ or 
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I* I must equal k h, which is impossible, as the base of a 
right angled triangle can never become equal to the 
hypothenuse. 

We have gone somewhat fully into this matter to 
show the reason, both constructively and algebraically, 
upon which the existence of asymptotes depends, and 
in the present case it is evident from inspection of the 
diagram that however far we produce the line c c? we 
can yet continue to draw lines from e to intersect it. 

The study of such equations as the foregoing is of 
service in enabling the student to separate apparent 
impossibilities from the actual impossibilities supposed 
to be proved by fallacious reasoning. 

It is one of our especial aims to impress thoroughly 
on the minds of our readers the concrete character of 
the science of mathematics, to prevent, if possible, the 
idea that the different branches are anything more than 
arbitrary divisions, not natural divisions. 

In fact, one branch of the science merges itself into 
another in spite of the distinctions that are drawn, even 
from arithmetic to the much reverenced infinitesimal 
calculus, of which the difficulties soon disappear when 
simple illustrations are brought in to aid pure doctrinal 
teaching. We have known of many who have tried to 
learn the calculus without tutorial assistance, but very 
few have made any progress in it, — that is, any such 
progress as to have a thorough knowledge of the prin- 
ciples upon which it depends ; but this is evidently due 
to a great deficiency somewhere, for that which is 
evolved by one man's research, when once demon- 
strated, should certainly be easy of comprehension to 
another, for no one taught the first discoverer ; and on the 
l>rinciple that things are easy when once found out, the 
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calculus should be as easy as any other branch of 
rational philosophy. 

In some treatises, however, we have actaally seen 
the rules for integration and differentiation given, in the 
first instance, to be learnt, parrot-like; instead of 
showing how they rise naturally from an ordinary 
algebraical process. Bules thus learnt are soon lost, 
unless constantly used ; whereas, if the fundamental 
principles be duly acquired, the knowledge of them will 
only pass away in the course of mental decay. In fine, 
teaching mathematics by rote is the most absurd 
course to adopt, and implies either incompetence in the 
master, or a very low estimate of the abilities of his 
pupils ; for he must think them unable to comprehend 
ordinary reasoning, or in other words, endowed with 
little more than animal instinct. 

The process of differentiation is exceedingly simple, 
as may be shown by reference to Figure 20, where A 
represents a square having its sides equal to x, the area 
is evidently 

Fig. 20. 
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If we enlarge x, the area becomes greater, and it is 
required to know what increase there is due to such 
enlargement of x. It is well, for the sake of clearness, 
to show why particularly the increase of A due to the 
increase ofx is required, rather than stopping with the 
whole value of A, corresponding to the whole value of x 
as increased. 

It often occurs in physical problems, that the nature 
of the data obtainable precludes our calculating at once 
the whole value, but gives us the means of determining 
the value of an increment of the quantity sought ; hence, 
if we know the general laws which govern the relations 
of such increments to the whole quantities, we can then, 
by their aid, complete the solution of the problem, and 
this is why the relative increments are dealt with 
rather than the whole quantities. 

These increments are taken to be infinitely small, as 
in cases where the value is flowing or constantly 
changing, so that we cannot imagine two measurements 
taken so closely together that they shall be equal; hence 
the increments must be between measurements taken 
infinitesimally close (whence the name Infinitesimal 
Calculus) together, and the law of relations of incre- 
ments will continue to hold good however small those 
increments may be. 

In the above case (Fig. 20) 

A=:x' 

Let X become x+ hjh being the increment, let A' = 
the enlarged area 

A' ^{x+ A}» 
For the greater simplicity this shall be worked out by 



216 TREATISE ON MATBEKATICS. 

simple mnltiplication instead of developiiig the s^puure 
of {x + h} hj the binominal theorem, 

X + h 
ar -f A 

a^ '\- X h 

•]-xh + h* 
a ^ + 2xh + J ^ = {x+ h}* 

Therefore, 

A' = x' + 2xh + h* 

But a^ = A, hence, 

^' = A + 2xh + h^ 

A' -A = 2xh + h^ 

As h is taken infinitely small, it is evident thai 
higher powers (A* &c.) may, without appreciable error, 
be altogether neglected ; for instance, if 

h = -000001 
then, 

A" = 000000000001 

Furthermore h is increased by being multiplied by 
2 X, which h' is not; therefore the value of A' is 
practically nothing. 

Ignoring A', we have 

A' -A =2a?.A 

But A' — A ^ the difference of the areas, and A = 
something slightly less than the difference of x, or 
the differential of x. These two quantities are written, 
d,A and d,x 

A'-A 



k 



= 2a? 



A'-A ^dA 
h »d x 
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The actual deficiency or value of h^ is represented 
(Fig. 20) by the small square h. 

The quantity 2 a? is then the multiplier or co-efficient 
by which h, the difference .of a;, must be multiplied to 
find the corresponding differential of -A, wherefore it is 
termed the ^* differential co-efficient.^^ 

The differential co- efficient of a? is thus shown to be 
2 Xy and it is a matter of observation that to find the 
differential co-efficient of a quantity, we must multiply 
by the index, and diminish it by one. 

The index of a? is 2, the first step multiplying by the 
index gives 

2a^ 

next diminish the index by 1, 

which is the differential co-efficient. 

If, on the other hand, the integral is required, it 
merely necessitates the reversal of the process, so that 
the order is — 

1st. Add one to the index. 

2nd. Divide by the new index. 

So dealing with 2 a; as a differential co-efficient, the 
first process gives 

2^(i+i) = 2a;« 
and the second, 

which is the original integral. 

From this it wiU be seen that there is really nothing 
difficult or perplexing in the principles of the calculus 
when fairly considered; and, in fact, the symbols which 
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I«* of lepiesent the angle a*c, then the foUowing 
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summary will serve to explain the various trigo- 
nometrical terms : 



Sine c^ 
Cosine a® 
Tangent a® 
Cotangent a 
Secant a® 
Cosecant a^ 
Versine a® 



is equal 
to the 



»> 



Coversine a® 



»> 



>> 



>> 



»» 



>> 



>» 



perpendicular 

base 

perpendicular 

base 

hypotbenuse 



divided 
by the 



hypotbenuse 



»» 



>> 



>> 



i> 



>> 



»> 



base 

perpendicular 
base 

perpendicular 
(hypotbenuse minus the base) divided 

by the hypotbenuse 
(hypotbenuse minus the perpendicu- 
lar) divided by the hypotbenuse 

From this summary the real use of trigonometrical 
expressions is seen : as in equations, the full expressions 
would be insufferably cumbersome, and more especially 
so when two or more are involved together. 

It is frequently convenient in the practical application 
of abstract reasoning to use the method of construction 
instead of equations, and especially where the paral- 
lelogram of forces can be brought to bear upon the 
question, as in such cases, generally, the centre lines 
on the drawing of the machine under consideration will 
give the requisite data for completing the parallelogram 
of forces, which may immediately be taken off to scale, 
saving the time that might otherwise be occupied in 
working elaborate trigonometrical formulaa. 

We will next refer to the processes of involution and 
evolution. 

Involution, or the raising of numbers to powers of 
themselves, is simply multiplication, thus — 

that is X to the fifth power. 

l2 
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OH 



Letx 


r=:28 


28 
28 

69 
46 


Ist Power 






529 


2nd Power 






28 








1687 








1068 








12167 


8rd Power 






28 






86501 








24884 








279841 


4th Power 






28 






889528 








552682 






6486848 


5t.li Power 



This IS similar to an ordinary multiplication of five 
quantities, but that the quantities are all a repetition of 
the first ; and as these powers often occur in physical 
laws, special tables of them are made for reference. 

On the other hand, however, Evolution, or the 
extraction of roots, is not so easily comparable vTith 
ordinary division; and in the latter, the divisor is 
known as well as the dividend, but in the former it is 
not. 

Let us consider the case of the square root. The 
multiplication table gives us the squares of the integers, 
hence, there are numerous quantities of which we 



TBEATISE ON ICATHEICATIOS* 



221 



know the square roots, but these do not extend beyond 
two places of figures, and it is when we get to quantities 
haying a greater number of figures, that we have to 
devise a means of extracting the roots. 

»ifah ^c, = *J'a X -/ 6 X ^c. 

By applying this equation some roots may at once 
be got. Let the root of 5184 be required, and proceed 
by dividing it by sums having known roots. 





4)5184 . . . \/T=2 




4)1296 . . . \/ 4 = 2 


J 


4) 824 ... \/T=2 


/ 


81 . . . V 81 = 9 




2x2x2x9 = 72 =>• 5134 


roo^ 


72 




72 




144 




504 



5184 

The process, it is observed, is carried on until some 
number is reached of which the root is evident ; of 
course, in the above example, the process might be 
carried further, instead of stopping at 81, thus 

9)81 . . . \/9~=3 
9 . . . \/ 9~= 3 

■9 = >/8i 
with the same result. 
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llcqnired the root of 968256, 
4)968256 , 
4)242064 . 
4) 60516 . 
4) 1 5129 . 
4) 8782-26 



4) _945-5626_ 
4 ) 286-890625 
4 ) 59-097656 
4 ) 14-774414 
4) 8-693603 



i/r= 2 



9f 



»9 



19 



.99 



99 



»9 



99 



♦ 9 



99 



•9234 \/-928 = -96 
2x2x2x2x2x2x2x2x2x2x0-96 = 988 

Tho exact root is 984, but in the eitample something 
is lost in dropping decimals. 

This process (which we believe to be original) is cer- 
tainly tedious, but we give it as more easily comprehended 
than the ordinary method explained in Chapter VIE. 

A similar law will hold good with other roots of num- 
bers; thus, 

3 8__ 3 j_ 8 

*^ ahx. &c. = ^ a X ^V^A x V^c X &C. 
Required the cube root of 17576 

8)17576 . . . . i/8 = 2 
8) 2197 . . 



8) 


274-625 . . 


8) 


84-328125 . 


8) 


4-291015 . 


8) 


-636877 . 


8) 


•06706 . 


8) 


-00838 . 



•00104 V-00104 = 0-1016 
2x2x2x2x2x2x2x2x 0-1015 =25-984 
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The exact root is 26, hence this approximation is ex- 
ceedingly close. 

In this method of working there is something approach- 
ing towards the principles of logarithms ; but we stop 
short in the process. By carrying the division further at 
length, the approximation to the power of 8 would be 
found. 

The ordinary method of working by logarithms neces- 
sitates the use of tables for reference ; but there is ^ 
analogous process, invented by Mr. Byrne, known as 
**DuAL Arithmetic," into which, however, we cannot 
enter here, and must therefore, for information on that 
subject, refer our readers* to Mr. Byrne's Treatise. 

In principle the logarithmic system is exceedingly 
simple. Let it be required to multiply a by h. 

Let a = a^ and h = x^^ 

So what is required is a table of powers of x; then the 
index of x is the logarithm of the number corresponding 
to such power of x. 

Ifx=2 a=82- 

a = x^f therefore log. a = 5 

But the general base on which logarithmic tables are 
calculated is 10, because by using this there is a conve- 
nience in determining whole portion or characteristic of 
the logarithm. 

In this " General Discourse " our remarke have 
hitherto been directed to the various mathematical pro- 
cesses in themselves, and in corelation to each other, and 
especially so in order to impress upon our readers the 
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continuity of the science, the very dose and intimate 
connection existing amongst its various branches; but 
now we must torn our attention for a short space to the 
practical application of those processes in the arts of eon- 
stmction, for the most perfect knowledge of mathematies 
is utterly useless if there be not aptitade to apply it as 
occasion may require. 

In practical calculation there are two kinds of of sub- 
ject matter for consideration : abstract reasoning, and 
data obtained from experiment. 

Not many years back, ** Theory*^ and ** JPrttctice^ 
were held to be eminently antagonistic terms ; bat at the 
present time that idea is becoming modified; although 
even yet there is an attempt to make a wide distinction 
between theoretical men and practical men. Let ns in- 
quire into the difiference. 

The ** original '' theoretical man was in short supposed 
to be acquainted with abstract reasoning, and with the 
mode of applying it under given circumstances assumed 
by himself ; but he was not regarded as having a know- 
ledge of the properties of materials, of the circumstances 
connected with manipulation, and of various emergencies 
which may lead to breakages, that necessarily forced 
themselves upon the consideration of those who actually 
handle materials. 

The practical man, on the other hand, understood tho- 
roughly the material with which he had to work, and 
knew what could be done with it in the way of manipula- 
tion, but had only sufficient knowledge of figures to work 
out certain rules given to him or to be found in books,-* 
being under the necessity of guessing at anything for 
which he *^ had not a rule,*' because he was unacquainted 
with primary principles. 
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If we assume two men of equal capacity to follow 
separate branches, we may produce specimens of these 
two classes, as it is simply a matter of education ; but 
what is really required is to combine the qualifications in 
one individual ; and then we find in truth a practical 
man. While the very extremes existed, it was natural 
there should be a sort of antagonism. The working man, 
who prided himself on the fact of doing certain work, as his 
grandfather had done it before him, cared to learn nothing 
of figures, and cloaked his ignorance with an assumed con- 
tempt for the theorist or ** book-learned" man; whilst 
the latter, repulsed at every attempt by co-operation to 
apply his mathematical knowledge, chiefly devoted himself 
to the instruction of a difierent class of tyro-constructors. 
In this last paragraph we are of course speaking of the 
very extremes, but really the expression of ''practical 
engineer *' has been so twisted out of its proper meaning 
as to be applied (by themselves) to certain people who 
were ignorant of the very first principles of mechanics. 

Under these circumstances it seems difficult to deter- 
mine the attributes of the ** Practical Man ;" so we will 
give our own definition. 

In order to be really pbaotioal, a man should have a 
thorough knowledge of the fundamental principles of 
mathematics, and of their application to mechanics, and 
also be well acquainted with the properties of the mate- 
rials to be dealt with, and especially with the variations 
of quality occurring in difierent samples of the same kind 
of material. 

To acquire the first class of knowledge simply requires 
time and application, but the second needs special oppor- 
tunity and considerable acuteness of observation : and in 
combining the two for useful application successfully, 

l3 
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maeh judgment is indiBpensable, and earefnl attention to 
peculiar circomstaneeB and emergencies. 

The great evils arising from deficiencies of knowledge 
on the part of those who are actually entrusted with the 
execution of works of magnitude are obvious, exhibiting 
themselves in the form of deplorable disasters, involving 
great loss of life, to say nothing of property ; and it is 
difticult to say which kind of knowledge is of the greatest 
value, as it is only in combination that either can be 
applied ; hence the immeasui^ble importance of con8t^l^ 
tors thoroughly qualifying themselves before acceptmg 
posts of responsibility. 

With the modes of abstract reasoning we have already 
dealt, hence our remaining remarks chiefly apply to the 
data we have for its application* 

It is impossible to be certain of our data in all cases, 
because of the great differences which occur in the mate- 
rial produced by different makers ; and probably this 
dilTerence is most evident in the various brands of cast 
iron which come into the market. Generally, cast iron 
of good quality is considered to bear 8 tons in tension 
before fracture, and 54 tons in compression ; bat actually 
the strengths vary very widely from these, even down to 
metal that will not bear its own weight. Even in bar- 
iron the diifercnce is great ; Swedish iron breaking at 
80 tons per sectional square inch, and English iron at 28 
tons on the same area 

Under such circumstances it is evidently necessary 
always to test the materials which are proposed to be 
used in construction, in order to be sure of their real 
roBistance. 

When we apply mathematical reasoning to ascertain 
the proportions of a structure or machine, we have to 
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determine, not the sizes which will correspond with the 
actual breaking strain of the work, but such as will prove 
satisfactory in actual work. 

The commonest way of taking the safe working strain 
on material is by assuming a certain definite proportion 
of the breaking strain as a fourth, or sixth, or tenth, as 
the case might be, to allow sufficient margin of strength ; 
this, however, is not strictly the most accurate course to 
pursue. 

The actual point of failure is reached when the material 
permanently alters its shape through its elasticity being 
impaired, from the material being stretched or compressed 
beyond its range of ** perfect" elasticity; for, although 
breakage may not at once occur, yet when material is once 
permanently stretched^ every succeeding strain will have 
actually the effect of stretching it a little more, and so forth, 
until it gives way altogether, perhaps under a strain much 
less than that which did the original damage : after the 
first set the substance will in fact break in detail, giving 
way fibre by fibre to its final destruction. 

The following table shows the resistance per square 
inch of some materials to tension, and also the highest 
tensile force which does not produce a permanent set in 
pounds : — 



Name. 




Tiimit of 
Perfect 


Breaking 






Elasticity. 


Weight. 


Brass 


• •• 


6700 


17968 


Gun Metal . . 


• • • 


10000 


19000 


Cast Iron 


• • • 


15300 


18656 


Wrought Iron 


• • • 


17800 


66000 


Lead ... 


• • • 


1500 


1824 


Steel 


• • • 


45000 


134256 


Tin... 


• • • 


2880 


4736 


Zinc 


• •• 


6700 
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From this it will be seen that the ranges of elastidtyoi 
different materials by no means follow the proportionBoi 
their ultimate strengths, for we find in brass the breakjog 
weight is nearly three times that at which permanent ui 
occurs, whereas with tin it is not doable, and with lad 
there is less difference still. 

Where there is merely a dead weight on a stractme, 
there is not the need of so much strength in proportkn 
as when under moving or oft-repeated strains, in which 
ease vibration has to be allowed for. 

It would be out of place, in the present Treatise, to 
enter at any greater length into the nature of materials, 
and we shall therefore conclude with a few general 
remarks on the application of formulaB in practice. 

In the first place, be certain that the formula is accurate ; 
never take it as granted that a printed rule or formula is 
right ;; but check it by anaiysmg it according to the prin- 
ciples by which it is deduced ; of course this only needs 
to be done once for each formula. 

In all calculations let them be correct, — that is, do not 
make a number of allowances for emergencies, but let all 
allowance be made at one operation ; then its amount is 
actually known, which is not otherwise the case. 

When the calculations are once determined upon, 
adhere to them, unless some alteration in the data shoold 
occur, when they must be entirely recommenced from 
the point where such alteration comes into play. 



^xtntm an Pa%matks. 



Part II. 



CHAPTER I. 



ALGEBRA. 



In the £rst part of this treatise we have started from 
the most elementary notions, or almost, we might say, 
from no notion at all, of counting, and have endeavoured 
gradually, and by the most simple processes of 
reasoning, to lead our readers up to such a stage as 
should enable them, without difficulty, to pursue their 
course through mathematical treatises of a more 
academical character. 

Starting, then, from the standpoint now reached, we 
purpose proceeding further, and entering upon the con- 
sideration of some higher branches of mathematics, 
but at the same time without relaxing our endeavours 
to put and argue every point in the simplest possible 
way, and fully explaining, v^bally, such processes as 
may seem likely to appear involved, to the mind of the 
student, in special difficulty. 

In the first place, we will more fully explain the 
Binomial Theobem. As its name indicates, this 
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thtKirem refers to quantitiee oontammg two tenns, as 
for intttance « and h, and ia useful in raiaing sodi 
quantities to any required power. 

By actual multiplication we get (« + ^)'=i^-|>2 « H 
b\ and (fl + */ = fl" + 3 fl> * + 3 ««* + *»; we want, 
liowovcr, to find an expression for (« + ^)*9 wheniiiB 
any iK>»itive integer. 

Aguiu, by multiplication we find 

(« H- b) {a + c) = d' + {h + e)a + hc. 

{a + bj{a'+c){a + d) = (^ + {h + e + i)i^ 

+ {bc + hd + cd)a+hed. 

Obsen-ation of these results shows the following laws 
to obtain : — 

1. Tlie number of terms on the right-hand side is one 

more than the number of binomial factors, which 
are multiplied together. 

2. The exponent or index of a in the first term is the 

same as the number of binomial factors, and in 
each succeeding term it is diminished by unity. 

3. The co-ofEcient of the first term is unity; the co- 

efficient of the second term is the sum of the 
second letters of the binomial factors; the co- 
efficient of the third term is the sum of the products 
of the second letters taken two at a time ; the co- 
efficient of the fourth term is the sum of the 
products of the second letters taken three at a time ; 
and so on ; the last term is the product of all the 
second letters of the binomial factors. 

(«-fJ)3 = (a.f b){a + h){a + b). 

First term, 3 binomials gives first index 3 . . t^ 

Second ,, co-efficient Sh 3i.a» 

Thiid „ „ {b'' + b'+h')=:3b' . Sh\a 
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Last (or third) term, co-efficient {h + h + h)=^ l^ , . .J* 
So that we get as by actual multiplication, 

(a + hyzzza^ + Sa'h + Sa.h^ + h^ 

Suppose now there are w — 1 factors to be multiplied 
together, these being, a + hya + Cya + d. . . . a -{- k, 
and {a + h) {a + c) {a + d) , . . . {a + k)=^ rt""^ 

where, 

p = sum of the letters h, o, d . ^ . k, 

q = sum of the products of these letters taken two at 
a time. 

r = sum of the products of these letters taken three 
at a time 

u =z product of all these letters. 

Multiply both sides of the equation by another factor 
a + 1, and arrange the product on the right hand accord- 
ing to the powers of a. 

{a + h) {a + c) (a + d) . . . . (a + k) {a+ l)z=i «•» 

+ ( ** + 2' ^*"' + • • • . + w /. 

Now p + l=:h + c + d + . . . .+^+/ 

= sum of all the letters h, o^d , . • k,l. 
q+pl=:q + l{h + c + d+, . . * + k) 

= sum of the products taken two at a time of 
all the letters h, Cj d , . . , k, I. 

r + ql=^r+l{hc'\'ed'\-. . ! .) 

= the sum of the products taken three at a 
time of all the letters, hj Oj d . . . .kyl, . I . . 
ul-=. the product of all the letters. 

If these laws obtain for n — 1 factors they will also 
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obtain for n factora, so if they hold for three &oixin 
they will also hold for four, and if for four, for in 
factors, and so on generaUj. 
The result for shortness may be written : — 

= a' +P«-» + Q . «-" + 5 a^-» + . . . . + F. 

P is the sum of the letters b, c, d . . . . i, I, 
which are n in number ; Q is the sum of the products 

of these letters by twos, so that there are .** ^^ / ol 

•^ 1.2 

these products ; 22 is the sum of ** ^**~^) (^""^^ 

products ; and so on, 

Su2)poBe c, df and c to become each equal to b, then 

P becomes » . b, Q becomes — ^ — — < . i^, JR becomes 

n(n~l) (n-2) ^ ^ ^^ ^^ ^^^ 
1.2.3 ' 

Let the expansion of (a + J)* be required, here 
n = 5. 

n(n-l) ^5( 5-l) ^ .Q, n(ii — l)(n — 2) 
1.2 1.2 ' 1.2.3 

_ 5(5-l)(5~2) ^ n(n-l) (ii-2) (n~3) 

1.2.3 ' 1.2.3.4 

= 5(5-l)(5~2)(5-3) _^ 
1.2.3.4 
thus, 

(« + J)« = «« + 5 «* J + 10 a'* ^' + 10 0? J» 
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B 

The Binomial Theorem may be applied to expand 
expressions containing more than two terms ; for example, 
'^ if it be required to expand (1+2 a — a*)*, put h=.2 a 
— (^f then, 

(1 + 2 «— ««)* = (1 + J)* = 1 + 4 3 + 6 3» + 4 5* + ^* 
! = 1 + 4 (2 a — «*) + 6 (2 a — «*)» + 4 (2 a - a^)^ 

+ (2 a - <^y. 

Also, 

(2 a — a^y = (2 of — 2 [2 a) a^ ^ (a^ = 4 «? 

- 4 a? + «*. 

(2 « — a^y = (2 a)' — 3 (2 ay «^ + 3 (2 a) {a^y — {c^y 

= 8 o^ __ 12 a* + 6 a* — a«. 
(2 « — fl2)* = (2 ay— 4 (2 ay a'* + 6 (2 ay {a^y 
— 4 {2 a) {a^y + {a^y, 

= 16fl* — 32tf» + 24«« — 8a"' + aP. 
Collecting these terms we have, 

(1 +2a + a'^)*= 1 +8« + 20«2+8a? — 26«*— 8»» 

+ 20 «« — 8 a"^ + o'^. 

Any term of a Binomial (expanded) being given, to 
find the term next following ; as in (« + hy. 

Multiply the co-efficient of the given term by the index 
of a in that term, raise the index of 3 in the given term 
by unity for its index in the next term, divide the co- 
efficient by this indpx, and diminish the index of a in 
the given term by unity for its index in the next term, 
thus : — 

- . 5 . a*"^ being given, the next term is 
^.(_?_ILi) . h^ . «--2. Tiiis giyen, the next is 

-l»-.iiL--?).^.,-.,„a»». 
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IN . • . ^ . a"~* being given, the next tena wiUbe 

}\y inverting the process, the term preceding the gin 1 
term may bo found with equal facility. 

Quadratic Eqitations. 

A (juadratic equation is an equation containing ^ \ 
Hcpinro of the unknown quantity, but no higher pwa; 
iind in u pure quadratic this jpower alone is contaiiied, 
im in the following example : — 

6^^ + 8^-8=12. 

First simplify and clear of fractions, thus : 

54^+_56^ _ 504 _ 756 . 
63 (B3 63~' 
.-. 110 ar* = 756 + 504 = 1260. 



1260 . /i26 

The answer lias both signs, because ( — a^y = «*, and 
also ( -|- a:)* = a^. 

When a quadratic equation, in addition to the square 
of the unknown quantity, contains its first power, that 
equation is called an adfected equation, and to the solu- 
tion of equations of this class we will now address cup 
selves. 

If such a quantity as 7 ar* -f Son occur as one side of 
an equation, we find we cannot solve it directly, for 
bringing it to its simplest form we have, say — 

ar* + ^ = 12. 
7 
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We cannot find the square root of ( «* + -^j, because 

it is not a perfect square, but by completing the square 
the difficulty is at once obviated. 

We must now find a rule by which to complete the 
square, {x + ay =^ ai^ + 2 ax + a^; comparing this with 

^^ + — +, &c., it is observed that 2 a x corresponds 

with -r-- ; if tlien 
7 

which is evidently the third term of the complete 
square, and of this complete square the root will be 

In order to preserve the integrity of the equation the 
same quantity must be added to both sides, hence the 
value of this third term must be added to both sides. 

To put this rule into words : 

Tojind the third term of the complete square, square half the 

8 4 
co-efficient of x in the second term ; thus half of - is ~ , and 

( - ) is the required third term. 

^4-^54-1?= 12 4-1^ = 588 + 16 ^ 6^ 
"^ 7 "^ 49 "*" 49 "49 49 

Extracting the square root we have, 

;r + * = + ^ /604 =+ 24:576 
^7 -V 49-1 
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,24-576 4 20-576 28-576 
* = ± — = — — ^ = — *; — 9 or — _ — 

7 7 7 7 

= 2-939, or — 4-084. 

Hence we see there are generally fcwo answers to an 
adfected quadratic equation. 

The following example occurs in the formulse for 

determining the points of contrary flexure in a beam 

^ed firmly at both ends. % = the distance of point 

required from support, and I dear span of beam or 

distance between supports : — 

2 7 ^ 2 7.^^^^ 

taking the square root, 

I -^ II 

.-|=±V/ 12; .•..=^±34 = 0-79/, or 

0-21 I (nearly). 

These two lengths will determine the positions of the 
two points of contrary flexure required. 

There are, however, quadratic equations having really 
only one root, as in the following example : — 

a:* + 49 = 14a:; then 
ic*— 14a; + 49 = 0; a;— 7 = 0; a? = 7. 

But here the equation may be regarded as having two 
equal roots, thus — 

X — 7=+Vo; iP=7 + V^> 

the cipher in neither case affecting the value of the 
root, 7. 

There are many equations which, although not strictly 
quadratics, may be solved like them by completing the 
square. 
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Let a?* — 12 aj2 = 45. Add (^y= (6)* = 36 

a?* — 12 r* + 36 = 45 + 36 = 81. 
Extract the square root, 

ar»— 18 = ± 9 .-. i* = 18 + 9 = 27 or 9. 

.-. iP= ±t/27,or ± V 9 = ±5-196, or ± 3. 

SiMTJLTAITEOTJS EQUATIONS. 

Hitherto we have dealt with equations containing 
only one unknown quantity; but it occurs in many 
problems that there are two or more unknown 
quantities, and in such cases it is necessary for solution 
tiiat there should be two or more equations as the case 
may be, in order that the unknown quantities may one 
by one be eliminated. 

If we have one equation, such as 5a? + 8y = 41, we 
can find any number of pairs of valttes for a? and y to 
satisfy the equation ; but if there be another equation 
associated or simultaneous with this, then there will be 
only one pair of values that will satisfy both equa- 
tions. 

Let the second equation be, 25 a? + 12y = 149. 

We must now eliminate one of the unknown 
quantities ; to do this multiply the first equation by 5 
and subtract from it the second equation^ thus : 

(5ic + 8y = 41)x5 = 25 .a: +40.y = 205 

25 . a? + 12 . y = 149 

28 . y = 56 .•. y = 2 

Beplacing y by its value in the first equation, we 
have — 



.-—♦» = 



— l»i =*i: .-.* = 



by 






i,=S: si- 
ll 



.1 ••• 



-?• .-— -•i TV ^ —m^ 









: J 



:i4 



-i--.=:w- .=i!!L;:H=i 



A f -iny 



ibft if -tTlTTIlM-*"**"^*^ 



»■■•*.■' I 



^ - ^^ ■' ' TTm^^ ^^ v^ s » 



: P 



s 



i: 



.a^ "- ill 



- ::i.ii-5i i jw J. OIL «ai£ jMsaateqj* 



^ r— ^ 1 — rs = n 



^'.* 



: - — -i i 



= SJ 



• . . w 



Vi'-'-'i-r 1 rr 5. laiX 1 3T 1, 






^1 I — 



•J J r — -bl » 






=r 4'i 



. . (5) 
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Now imiltiply (4) by 13, and (5) by 5, and proceed 
by subtraction : — 

325 x + 2l5y — 2375 

325 a? - 52 y = 1040 

1335 

267 . y = 1335 .-. y = ^^^=- = 5. 



267 



Hence, from (4) — 



25 .ar — 20 = 80; .-. a? = ^^ + ^^ =4. 

25 

And, from (2) — 

28 — . 15 + 2 = 19 ; .-. 2 = 19 + 15 — 28 = 6. 

A similar mode of procedure will serve for any 
number of unknown quantities so long as there is an 
equal number given of simultaneous equations. 

The following exemplifies the solution of simul- 
taneous equations involving quadratics : — 

3a: + 4y=18; 5ar*— 3icy = 2. 

From tbe first equation find the value of y, which 
substitute in the second equation ; thus — 



.-. 5 ar» 



y 


18 — 3 x^ 
4 ' 




3a?(18 — 3 
4 


^) = 2; 




20ar*- 


- 54 ;r + 9 ar* = 


8. 


29x^ — 54x=:S. 




ar»- 


54 a? _ 8 
29 29 
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If we have an equation (to a cnrvB for instance) in 
which progreesiTe yaluee are given to the known qnas- 
titj which roles the yariation of the value of the un- 
known quantity, it may occur that the unknown quan- 
tity continues constantly to increase, or constant to 
decrease, or on the other hand the unknown quantiif 
may increase up to a certain point and then decreaae 
again, or it may decrease down to a certain point and 
then again increase ; in the former case there is said to 
exist a maximum value, and in the latter a minimum. 

The Differential Calculus (which see in a subsequent 
chapter) affords the most elegant method of deteimin- 
ing maxima and minima, but for certain purposes wo 
have ascertained a method which enables them to be 
determined by the ordinary processes of algebra. 

We will take as an example the formula used to as- 
certain the curve of strain on a triangularly loaded 
girder ; it is of the form — 

in which tp^ represents the load on the first lineal foot, 
/ the span of girder in feet, and x distance from sup- 
port at which the strain is taken. (See p. 40, "Ma- 
terials and Construction," by the Author.) 

As u?^ for any particular case remains constant,- • 
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may be neglected for our present purpose, «• — P x re- 
presenting the law of variation of the strain ordinates. 
The strain continues to increase up to the point of 
maximum strain, and then to decrease according to the 
formula, that is, in the same ratio as a^ — P x. Now as 
there is a point at which the strain ceases to increase and 
commences diminishing, it may be imagined to remain 
stationary for an indefinitely slight variatioiL of x at 
that point. 

Let x^ = distance from origin, or commencement of 
curve to the point of maximum strain ; let a be an in- 
definitely small increase added to x ; now, if the strain 
remains the same, the numerical value of the increase 
of the first term a? must equal that of the second 
P Xj in order that their difference may remain Un- 
altered. 

As a^ becomes x^ -\- a, the first term will be {a^ -f- of = 
{x^y + 3 {(x^J' a^^x^ c^ + <^\ but as a is taken very small 
in comparison with x, 3 x^ a^ will be very insignificant 
as compared with 3 {x^y a, and <^ still less ; hence these 
last terms may be neglected, leaving 3 (x^)^ a as the 
amount to be added to the first term in «* — Px. 

The second term then becomes — Z* (a?^ + «) = — {p x^ 
-f- ^ a) ; here the addition is P a, and this must be equal 
to the addition 3 {x^y a, if the strain is unaltered, thus— 

^{x'fa^Pa', '.'3(^xJ = P; W = |; ^' = ^3 = 

0-577 / 

which determines the maximum sought. 

Whether it is a Tna.YiTmmn or miTiiTnmm -^Q are ap- 
proaching will be evident from the nature of the equa- 
tion employed. 

M 
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ARlTUMEnOAL PROGBXSSIOir. 

Quantities are said to be in Arithmetical Progression 
when they increase or decrease by a oommon difPerenoe; 
the following series are in Arithmetical Progression:— 

3, 6, 9, 12, 15, 18, 21, where the oommon difference IB 3. 
24, 20, 16, 12, 8, where the common difference is 4. 
a, a-^h,a + 2h,a+ Shy a + 4h, 

where the conmion difference is I. 

Let a denote the first term of an Arithmetical Pro- 
gression, h the common difference ; the second term ifl 
a + h; the third a + 2h; the fourth, a + Sb, and so 
on. The «th term is a + (« — l)h. 

We must now determine how to find the sum of a 
given number of terms in an Arithmetical Progression, 
the first term and common difference being given. 

Let a denote the first term, h the common difference, 
n the number of terms, I the last term, and 9 the sum of 
the terms. Then — 

8 = a + {a+h) + {a + 2h)+ . . . , +1 
And by writing the series in the reverse order we get, 

s=l + {l^h) + {l—2h)+ . . . . +a. 
Add these together thus — 

a + {a+h) + (a + 2h)+ . . . . ^ I 
l+{l-'h) + {l-2b)+ . . . . +a 

2s = {l + a)+(l+a)+ (l + a). . . . ton te rms; 

z=:n{l + a) 

whence. . ^z? i \ /i\ 

' «=2-(^ + ^) • • • • 0) 

Also l=a + (^-l)b . . . (2) 
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therefore, 
,=|/<, + (n-l)J + a)=-|^2« + («-l)A.(3) 

Examples. — ^Find the sum of 12 terms of the series 
2, 5, 8, &c. 

Here a=2, 5 = 3, »=12; therefore, 

« = ^^4 + (ll X 3)^ = 6(4 + 33^=222. 

Find the sum of 7 terms of the series 5, 16, 27, &c. 

« = 5, 5 = 11, n = 7; therefore, 
«=Z( 10+(6 X 11) WI/ 10 + 66^=266. 

Find the sum of 8 terms of the series 36, 33, 30, &c. 
a = 36, 5 = — 3, » = 8. 

8 = -^72 -( 3 X 7)^ = 4 X 51 = 204. 

Find the sum of 10 terms of the series, —, -, -, -* 



&o. 



1*1 in 



2 V 12 ^12/ 12 12 



1 2 
Find the sum of 500 terms of the series -i -, 1, 

8 8 

li,&c. 

«= J, * = |, « = 500. 

M 2 



S44 

500/2 4£?\25OX^ = i?^ = 41,750. 
2 \3 3 / 8 3 ' 

Find the sum of 24 tenns of the seiies 12, 8, 4, &c. 
tf = 12, 5 = — 4, » = 24. 



= ^^ ( 24 -f (23 X — 4) ^ = 12 X — 68 = - 



816. 



(It will be observed {hat the fourth temi = 0.) 
How many terms must be taken of the series 15, 12, 
9, &c., that the sum may be 42 ? 

Here « = 42, a = 15, i = - 3. 



2 



42 = 1(30 -.3(n-l)) = |(33-3») =?!?- 

3n^_33n__42. ... n»— Un = — 28. 
2 2 

^ 11 a- A /'^ ^ 11 ,3 . ^ 

The series will be 15, 12, 9, 6, 3, 0, — 3, so that we 
obtain 42 as the sum of the first 4 terms, and also as 
the sum of the first seven terms. 

Insert seven arithmetical means between 12 and 36. 

Then ap = 12, / = 36, » = 9, then by equation (2). 
lz:za + {n — l)h 36 = 12 + 8X 3; 

8 ^ = 36 — 12 : h =:-?l = 3. 

8 

And the whole series is 12, 15, 18, 21, 24, 27, 30, 33, 
36. 
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GeOMETRIOAL PEOaRESSION. 

Quantities are said to be in Geometrical Progression 
when each is equal to the product of the preceding by 
some constant factor, which factor is called the common 
ratio. 

The following series are in Geometrical Progres- 
sion : — 

1, 3, 9, 27, 81, . . . 

3 being the constant factor or common ratio. 

■*•> "Wf 4> 8> "lV> • • • 

i being the constant factor or common ratio. 
a, ar, ar^, ar^, ar^, . . . 

r being the constant factor or common ratio. 

If a denotes the first term of a Geometrical Progres- 
sion, and r the common ratio, the second term is ar, the 
third a r*, and so on, the «th being a r*"^ 

We will proceed to find an equation to the sum of a 
given number of terms of a given progression. 

Let a = first term, r = the common ratio, n ^ the 
number of terms, and a = the sum of the terms. Then 

8 •^z.a + ar + ar^ + ar^ + . . . , +<jr*~^ 

therefore, 

8r=s:ar + ar^ + ar^ + ar^+ . . . . +«^' + at* 

Therefore by subtraction, 

sr^=ar + ar^ + ar^ + «r* + . . +ar"~' + ar* 

« = « + «r +ar* + at^ + af*+ . . + tfr*~* 
or, Br — « = ar* — a 
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therefore, ,^»(r-l) . . . (i) 



If / = the last teim, 




/ = «r^«. . . 


' • (2) 


therefore, {rl — ») 

*- r-l 


• • (8) 



Find the sum of 6 terms of the series 1, 3, 9, 27, fto. 
a = l,r = 3, n = 6; therefore, 

. = ^ = 'J^ = 864. 
3 — 1 2 

Find the sum of 6 terms of the series 1# — 3, 9, — 27, 

a=l, r = — 3, n = 6; therefore, 

,^(-3)'-1^729-l^_^3a. 
— 3 — 1 —4 

Find the sum of 6 terms of the series 4, 2, 1, ^, fta 
a = 4, r = J, n = 6, 

_ ^(2'""V _ ^(^""64L "T6_130_65 

' ' 2_i i__i 1 16 8 ' 

2 2 2 

Insert three geometrical means between 2 and 32. 
Here we have a progression of ^e terms, beginning 
with 2 and ending with 32. 

a = 2, / = 32, n =: 5, therefore by the equation (2) 

/ = ar"-^ 32 = 2r*. 

r*=16 = 2* .-. r = 2. 

And the whole series is, 

2, 4, 8, 16, 32. 
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As inverting the signs of both numerator and deno- 
minator does not alter the value of a fraction, we may 
write equation (I) thus — 

1 — r 

Suppose now that r is less than unity: then the larger 
n is the smaller will r* be, and by taking n large enough 
we may make r" so small that its value is sufficiently 
inappreciable for us to neglect it, and the expression 
then becomes— 

a 

s •=.- 



\—r 



That is, when the common ratio is less than unity we 
can, by taking a sufficient number of terms, make the 

sum of them approach as nearly as we please to . 

For example, take the series 1, i, i, i, &c. 

Here « = 1, r = i ; therefore ; "=-- = 2, 

1 — r 1 — i 

and from 2 the simi can be made to difPer as little as we 

please by taking a sufficient number of terms. 

The sum then of an infinite nimiber of terms of this 
series will be 2, and 2 is the limit to which the sum 
approaches as the number of terms is increased, and 
this limit cannot be passed. 

Recurring decimals are examples of infinite Geome- 
trical Progression. 

Thus -8242424 . . denotes -- + -^ +— -1- ^ -4- &c. 

10 103 ^ 10» 10'' ^ 

The terms after — form a geometrical progression of 
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24 
which the first term is --^^ and the oommmi ratio b 

-- ; hence the sum of an infinite number of tenns oi 
IIP 



this series will 

24 24 



10* 1000 24 



1 _ _L -??. ^^^ 

10« 100 

Wlience is obtained the yalue of the recurring dedmal; 
it will bo— 

3 , 24 _ 331 

10 990 "" 990' 

It may here be observed that this illiistrateB a case 
where by continual addition we are always approaching 
a sum that practically we can never reach. 



SUKDS OK IbEATIONAL QUANTITIES. 

When a root of a number cannot be exactly obtained 
it is called a surd or irrational quantity; such are the 
following : — * 

The same terms also designate quantities requiring 
fractional indices ; as — 

It is often convenient to put a rational quantity into 
th' " -* a surd ; to do this raise the quantity to the 
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power corresponding to the root indicated by the surd 
j^ and prefix the radical sign, thus : — 

. 3= v/3^= ^9"; 4= 4/4^=^64; a=V«*; a + h = 

</{a + by. 

The product of a rational quantity and a surd may 
be expressed as an entire surd by reducing the rational 
quantity to the form of a surd, and then multiplying. 

Thus, 3 y/2= v'9'x y/2= y/lS; 2^4=^8 X ^"^ 
= ^32; ay/h= y/a^X y/'b = \/(«**)- 

The converse operation may also be used if the root 
of one factor can be extracted. 

/32= ^(16 X 2)= v/16 X V2 = 4v'2. 

A surd fraction can be transformed into an equivalent 
expression with the surd part integral. 

/5 __ /ox2__ 710 _ ViP 
V 8 V 8 X 2 V 16 4 ' 

V 5 V 5 X 25 V 125 5 ' 

Surds having different indices can be transformed 
into surds having the same index, as— 

y/5 and ^11 : y/5 = 5J, ^11 = (11)* ; 5i = 62 = 

V5»= V125. 
(11)1=111= y/lny= (/121. 

Thus we can compare tl;'^ relative magnitudes of 
surds. 

Surds are called similar when they have the same 
irrational factors, as — 

M 8 
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4^7, 5v^7; 5^3, and 4^16, for in the Iatt6r4^l6 = 

To add or sabtract mmiliir snrda, add or sabtnui 
their co-efficients and affiix the xeenlt to the common irra- 
tional, thuB — 

V12+ v'^S— V48=2V3 4.5v^3 — 4v'3 = 
(2 + 5 — 4)^3 = Sy^S. 

To multiply surds which have the same index, mul- 
tiply separately the rational factors and the irrational 
factors. 

For example — 

Sy/2 X y/3 = 3v'6; 4^5 X 7^6 = 28^30; 
2^4 X 3^2 = 6^8 = 6 X 2 = 12. 

Simple surds which have not the same index must 
before multiplication be transformed to similar surds. 

Division is performed by a rule Biinilar to that for 
multiplication; thus — 

^ ^ 4^3 4V 3 4V 9 4 

In actual practice where surds enter into a calculation, 
it becomes a question of the degree of exactitude re- 
quired, from which is judged the number of decimals 
to which the calculation is to be carried. 

If, for instance, an equation results in a quantity 

/l3" 
such as a/ -^, say it will be sufficient to work to 

six places of decimals, we shall have — 

3-605551 



V7 "" 



2-645751 



= 1-362770. 
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Often expressions will occur, which although actually 
surds, will when multiplied together or used in division 
become rational, thus — 

Divide y' 112 by ^J1 \ these are both surds, but — 

Hence it is obvious that by multiplication and division 
we can partly rationalize certain surds. 
Suppose we have a fraction of the form — 

V^19+ v^ll 
V12 * 

Multiply numerator and denominator by y'S, then 
we have — 

V3 V19 + V3 yil _ V57 + V33 _ ^57 + \/3 3 
V'3\/12 V36 6 

so the denominator becomes a rational quantity. 

In fractions that will not work out without remainder 
we find another case in which we can approach as closely 
as we please to the exact truth, but not only cannot 
actually attain to it, but except in the case of recurrent 
decimals, cannot even determine the limits to which they 
tend ; thus, for instance, take the ratio of the circum- 
ference of a circle to its diameter, although this has 
been worked out to hundreds of places of decimals, it has 
not yet been exactly solved. 

Although these surds do not admit of exact solution, 
their values may be approximated with sufficient accu- 
racy for all practical purposes, and they must not be 
confused with impossible quantities, which do not admit 
of any solution, approximate or otherwise, such as 
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V — t^f where the quantily under the radix cannot have 
a square root by reason of the minw sign, for whatever 
sign a quantify may have its square must hliTe the|i/tfi 
sign, as in multiplication lih$ 9%gn9 give phu to the pro- 
duct, so that the factors to produce — a' must be — a 
and + a. 



General Obseeyattons on Equations. 

Every algebraical inquiry will present itself in the 
form of an equation, of which some term or terms must 
be determined from others of which the values are 
known, and the same observation applies to arithmetical 
problems, for if loth sides of the equation be not actu- 
ally expressed, one will be understood, as, for instance, 
if we say, to find the circumference of a circle, multiplj 
the diameter by 3*1416, and the product will be the re- 
quired answer, we really have an equation which may 
be fully stated thujs — 

Let c = the circumference of the circle of which the 
diameter is d, then — 

(? = 31416.(?. 

Equations will frequently become very cumbersome, 
and the repeated re-writing of them in transposition 
laborious, and, moreover, in constantly repeating a long 
L'ne of figures even the most careful are liable to error, 
especially in cases where the same letter is repeatedly 
used with distinguishing accents ; frequently, however, 
certain of the terms may be consolidated, and much 
labour saved thereby. 

For instance, in an investigation connected with the 
i^Atermination of the angles contained between certain 



I 

9 
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joints in oblique arclies, an equation of the following 
form occurs : — 

m ^ . r sin. a cot. t sec./. 
Tan. ^ uao = — ^ 

r + (r COS. a cot. t tan./.) 

This expression is simplified thus : — 

Let r cot. t sec. /= x, and r cot. t, tan./= r, then 

m ^ ^ sin. A 

Tan. < w « = 



t; COS. « + r 



A more compact form for subsequent processes, and 
of course when any required result is attained, x and v 
can be replaced by their values. 

It may at first sight seem anomalous to replace a 
number of terms by an arbitrary letter, when this will 
again have to be re-transformed to the original values, 
but after some experience in mathematical analysis the 
convenience of such a course will be fully appreciated. 
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CHAPTER II. 



LOaABITHM& 

Haviko in the first part of this treatise explained 
use of and the method of using logarithms, we think it 
incumbent here to show how to calculate a table of 
logarithms. 

If the logarithms of a series of numbers are all multi- 
plied by a constant number, they will still possess the 
properties of logarithms : — 

Thus if JV= 2:" ; and M:=, ^ ; and all the series be 
multiplied by /, then JV= x "•' and 2£'=:l af*-' . N'y.M = 
«"•' X a;"' =a;<'»'+"')^ according to the nature of the 
indices. 

If in the quantity \ + a^ a \b di, very small fraction, 
and 1 + <> be taken as a base for a series of logarithms, 
it is eyident that the difference between successive 
powers will be very small. 

By continuing to raise the powers by actual multipli- 
cation, we shall get a series of nimibers in geometrical 
progression, of which the common numbers, 2, 3, 4, &c., 
will be the terms. 

If we go on raising 1 + a, we shall get some number 
equal (or so nearly equal) to 2, that that power (or its 
index) will answer for the logarithm of 2. 

We may here remind our readers that arithmetical 
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progression produces a series of numbers differing by a 
constant quantity between two terms, as — 

1, 2, 3, &C.5 or 2, 4, 6, 8, &c. 

A geometrical progression is produced by continued 
multiplication, as — 

3, 9, 27, 81, &c. ; or 4, 16, 64, 256, &c. 

From this we observe that the natural numbers are 
in geometrical progression, while the logarithmic nimi 
bers are in arithmetical progression. 

If the indices of powers of 1 + a be multiplied by a, 
the products are called the hyperbolic logarithms of the 
numbers equal to the powers of 1 + a ; they are not in 
common use, but can be calculated with less labour 
than any other kind, and common logarithms may be 
easily obtained from them. 

The binomial theorem furnishes the formula — 

{a + by = a" + » ^a»-^+ ^(^"-^)ya«-» + 

n(n-l) (n-2) 3 ,3 n(n — 1) ^^, a , 
1X2X3 ^^^1X2 ^ 

which enables us readily to expand any binomial quan- 
tity to any power that may be required. 

Let it be required to determine the hyperbolic loga- 
rithm / of any number i^. 

Then N= (1 + a)«; !-}-«= VF, which may also 

I. 
be written JV* 

Let - = w, and 1 + a? = N, 
n 



Tli€B hj the 1mM»"^^1 theorem — 

2x3 ^ 

« being taken indefinitely smalls the power of 1 4- «, to 
]»e equal to i^, miut be indefinitdj great, or n bang 
indefinitely great, m will be indefinitely amall; therefore 
in comparison with unity it may be neglected in the ex- 
prc'Asion, m — 1 . m — 2, &c. ; then — 

1 +«= 1 +mz — —^- + ^ &e. 

-.• a = mx ^ —-— + — A - — &C. 

2 3 

Dividing both sides by «•, we have^ 

z= X — - +-^ — — +— - — etc 
m 2 3 4 5 

but « = -, 
u 

-=^=zan = x — — + — — — +- — arc. . fl) 
m l^ 2 3 4 5 ' 

n 

which is the hyperbolic logarithm of the number Ni 

If, however, a; be a whole number the series does not 
converge. 

Let if be a whole number, and M = , then x is 

I — X 
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less tlian 1, for multiplyiiig by 1 — a?, we liave — 

M—Mx = l; l—l^x. 

M 

Let ». = -J— = (1 + X)'. 

J — X 

!+«= L_ =(l—«)~» = (! — «)' ' 

puttiniT r = 

P 

1 + a = 1 _^a? + tll!l:=il«»— &o. 

r being, as m was, indefinitely small, we have — 

^_ ^^ ra? nx? rx* «^ 
a--rx-—-—-—-&c. 

But — r = - ; benee dividing the left side of the equa- 
tion by - and the right side by — r, we shall obtain — 
P 

«l'=* + ^+y+^+&c (2) 

which is the hyperbolic logarithm of M, 

The hyperbolic logarithm oi N y. My or of "^ ^ 

is equal to the sum of the two series (1) and (2), which 
for clearness is shown below as an addition sum. 

x^ ,a? ar* , ic* « 

X + — — — + — — &o. 

2^345 

A«2 /gA /t/A /m6 

2« +i^ +?^ +&0. 
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Ix>g. -Jt^= 2 X log. ^^- + log.^^_j-^^, for 
, (2 n + 2)« o K^ i^« 2 n + 2 ,,v 

i^«-;i?7W=^^^"^-2TTr • • • • (^) 

B^t^^^ + ^^'y ^^^ + ^y ,. (2ii + 2y 

(2fi"+l)»(2n+l)«— 1 (2» + l)> — 1"" 

^n»_+_8n + 4 _ n« + 2 n + 1 „ (» + 1) . (ii + 1) _ 
4»» + 4ji' «* + « n(»+l) 

n+1 



From these f ormulse and series, hyperbolic logarithms 
may be calculated with facility, by an arithmetical pro- 
cess carried as far as is necessary to give a sufficiently 
close approximation to truth to satisfy the requirements 
oi practice. 

"We shall in the following examples go to five places 
of decimals. 

Bequired the hyperbolic logarithm of 2. 

Put 5^-ti = 2, then n =1. 
n 

Dividing this into the terms (3) and (4) — 



2 
2 



Ml? = f; and (!! >•' 'y =1 
n + l 3' (2 n +1)2—1 8' 



. - (2 ft H- 1)» 
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Let L±_? = f ; then a? = I. 
1 — X 3 7 

From the series resulting from the summation of the 
series (1) and (2) — 



X = 


0-14285 








3 


0-00097 








5 


0-00001 
014383 










2 

0-28766 


• • 


. hyp. log. 


4 

3 




2 










0-57532 : 


= term 
lien X = 


(3) 

1 

"iT 




^"V-^ 8^^ 




X = 


I 005882 








3 


= 0-00006 










005888 






2 


= term 


(4) 




« 


0-11776 : 





The sum of these two terms will be the hyperbob'c 
logarithm of 2. 

Tei-m(3) .... 0-57532 
Term (4) .... 0-11776 

0-69308 = hyp. log. 2. 
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CHAPTER III. 



TRIGONOMETBY. 

In the first part of the Treatise we touched, in an ex- 
ceedingly elementary way only, upon Trigonometry, 
and will therefore further extend our remarks in this 
place. 

At the outset it is necessary to observe that certain 
statements will here be made which depend for proof 
upon various Problems of EucKd, which ccuinat be here 
introduced, as following upon each other as they do it 
would necessitate the transcription of a large amomit of 
matter which can be better studied directly from the 
works of that sublime geometrician, and indeed we can- 
not imagine any one taking up the study of mathematics 
without making Euclid a stepping stone, presenting as 
he does arguments to the eye in a manner so simple and 
yet so conclusive as at once to be readily understood, 
and to leave no shadow of a doubt afterwards upon the 
mind of the student. 

To conscientiously " read " Euclid is to train the mind 
to a system of the most perfect reasoning, and once so 
read, the lessons thus acquired remain impressed upon 
the individual, producing an effect which can never pass 
away while reason remains unshaken. It is not that a 
man shall be able to name the number of the proposi- 
tion or even the book of Euclid by which some certain 
position is established, but he has, grafted in his powers 
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of reasoning, an orderly and lucid method wMcli will 
not suffer him to go astray, or to be led off into col- 
lateral issues until the main issue has been deter- 
mined. 

In the following trigonometrical investigations those 
statements depending for proof upon Euclid will be 
printed in small capitals. 

It is required to find the sine, cosine, &c., of 30®, 60®, 
and 45°. 

Let the angle be 60°. 

In the equilateral triangle, A C By let fall the per- 




pendicular CBy which BISECTS both the angle ACB 

AND THE BASE A B, 

Equilateeal triangles are equiangular, and be- 
cause THE THREE ANGLES OF A TRIANGLE ARE TOGETHER 

EQUAL TO TWO RIGHT ANGLES, each angle of the equi- 
lateral or equiangular triangle will be 60**, for 60° X 3= 
180° = 90'* X 2 = two right angles. 

Now 4^ sin. ACI)=z sin. 30% hut ^ I) =z i A C. 



A C 



.\ sin. 30° = *^^ = i = 0-5. 
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Iir ▲ BIOHT-AKOLED TBIAKOLB THS BUM OF THB BQUiBS 
OP THB SIDES OONTAINDra THB BIQHT AHGLB IS EQUAL TO 
THE 8QUAILE 09 THB HYPOTHBZrXJBB OB 8IDS OFFOSIIE IHI 
RIGHT ANGLE. ThoB — 

sin. 80' = 45, cosine 80'— -5^ 

Dividing both sides of equation (a) by A (P, we haye 

CB'^AC* AJD^^ 
AC* AC* AC*' 

or, COS.* 30' = 1 — sin.» 30. .-. cos. 30** = V 1 — sin.' 30". 



= v/ (1 - i) =4^ = 0$66. 



But 4^ = COS. 30" = sine 60° ; .-. sine 600=^= 
AC 2 

0-866. 
COS. 60** = sin. 30°; .-. cos. 60* = J = 0-5. 

sin. 30** = 1= 0-500. 
2 

COS. 30** = -^ = 0-866. 



^^ 3^0 ^ sin. 30**^ 2 



=.jL, = -^ = 0-577. 



COS. 30° y/3 ^S 



• ^ 

cot. 30** = .2??l|£=4- = V^ = 1-732. 
Bin. 30° 1 ^ 
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2 

coseo. 30°= . ^^^^ = i = 2-000. 
am. 80* 1^ 

2 

sin. 60° = :^ = 0-866. 
2 



COS. 60** = 1=0-500. 
2 

tan, 60° = ?^ = 2 ^ ^3 ^ I.732. 
COB. 60 1 '^ 



2 



cot 60o = 2??i^=_4 1^^.5„^ 

sin. 60° V8 V3 
~2 



sec. 60° = — L-5 = i = 2-000. 
COS. 60° 1 



cosec. 60° = -^-^ = _i = _| = 1-164. 

sin. 60® Vs ^3 

When the angle is 45°, 

sin. 45° = COS. (90° — 45°) = cos. 45°. 

Now because cos.' 45° + sin." 45° = 1, and cos. 45° 
sin. 45°-- 

2 cos.2 45° = 1 



866 

COS.* 46* = J, .-. ooe. 46** = JL = 0-707; 

V2 

and Bin. 46® = ooa. 45** = -^1= 0-707; 

y 2 

and beoauBe sin. 45* = oob. 46* 

X ^fo 8111.45 - -^_ 

.-. tan. 45* = -^ = 1-000 

COS. 45 

oot. 45* = .?2?li^ = 1-000. 
am. 45 

•60.45" = ^0 = 4- =V2 = 1-414. 

COS. 45 1 

1/2- 

00860. 46" = _i__= 2-= ^2 = 1-414. 
8in. 45 1_ 

V2 

THe following reaults the student should oonmiit to 
memory : — 

COS.* a + sin.' a = 1, 

008. a= V(l — sin.'a)j sin. a= V (1 ^6os.»a). 

tan.a= ^5i? = -i- = V (Bec.»a- 1). 
oos. a cot. a ^ ' 

^^4. ^ cos. a 1 , , - - ^ 

cot. a = -; — = = ^ (cosec.* a — 1); seo. a = 

sm. a tan. a '^ ^ ' 

^ = V (1 + tan.» a). 



008. a. 



coseo. a = -; = 4/ (1 + cot.* a\ versine a = 

sin. a ^ ^ ' '' 

1 — COS. a. 
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To find the sine and cosine of the sum and difference 
of two angles. 

Let the angle FA C ^ a^ and the aligle FAF=b, 
then FA C = a + h; draw FF perpendicular to A F, 
and from F and Flet fall the perpendiculars FD, FF, 
on A C, and draw F G parallel to -4 67. 

Now because ^ ^ is parallel io A C, the alternate 

Fig. 2. 




angles AFG, FA C are equal, but FA C = a, there- 
fore AF G •= a, and since, by construction, A FF is a 
right angle, the angle FFG is the complement of 
AFG; hut FGF iB a right angle, therefore FF G is 
the complement of FFG; that is, the angles FFG, 
AFG are complements of the same angle {FF G), they 
are therefore equal ; but AFG has been proved equal 
to a, hence FF G^a. 



;r. r^ii\ ^^ DG+GF FF+FG 



sm 



FF FG 
AF^ AF' 



FF 
AF 



AF ,FG 
+ 



FF 



AF 
n2 



FF AF 
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IE F jt W 

But by the definitions -7-^— ain. a, and ----- = ooe. >; 
^ AF AP 

•p Q F F 

also p-jr,= 008. FFO = cos. o, and — = = sin. J, hence 

sin. (a + ^) = sin. a cos. h + sin. h oob. a. 

, , ,v AD _AF—DF AE GF 
oos,{a + h)=—^ AF-=ZdF''AF' 

_AE AF _GF PF 
AF ' AP PF ^ AP' 

= COS. a COS. h — sin. a sin. h. 

Next let PA C = a, and PAF= h, then ^^ C= 
tf — i. Draw FP perpendicular to PA. 

a,-r, fn h\ F E ___ D P ^ P Q _ B P PQ 

sin.(a-i) = -^ FA— "FA" fa: 

_ DP PjA_PO PF 
" PA' FA PF * FA' 

= sin. a COS. i — cos. a sin. i. 

AD PA , i^jF PJ' , 
^-PA "Af''pF'AF ^^"^^^ 

i>^= GF, 

cos. (<j — i) =: COS. a COS. h + sin. a sin. h. 

Next, since — 

sin. {a + h)^=i sin. a cos. h + cos. a sin. h\ if h =: a. 
sin. (<j + flf) = ain. 2a=z sin. <; cos. <? + cos. a sin. a = 

2 sin. A COS. a. 
Similarly — 

COS. 2 a = COS.* a — sin.* <?. 
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Examples similar to tliis may be multiplied to any 
desired extent, but having shown the mode of procedure 
we shall not occupy more space with them. 

By using the above and other similarly obtained 
equations we can ascertain the numerical values of the 
angular quantities, and thus form a table of trigonome- 
trical terms for future reference. 

Of this we will give one or two examples. 

To find the sin. 18°. 

Since the cosine of an angle is equal to the sine of its 
complement — 

COS. 54° = sin. 36° ; 

but COS. 54° = COS. (36° + 18°) = cos. 36° cos. 18° — sin. 
36°, sin. 18°. 

.-. COS. 36° COS. 18° — sin. 36° sin. 18° = sin. 36°; 

but COS. 36° = 1 — 2 sin.'* 18°, and sin. 36° = 2, sin. 18°, 
cos. 18°. 

.-. COS. 18° (1—2 sin.'* 18°) — 2 sin.* 18°. cos. 18° = 

2 sin. 18° COS. 18°. 
Dividing by cos. 18° — 

1 —2, sin.2 igo _ 2 sin.2 18° = 2 sin. 18^ 

.-. 4 sin.'* 18° + 2 sin. 18°= L 
sui.M8° + ^sin. 18° = 1. 

Treating this as a quadratic equatioiL-— 

sin.'* 18° + 1 sin. 18° + ^ 1 Y=- + — = — • 
^2 \4/ 4^16 16 

sin. 18° + 1 = i^. 
4 4 

sin. 18° = VAzil = 0-309. 



270 TRBATISB ON KATHEMATIOS. 

COS. IS** = V (1 — aa-' 18*')— 



V 



16 — 5 + 2V5-1 
16 



V 



8 2^/2 



sin. 86° = 2 sin. 18° cos. 18% 

= 2 X 0-309 X 0-951 = 0-587. 
Now sin. 36° = cos. 54° = 0-587. 

sin. 54° = V (1 — COS.* 54°) = ^1 — (0-587)» = 0-809. 
Now since sin. 18° = cos. 72°, and cos. 18°= sin. 72°, 
we have arrived at the following results : — 

sin. 18° = 0-309 cos. 18° = 0-951 

sin. 36° = 0-587 cos. 36° = 0-809 

sin. 54° = 0-809 cos. 54° = 0-587 

sin. 72° = 0-951 cos. 72° = 0-309 

Of course in calculating a table of trigonometrical 
quantities the results would be carried to a much 
greater number of places of decimals, but the foregoing 
examples are sufficient to show the method by which 
the arithmetical values may be found. 

The immense value of trigonometrical tables cannot 
be over-estimated, and indeed without them the calcula* 
tions involved in astronomical and physical researches 
would become so laborious and uncertain as to be almost 
impossible of execution in practice. 
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EQUATIONS TO VAEIOUS OUEVES. 
The Cmoid,—AQRB is a semidrde; take Alf ajii, 

Kg, 3. 




£M equal, and draw ordinates JPfQ, MR, Join AR 
cutting NQmP, The locus of P is the cissoid. 

Let AN^Xy and NF =^t/, AB=i2a. 

By similar triangles (p. 106, Part I.) :— 

/^^y=:/^;^Y. By the 35th Proposition of the 
3rd Book of Euclid it is established that — 
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If two straight likes within a oibole cut one 
▲notnb&, the bectanole goltrained by the 8e01cent8 
op 0kb of them is equaii to the beotakqls con- 
tained b7 the 8eomebts of the other. 

Now if the circle were completed, and RM produced 
downwards to meet the circiimf erence in 0, it is evident 
i2ir=irO, andiZi/x MO— RIP. 

Ilence A My. MB :=:^R2P, therefore— 

AN^ _AM^ _ Am _AM 
NP'^ MR^ A My. MB MB' 

or — = ^— ^ ; therefore y' = 



I 

f 
1 



f X ' ' 2 a — «• 

To find the polar equation : — 
A P^=r; x-=.r x cosine ^PA N'y y-^r sine 

y PAN' y' ,. sin e' ^PAN _ x 

^ ' r» cosine' Zi"^^'" 2a- a?"" 

r X cosine Z PA iV 



2 a — r X cosine Z PA If 



Therefore 2 a x sine* ^ PA iV= r x cosine ^ PAN 

(sine* z PA N + cosine' ^ PA N). 

Therefore r = 2 a X -^^-^^4^4^, X sine ^PAN 

cosine Z.PAN 

sr 2 a X tangent ^P AN y sine ^ PAN 

The Conchoid of Nicomedes. — The line OP revolves 
about a fixed point C, cutting the line A R N; R P 
is always of the same length ; then the point P will 
trace out the conchoid. 

Let CA=za, AM=x, RP = AB=zh, MPzny. 

MP^ = ^^ = -giV^' _ RP^- NP^ 
CM^ CA^ NP^ NP"" ' 
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or— i^, = ^l=^ .'. x'f^ia + xfy.g^^x'). 

Fig. 4. 




For the polar equation we have, if CP=^r, r = CP 

cosine PCM 
The Logarithmic Cmve. — ^In this curve the abscissa is 

Fig. 6. 



N 



the logarithm of the ordinate, or if a be the base of t^ 
system, the equation to the curve is y = «• ; — 

1^3 
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or the ordinate through the origin is always unity. 
The Cycloid, — ^The cydoid is described by a point in 

Kg. 6. 




the circumference of a circle which rolls along a hori- 
zontal line. 

Let B QDhQ the circle, the centre ; and when its 
diameter is perpendicular to the horizontal line at A^ 
let the point at P, which generates the curve, also be 
at ^. 

Then A h must = arc P h, since each point of P i has 
been in contact with each successive point of ^ h, 

liQiAN^x, NP^yy BB^Ia. 

'Y^<&Q.x^Al — Nl — ay.^_QOB — awl.Z,(iOB 
z=z a{Z,Q OB" Bin. Z,Q OB). 

.'. y = iVP =zhm^= a versine ^QOB=ia{l — cos. 

ZQOB). 

To find the equation from the vertex 2> — 

Jjet I)M=:x, MP=zy. 

Join Ph and QB, then these being equal and parallel — 

PQ = Bh = AB'-Ah=:AB-'Ph=zI)Q. 

Then y — PM — MQ + P Qz=La&m. ^D Q + a y. 
ZB OQ = a{/: I) 0Q+ Bin. /:J[)OQ). 
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a? = i) if = a X versine ^i>OQ = <j(l — cos. 

The Trochoid. — ^The trochoid is the curve traced by a 
point B in the circumference of the inner circle BRh, 
whilst the outer circle A Q roUs upon a horizontal line. 



Fig. 7. 




N A^ 



P a point in the trochoid. Through P draw a horizontal 
line MRPm, Take and o the centres of the cirdes. 
Draw ORQqsAoP. 

ThenPw=:i2Jfand ^1-4 0Q= ^_AxoP. 
Let OAz^a\ OB=:h', AN^x\ NP^y. 
Then it is obvious that the arc -4 Q = -4 Ax* 
.-. X'=.AAx—NAx'=^ay^ ^AOR — i sin. 

^AOR. 
y = N'P z=ioAi+om^=ia^h cos. ^AOR, 

Let i? = -; .-. x'=ia{^_A OR^-emi.A OR); 
a 

yz=z a{l — ^cos. ^A OR). 

If ^ = 1, the trochoid becomes the cycloid. 

The Epicycloid and Hypocychid. — ^If one cirde revolve 
upon another drde and in the same plane with it, the 
curve described by any point in the revolving circle is 
called the epicycloid ; and if the revolving drde move 
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within the other drde, the cnrFe described by the point 
is called the hypocydoid. 

First take the ease where P is the describing point of 
the epicycloid. 

Fig.S. 




Let CAz=ia; CB-h; CIi=:x; JrP = y. 

Then a? = Cn + J^n = {a -{- h) oos. A C Q + h an. 
PBm, 

But PBm = PBQ-^ {90 - ACQ) = PBQ + 
ACQ- 90. 

Now the SiTC A Q = the arc P Q ; .\ a ^ A C Q^ 
h ^PBQ. 

.-. x^{a + h)(io^.^,ACQ — h(io^.L^ X ^^^CQ^ 
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If i is negative the curve is the hypocycloid. 



Kg. 9. 




and y = {a — l)eaL, Z A CQ— isin. /?±* X Z^ CqY 

If the describing point F be not in^ but toUhm the 
circumference of the revolving circle and at a distance 
hi from the centre, the curves described are then respec- 
tively termed the epitrochoid and hypotrochoid, and — 

x = {a + h) COS. ^ACQ — hi cos. (?-iA X ZACQ\ 

y = Cei+i)sin. Z^Ce — Jisin. (?-±i X A A C q\ 

Epitrochoid. 
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« = (a — J)ooB. Z-4 CC + JiOOB.^t=l? X — ^C«j 

y = (a— J)8iii. Z-4 CC — JxBm.(l=^ X— -4 Cfij 

Hjpotrodhoid. 

SpiraU. — ^In the spiral of ArchimedeB the radius vector 
varies directly as the angle described. 
Let a line revolve tmif ormlj about 8^ while a point 



Fig. 10. 




P moves uniformly from 8 along it, then P will trace 
the spiral of Archimedes. 

Let 8 P = r, and let e be the value of r when 
Z, A 8P=: ISO. 

.\ r : e :: Z,A8P : 180. 

Li the logarithmic spiral the angle described is the 
logarithm of the radius vector, and — 
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In the hyperbolic spiral the angle increases as the 
radius vector decreases, and its equation is — 



r = 



a 



AA&F 



The Involute of the Circle, — This curve is described by 
the extremity of a string which is unwound from the 
circumference of a circle. 

Let A be the point from which the string began to be 

Fig. 11. 




unwrapped, Q P the string once coincident with and 
therefore = arc ^i Q ; P Fa tangent to AP, 8 Y per- 
pendicular to P F; join 8 P. 
Let iSP=r, 8Y—P, 8Q = a. 

.-. 8Qz=iPT^ V8P^—8r^. 
.•. a^ = r^ — p^. .'. p^=zr^ — <i? is the equation, 
Qsp= 8Y= QP. 
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CONIC SECTIONS. 

A CONE is a Bolid body whose yolume may be oonoeiyed 
to be described by the revolution of a right-angled 
triangle about its perpendicular or about its base ; hence 
a cone is called a ** solid of revolution." 

The conic sections are figures formed by the intersec- 
tion of a plane surface with a cone. 

If a plane intersecting a cone pass through its point 
or apex, the section will be a triangle. 

If a plane intersect a cone at right angles to its axis 
(the side of the generating triangle about which it 
revolves in describing the cone), the section will be a 
circle. 

If we now suppose this intersecting plane to be gradu- 
ally inclined towards the axis, then ellipses will be pro- 
duced until the plane becomes parallel to one side of ths 
conCy when the section becomes a, parabola; when this posi- 
tion is passed (assuming also that the intersecting plane 
does not pass through the apex) the conic section becomes 
a hyperbola. 

If a straight line and a point be given in position in 
a plane, and a point move in that plane in such a 
manner that its distance from the given point always 
bears the same ratio to its distance from the given line, 
the curve traced out by the moving point (which is 
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called the " locus " of the curve) will be a conic section. 
The fixed point is called the focus and the fixed line the 
directrix of the curve. 

If the distance of the curve from the directrix is equal 
to its distance from the fixed point the curve is a para^ 
hola. 

When the distance from the directrix is greater than 
from the fixed point the curve is an ellipse. 

When the distance from the directrix is less than from 
the fixed point the curve is a hyperhola. 

It is further found that in the ellipse there are two 
foci, and the sum of the lines drawn from any point in 
the circumference to these foci will be constant for 
every point in the curve. 

If a point move in a plane at a constant distance from 
a fixed poiat in that plane the curve produced will be 
a circle. 

The circle may also be regarded as a particular case 
of the ellipse where the two foci approach, as the in- 
tersecting plane makes a greater angle with the axis of 
the cone, until, when ^t is at right angles to that axis, 
they coincide. 

The parabola may be considered as the limiting form 
of the hyperbola and the ellipse ; and two straight lines 
as a particular case of the hyperbola. 

We will now proceed to determine the equations to 
these lines, premising that it is shown by the 47th 
Proposition of the Ist Book of Euclid, that ths square on 
the hypothenuse of any right-angled triangle is equal to the 
sum of the squa/res on the hose and perpendicular. 

The locus of the line required (straight or curved as 
the case may be) is fixed by co-ordinates in a plane, 
drawn at some known angle to each other, or by a polar 
equation. In the first method the equation determine^* 
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the value of the seoond ordinate for any given value d 
the first. The linee on which the ordinates are measuied 
are called axes, and if these axes are at right angles to 
each other the ordinates are. called rectangular co-oidi- 
nates. 

For simplicitj we will take the equation to a straigU 
line. 

LetAx^ and ^y^ be the two axes of ^ and y. AIf=^Xf 

Draw J9 It at right angles to PiT, and parallel ix^ AN. 

Fig. 12. 




A.B z=h. Then (by similar triangles, see Part I., 
p. 106). 

.-— = _- = tan. Z,P CA — BA=z Hfn, because— 
Jj n Va 

J9 » is parallel to -4 iVand AJBix> Nn ; and Bn-=i 
A Ny for the same reason. 

Hence ^^^ = tan. Z P CA. 

X 

.*. y = tan. APCAy. x+h. 

The origin is that point in the axis of x where ^ = o. 
The Circle, — ^Let a and h be co-ordinates of the centre ; 
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X and ^ of a point in the curve ; and r = the radius ; 
then (by Euc. Bk. I. Prop. 47)— 

f" = (a? - a)« + (y — 5)2. .-. f + a^ — 2hy—2aX'\^a^ 

is the equation to the circle. 
If the origin be in the circumference, and the axis of 

Fig. 13. 




X pass through the centre (as shown by line e d, where e 
is the origin) — 

5 = o; a=zr; .*. y' + «* — 2ra? = o, or y* = 2rx — a^, 

y = ^2rx — «*. 

If the origin be in the centre at e — 

a = o;5 = o. .'. y^ + a:* — r^ = o, and y* = r* — s^\ 

or y = y/r^ — «*. 

The Parabola. — ^If from a directrix Q* D Q, perpendi- 
cular lines such as QP are drawn intersecting lines of 
equal length drawn from the focus 8y the locus P is the 
parabola. Draw 81) at right angles to Q^ Q, and bisec'- 
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SDmAy then the curye passes througli the point i, 
because J) A = A 8. 

JjetDJ OT AS = a; A]^=zx; andi\rP = y;iV 
being a point in the line D 8 produced. iTP being at 




right angles to -DiTis parallel to D Q, and QP being 
parallel to J9iVis equal to it, and therefore J) iV= S F\ 

.-. {DA + ANf = NP^-\-8N^', otLA+AN^ 

but DAz=ia and A NS = x ; also NP = y and /SiV= 
X — ay wherefore — 



and, 



a + x=L y/y^ + (:r — x)2; 



{a + x)\ or {x—af + iaxz=if + {x — a)\ 

.-. y'^=i4iax. 

It may be as well here to show that {a + xf = 
{x — af+ iax. 

{a + xf = d' + 2ax + x': {x—ay + 4ax=zx'~2ax 
+ a^ + 4:a X =1 a^ + 2 a X + x^.. 

We wiU now find the polar equation, that is, the length 
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oi 8 P corresponding to any given value of the angle 
ASF. 

Let 8P= I. Theiil=zDN'=2a + 8]!i=^2a + l 
X cosine AP 8 N^. 

Because (see Part I. p. 109) -^—=. = -^- = cosine Z 

o P I 

PSN. .*. 8N'=lx cosine APSITy but the cosine 
of an angle is equal to minus the cosine of its supple- 
ment (that which it wants of a semicircle), hence — 

cosine Z.P 8 iV"= — cosine ^A8 P, 

and — 

I = 2 a — / X cosine /.A 8 P. 
.*. ^ + ^ X cosine /.A 8P=z2a. 

1= 2^ 



1 +C0S. Z.A8P 



The Ellipse. — ^In Fig. 15 A I) and B JE are the major 
and minor axes of an ellipse, F Q are the foci, from 
which the radii vectores, FP^ GP diSLwn to P, the locus 
of the ellipse, have a constant sum {FP + GPia con- 
stant) for all points in the curve. 

Let i^P+ GP = 2a; FGIb bisected in (7, and take 
CA-=. CJD =za; the curve passes through A and D. For 
from the condition that requires the sum of the radii 
vectores to be constant — 

FP+GP=GA+AF= GA+ GDz=2xAC, 

or 2 X CD = 2 a. 

With centre jPand radius a cut the line BF (drawn 
at right angles to ^ J9) in the points P and F, then 
the curve will pass through the points P and F, since 
FP and G B each = a, and therefore their sum = 2 a, 
the constant sum of the radii vectores. Let CB :s::h,ajr^ 
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let C F be to C A as « is to 1, then CF-=.ae^ which is 
called the eooentridty of the ellipse. 




Let CHznx] B:Pz=:y\ FF=zl; and GP=iP. 
.-. P = FR^ + jETP^ ^(^ae + xy + jr*, 
P = RG^ + SF^ = [ae — xf + y»; 

2 (atf) a? + ar» + (a^)» — 2 (flf<?)a: + ar» + 2 jr* 

=:2(a?^ + ar» + y'*). And^ — ^ = (a^ + a:)* — 

{<ie — xf 

= (atf)» + 2(a<?)ar + ar»— (a<?y + 2 («<?)ar — «» = 4atf«. 

But /+ r= 2a, and (/—/') (/+/') = /» — /'». 



.-. / — r = 



V — V 



4aex 



= 2tfa?. 



/+r 2« 

Hence — 

l+r + l—r = 2l = 2a + 2ex; ajidl=:a+ex. 
And similarly V z=z a — ex; 
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But 1-^ = 1-^'=^-^^:=^=-^^ 

d? a* c^ a' 



... j^=J(«?-^),. and^ + ^=l . . . . (1) 

K -4 be the origin, let A Hz=. of. 
.\ 0E^z=za+x; ox(c=zaf — a\ a — ^ = 2a — of. 

.'. a' — «* = (a + a?) . {a — x)z=isif{2a — «') = 



.-. y»=?r2«^-a/«). 



a* 



For the polar equation we have — 

If i^be the pole and FP = I, 
.-. {2a—Vf=QP^ — E:Q^ + E:P^=z{2a$—FE:y 

+ /» X (sine AA FP)\ 

andjPJ5r= / x cosine Z.PFG=.—l x cosine AAFP\ 

.-. 4a»—4a/+^'» = (2atf+?x cosine Z^i^P)* 

+ ^»X (sine Z^i^'P)' 

= 4aV + 4a<?/x cosine Z ^ ^P + ^'. 



.-. ^ = 



a(l-^) 



1 + tfcosine AAFP" 
K t? be the pole, CP=zl, then- 
ar =/ x cosine Z P CD, and y = / x sine Z i^ C^ A 
Therefore in equation . . . (1) 
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y* ^ i» _ n/Cs ine ZP t7i?y ^ (cosine Z ,PCD)\_,. 

^"^^- V ? ^ ^ )" ' 



.-. / = 



ah 



VP (cosine Z P C'if )» + «« (sine Z -P ^if )* 

3 



Vl— ^(cosine ZPC7Jf)» 

The Hyperbola, — An equation to the hyperbola may 
be found from the property by which, if in Fig. 16 
JT'and She the foci of two opposite hyperbolas, the dif- 

Fig. 16. 




ference between iS Pand P JET will be constant — ^P being 
the locus of the hyperbola. 

Let the difference he 2a; bisect SS" ia C, Take 
CA=ia=z CM, the curve passes through IT. 

CN= Xy NPz=: y. Let C 8=e, CA z=zea, where e is 

greater than 1. 
Then RF^ = JSf" iT^ ^ j^pz =, (^ea + xf + y^ = D,\ 
8F^=8I^^ + I^F^ = {ea—xy + y^=zIP. Therefore 

AlsoDi — D=2a, Therelore Di + JD =i 2 e a. There- 
fore Diz^a + ex, and J)=.ex — a. Therefore 2 a ' + 
2 a* ^ = 2 (flj2 ^ + ar^ + y'), and y" zn {e" — 1), a? — 

{/—l)a^z=z{^~l) (ar» — «?) = ^(ar» — «?); making, 

a 
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h'^ = a\^ — l\ Therefore ^ — 3 = — 1. 

If -4 be the origin, and AN=:Xi, x=z Xi + a; there- 
fore y' = — (2 a a?i — Xi^). 

To find the polar equation, 8 being the pol 

8F=zl. 



Then (2a + If = RF^ =zFJ!P + HN^z=:FIP^ 

{2CS-'8Nf 

= P (sine A A SFf + (2 a^ — /cosine AA8F)\ 

Therefore 4a'» + 4a/ — /» = /» + 4fl?tf* — 4atf/ 
cosine Z.A 8 F, 

Therefore / = ^^LC^ZL^I^^. 

1 + * cosine Z, A8F 



o 
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THE DIFFERENTIAL CALCULUS. 

In the first part of this treatise we have gradually led 
up to certain problems of a practical character requiring 
the application of the infinitesimal calculus in its most 
elementary form. In so doing our idea was to lead the 
student into a knowledge of the use of this form of 
analysis in the simplest manner, for we have found that 
the mode pursued by some writers on this most in- 
teresting subject, however thorough, has caused per- 
plexity at the outset. It has seemed that the student is 
struggling with two ideas at once — first, the nature of 
the operations involved, and secondly, the use or appli- 
cation of the processes employed. We remember seeing 
a treatise some years since (and that by a very eminent 
mathematician) in which at the commencement tabulated 
forms of differentials were to be learned, parrot-like, 
the method of ascertaining them being subsequently 
demonstrated. Such treatment appears to us disastrous, 
as it must start by blasting any interest in the subject 
which an anxious student would bring to his labours. 

We now purpose carrying our investigations farther, 
and entering more thoroughly into the details of the 
processes involved in the demonstration and application 
of the expressions derived from the calculus. 

There is in reality no more mystery about the (by 
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some mucli-dreaded) infinitesimal calculus than about 
the rules of ordinary arithmetic, but it requires to be 
considered naturally, and not in an artificial style. 

In the other modes of calculation definite quantities 
are dealt with, either as whole quantities or as fractions, 
but the calculus opens a wider field for investigation, 
dealing with quantities that are constantly varying ac- 
cording to some known or given ratios. 

Assume that we have a simple algebraical equation, 

such, for example, as — 

« = ar 

which would apply to a cube of which u = the solid 
content and m the length of one side or arris. 

The differential calculus enables us to determine the 
variation in u corresponding to a given variation in x, 
and the equations thus evolved are found to possess 
properties not only interesting in the highest degree, 
but, what is more important, of immeasurable value in 
the solution of physical and other problems. By its 
assistance the areas of curves and contents of solids of 
revolution may be determined, and myriads of other 
problems solved, the mere enumeration of which would 
occupy volumes. 

By sweeping away from the imagination of the student 
any cobwebs which might cloud his intellectual vision, 
we hope to render the acquirement of this section of 
mathematics more a recreation than a labour, opening 
as it does fresh beauties of mental analysis at every 
step, and we may well say, with Professor Sedgwick, 
'* that it is a high privilege, not a duty, to study this 
language of pure unmixed truth. The laws by which 
God has thought good to govern the universe are surely 
subjects of lofty contemplation, and the study of that 
symbolical language by which alone these laws can be 

o2 
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fully deciphered is well deeerving of his (the student's) 
noblest efforts." 

In equations of the character assumed above, the 
quantities are not fixed, but are fluent, either increasing 
or decreasing; hence they are called ''variable quanti- 
ties," or variahlet. In the above case x being varied 
independently is called the independent variable^ and Uj 
which is regulated by the value of ^, is called the de- 
pendent variable, u is also called a function of x, and as 

such is written — 

u = (/) X. 

In like manner in the equation u =1 a o^ -^ I Xy if 
a and h are constant quantities, and x a variable one, 
ti is a f imction of x, since if x changes the value of u is 
changed. The quantities expressed by the letters a and 
h are omitted in the equation u = (/) x, as, although 
they determine the particular kind of function, they 
remain unchanged, while x passes through every degree 
of magnitude. 

Functions are termed explicit and implicit: u is an 
explicit function of x when u is known in terms of x, as 
in tt = a a?' + ^ 0? ; an implicit f imction is when u and x 
are involved together, as in the equation u^ x — mux + 
not? zno. An implicit fimction is written/ (w, x). 

Functions are also divided into algebraical and trans- 
cendental. Algebraical functions are those where u may 
be expressed in terms of a?, the number of terms being 
finite, as u=2 ax"^ + b x^~^ + &c., where m is fiinite. In 
a transcendental fimction u is equal to an infinite series 
which cannot be expressed by a limited number of 
terms, as in — 

1 / a? x^ x^ 
u = log.(l+a7), which = ~ (a;— - + ^— __ + &c. 

to infinity). 
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A function is called continttotM when it undergoes a 
gradual change, but when it changes suddenly from one 
value to a very different value it is called dtscontmuom. 

The equation u = / (a?) expresses the relation between 
the function u and the single variable x, and the values 
of u solely depend upon the changes that may take place 
in the value of x ; but if we have an equation such as 
u-=- ax'^y -\-lxy^j where x and y are not connected by 
another simultaneous equation, and are therefore inde- 
pendent of each other, u becomes a function of two 
independent variables, and is written u=zf(^Xyy). It is 
evident that there may be functions of any number of 
variables. 

We will now consider the nature of f imctions of one 
variable. Let u-=.f{x) express the relation between the 
function and its independent variable x. 

Let X increase and become a? + A, then the value of u 
will be altered ; let the altered value be «i ; then Wi =/ 
{x + A). 

.-. Wi — w=/(aj + A)— /(a?). 

It is evident that Wi — w, the difference between the 
functions of a? + A and x, must depend upon A, and it 
can be shown that it may be expressed by a series of 
the form — 

^A + ^A2+ C7A3 + &C. ; 

and .-. that Wi = w + ^ A + j5 A' + (7A' + &c. 

or that Wi is equal to w + a series of terms involving 

positive and integral powers of A, which ascend from 

the first power. 

The first object of the Differential Calculus is to de- 
termine the values of the coefficients -4, j5, C7, &o. 

A few particular examples will best serve to illTistr^*^ 
the application of the series. 
Let u-=. a?. 
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Let ■ = X*; then by the Binomial Theorem — 



"2 

A feries of aficfinding powen of h, 

ljr\m^Ajr + Bj^+Ci^ + &c .... (1) 

. . •; = -i X + A)- + ^ (x + A)- +c{x + hy + &C. 

+ 2? ^ 4:^ + iix-» 1 + « (!^=i)x-»A» + &cA 

= ^j- + -»x^+ Cx' + &c. 
+ (« ^ J--' + 11^4:^' + &c) A. 

+ («^!izii^x--« + ii!^ i?x-» + &C. y«. 

putting u for its value (1) and p, q, &c. for the coeffi- 
oients of A, A*, &c. 

Eetuming to the equation — 

ti,^f{x + h) = u + Ah+Bh^+CX' + &c. 

the second term of the expansion, or ^ A, is called the 
itial of u: differential being the diminutiye of 
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difference ; for Ah la tlie first term of the difference 
between «i and «, and is consequently a part only of the 
difference, but the difference and differential differ the 
less the less h is, and in cases of approximation the 
latter is taken for the former. 

That the approximation is very close when h is taken 
very small is obvious, for taking h indefinitely smajl. it 
is evident that A* becomes inconsiderable, and the fol- 
lowing terms, h^ &c., still more so. 

Let us take an arithmetical example in order to get 
some visible notion, rough it is true, but for all that 
suflB-cient to impress upon our minds the rapid diminu- 
tion of value as the powers of h rise. 

Let 4? = 1, and A = -000001 ; thenA^ = -OOOOOOOOOOOL 

Ui = {x + hf = ar'+ Sx^h + Sxh^ + h\ 
u, — u=3x'h-\-3xh^ + h^=z -000003000003000001, 
of which the first term is -000003, and the terms follow- 
ing amount to Httle more than one millionth of the first 
term. 

Instead of writing differential at full length it is usual 
to employ the initial letter d ; thus, instead of putting 
differential of w, we put du = Ah, and as then h is 
called the differential of x, for symmetry of notation 
dx is put for h, and du=. Adx. 

A is evidently the coefficient oi dx in. the term Adx, 

hence it follows that the differential coefficient A = ^— 

dx 

which is called the first differential coefficient^ where 

Hence we define a differential to be the second term of 
the expansion of /(a? + h), and the differential coeffider* 
to be the coefficient of the first power ofh. 
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The procees by which Aot --^ ia found is called dif- 

forGntiation. 

From these definitions we find that the differential of 
u is the product of A into the differential of x, or calling 
the first quantity Du and the second Dx — 

Du-ADr; .-. :^=^ = ^; 
' Dx dx' 

or the ratio of the differentials of u and x is equal to the 
ratio of the differential coefficients to unity. 

The letter D is here used to avoid confounding the 
differentials with the differential coefficients, but gene- 
rally the letter d is used. 

Again, since Ui = t< + -^ ^ + ^^f 



Ux — u 



= A+Uh; 



but Ux — «f IS the increment of Uj and h is the increment 
of x ; therefore the ratio of the increment of the func- 
tion to the increment of ^ = ^ -f ^^ ; ai^d as h de- 
creases this ratio tends to ^ as its limit and becomes 
s= Ay when h vanishes. 

Therefore, A or -=— is the Imtt of the ratio of the inere- 

d X 

nient of the function to that of the variable upon which it de- 
pends, 

Ilonce the ratio of the differentials of u and x equals 
tiio limits of the ratio of the increments of u and x. 

From the above we derive a very convenient method 
of finding the differential coefficients, as follows : — 

Expand f (x + h), subtract / (a?), divide both sides 
by hf make A =: o, and the term or terms remaining will 
bo the differential coefficients required. 
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We have shown that if u be a functioii of a?, and x be- 
comes X + A — 

ax 

because — — = A, and JTh^ represents all the terms after 
a X 

the first two. 

It is evident that subtracting / (a?), which = «*, and 
replacing/ (a? + h) by its value f«i, we have — 

Wi — w = __ h + Vh^i 
ax 

divide both sides by A, then — 

h ax 

make h = o, then the remaining term of the expansion 

. du 
dx' 

We will now proceed to determine rules for finding 
the differential coefficient. 

Let u=^ aXf a being a constant quantity ; 

.-. Ui^ a{x + h)=-ax '\- ah-=^u '\- ah\ 

du diax) 

.-. _ = <j, or —^ — -' = a. 

ax ax 

Let « = a a: + J, where a and h are constants ; 
.'. «*i = <j(aj + A) ± 5 = aa?± J + tf A= t* + tfA; 

,', —— = <j, or —V— -— _/ = a, 
dx dx 

But by the previous equation -L — I = a ; 

dx 

o3 



298 TBSATISB OH XATHSMATICS. 

. d{ax ±h) __ d{ax) 
d X dx 

Hence we find that constant quantities connected witli a 
variable one by the signs ;i: disappear in differentia- 
tion. 

Let i« = a jr". Then — 

i«i = a (a? + A)" = a («■ + m«"~* h + &c.) 
= a«"-|- mai^^^ h+ &c. 



.". -- = j» a af^* ; 
dx 

or to find the differential coefficients of a xf^, mtdtiply ly 
the indeXf and then diminish the index hy unity. 
Example — 

dx 

Now let M = a s, where s is a function of x. 
Therefore if x become x -f A — 

% will become « + ";-= A + Z1^\ 

dx 

.-. Ui^az+a .-h'\' aZh^i 

ax 

. du __ ^^ d(az) d% 
.•. — = or— ^-^^ — < = a — . 

dx dx dx 

11 u=- a%'\'h, a and h being constant quantities — 

i r du d% 
then -— = a ~- ; 

dx dx 

• ^(<3?g + ^) _ <g<^g ^ d{a%) 
dx dx dx 
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Let f* = 85 + V + «^ + &0. ; z, v, to being functions 
of X — 

.\ u + — - . h + &o. = 8 + 3— . A + V + . ? . A + 1^ + 
ax ax ax 

^ . A + &c. ; 

d^o; (i^^ (^^ (^ ^ 
or — <? (2 + V + w' + &c.) _^2|^«^i<^«^ift,^ 

_ — __ •+— -= — -J- — — -f" <KC. 

ao; a^z; ax ax 

or the differential coefficient of the sum of any functions 
equals the sum of the differential coefficients of each 
function. Besides being thus demonstrable, it also 
stands to reason that the total difference of the dependent 
variable should be equal to the sum of the difPerenoes 
of the independent variables. 

To find the differential coefficient of the product of 
two fimctions. Let w = » v — 

..... = (s+|i.A+ZA^).(. + ^jf A + TA^) 

\ ax ax/ 

in which B:=Zv+r% + ^,il' 

ax ax 

ax ax ax 

or the differential coefficient of the product of two func- 
tions equals the sum of the products of each function 
into the differential coefficient of the other. 
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To find the differential coefficient of the quotient of 
two functions. 

Letti=:-; .-. 9tf = f. 

Here we have a case which can be solved by comparison 
with the previons one. 

az ax ax 

du _\ d% u dv 

dx V * dx V ' dx 






Because •« = - , -= -^ 



• 



<?«_ 1 d% ^%^ dv ^ 
dx~~ V 'ITx f^ ' dx* 



d% dv 
dx dx 



v" 



Let f< be a function of s, and s be a function of x^ 
then if i) M, i) s, i) :(?, be the corresponding differentials 
of u^ %f and x, 

then because t=?xi;.-.^ = :^ .^ 

e h e* Dx jDi Dx 

•n . ^^_(?w. Du__du^ D%^d%^ 
Dx dx* D% dz* Dx dx* 

du du d% 

Next let « = «•,« being =/(«); find fi? . 

dx 
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dj^*"^ ' rx—d-z'Tx-*''' Tx' 

or to find the differential coe£B.cient of t* = «", that is, 
the differential coefficient of %% multiply by the index, 
diminish the index hy unity, and then multiply by the dif- 
ferential coefficient ofz. 

Example.— If « = («» + x'Y, then « = a? + «», and ^ 

dx 

z=l2x {(B^ being a constant quantity goes out) ; 

. du 



dx 



= n (a» + ar^)— 1 . 2 a?. 



The rule for finding the differential coefficient is per- 
fectly general, but when n = - it has a value which is 

useful to remember, as — 

dz 



dx "" 2 ' dx'~ 2 ' dx'~2V% 

It may be as well to digress here to show that «— i is 

equal to -r-or— =r. 

It is evident that 8"* X s5i = 8"* + *= 1; 

Or putting it more generally — 

Si" *■ 

«" 85" 

Wherefore jr* = — , that is, ar" is what is termed * 

ss" 
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n rip m rn i ol — , one quantity being said to be the reci- 
procal of anotber when the product of the two is unity ; 

1 1 X 

thus X is the rodprocal of-yforx x — = — =1. 

From tiie foregoaig we find the following rule: — 
To find the differential coefficient of the square root 
of anj quantity, divide ike differ mtial coefficient of the 
qmmmiity wUer the efuare root hy twice the square root of the 
qmamtity iteeif 

Example. — ^Let u = y/a +hx + e^. 
The differential coefficient of a + b x + e:i^ z=. b + 
2cs; hence — 

du_^ b + 2jx 



DlFFXRENTULTIOK OF AHGULABy ExPONKKnAX., AND 
LOQABITHMIC FuKCTIONS. 

To find the differential coefficient of u, when — 

u = sin. X, COS. X, tan. x, sec. x, &c. 
We must first proye the following proposition : — 

If A be an angle — ^, or — ^ = unity, when A = o. 

It is known from the principles of trigonometry that 

h is greater than sin. h and less than tan. A, 

and in fact this is obvious on reference to the figure, in 
which is the ceatro, h e the arc h, bd sin. A, and a o 
tan. A. 

Theref oro sin. A, A, and tan. A, are in order of magni- 
tude. 
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.-. tan. h — sin. h is greater than h — sin. A, or greater 

than tan. h — h. 



Fig. 17. 




o d 



If therefore tan. h — sin. h ever becomes = ©, or 

, ' ., = 1, "by the same reason will h — sin. A = ©, and 
sin. A 

tan. h — A = <? ; or 



Now 



sin. h _ tan. h 
sin. h COS. h 1 



= 1. 



tan. A 



= - = 1, when h=zo; 



• 7 fo-n A 

therefore — ji_ and — ^^ also respectively = 1, if A= o. 
h h 



Let u = sin. x ; find ^-. 

ax 



du 



Putting (x + h) for a?, « becomes f* + 3— A + FA', 

andw + 4^A+ D^A' = sin. (4; -^ A), 
dx 



du 
dx 



and M = sin. x ; 
A + JTh^ = sin. (a? + A) — sin. x. 



■KT • * A • T> ft -4 + j5 -^ -4 J? 

Now smce sin. A — sm. j9 = 2 cos. r — sm. — - — . 

2 2 



SM 
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and maVing il = #, 



/» 



. am.iA _, ^ 






= co8.ir. 



Lettf = 



.*. -=- 008- X, or 

006. jr; find --; 
ax 

« + J?? A + C^A* = 008. (a? + A) ; 
ax 

d u 
.-. J- A + ^A* = «». (a: + A) — oos. a: ; 

= -2Bm.(x+lA^8in.iA; 

, i?ii , ,7-, / 1 ,\8in. i-A 
.". -= — h t/A = — Bin. (j; — -A i V?— « : 

•< I ^ ^ ^^ ^^ COS. X 

11 A = 0, -=— = — = — Bin. X. 

ax ax 



Let u = tan. x ; find 



du 



du^ 
dx* 



.-. «+^A+ CrA» = tan.(ar + A); 



<^x 



du 
Tx 



A+ D'A* = tan. (a? + A) — tan. a:. 

tan.A(l +tan.^a ? 

1 — tan. x tan. A" 
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then tan. A = o, and ' = 1 ; 

A 

'^«-'^**''-*=l+tan.'*=Bec.»«= ^ 






dx dx COS.* X 



d 



1 ^ u 

Let u = sec. x ^ ; find -=— ; 

COS. X dx 

— d COS. X 
du dx sin. x sin. ^ 1 

d X (cos. a?)'* (cos. a?)* cos. a? ' cos. x ' 

or — = tan. x sec. x, 

dx 

Let u = versin. a? = 1 — cos. x ; 

4.1,^« ^«* ^ COS. d? 

then-—- = — — J = sin. a?. 

dx dx 

T X X COS. a? 
Let u = cotan. a? = -^ ; 

Sin. a; 
u (sin. a:)'* + (cos. xf 1 / \a 



d X (sin. xy sin. a^ 

• = — (1 +cot.2a?). 

Let u = cosec. a? = —. ; 

sin. a? 

— d sin. X 
ru du dx — COS. a? . 

then --- = -r—. rr = T-: rr = — COt. X COSSC. X. 

dx (sin. xf (sin. xy 

Tahulating these results we have — 

-TO • d u 

If t* = sm. Xf J— = COS. X, 

dx 

du 
u = COS. X, 3—= — sm. a?. 
ax 
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u = tan. X, y? = 1 + tan.2 x = ^ 



d X C08.*4?" 

du 
u = sec. X, -5— = sec. 4? tan. x. 
dx 

du 
II = r. sin. X, -J— = sin. a?. 
ax 

u = oot.x. f^ = -(l+cot.':r) = — 1 . 

du 
u =. cosec. X, -^— = — cosec. x cot. a?. 

Let u = sin. «, where 2 =/(a?)j 

Then ^ = -^:?^ .^. 
<^a; d% dx 

•Tk A du x-iA (^ti d % 

But -.=— = cos. z : therefore -7- = cos. % -~. 

dz ax dx 

Let u r= COS. 2 ; find ^r— ; 

dx 

du . e^ii . dz 

3— = — Sin. s: .•.——= — sin. 2-—. 
az ax dx 

Let u = tan. 2 : then lif = 1 + tan.* 2. 

dz 

.-. ^ = (l+tan.'2)fj. 
dx ^ ' dx 

Kd u J (^2 

M = sec. 2, -3- = sec. 2 tan. 2-^ ; 

ax dx 

du . d 2 
tt = t? sin. s, -=~ = sin. 2 -— ; 

dx dx 

« = cot.2, ^'' = — (l+cot.*2)^; 
dx ^ ' dx 
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du , dz 

u = cosec. 2, T- = — cosec. 2 cot. 2 - — 

' ax dx 

To find tlie differential coefficients of the angle in 
terms of the sine, cosine, tangent, &c. 

Before doing this it will he necessary to show that if 
w be a function of a?, or if u=.f{x\ and consequently x 
a function of w, as it is a matter of convention which is 
the independent variable, or as it is written f~^ («*), 
where /~^ is called the inverse function — 

du 1 

dx dx' 
du 

Let Buj Bx, be the differential of u and x. 

Then since ~= ^ , therefore -^-? = - -^ 
JJx Bx 

a Bu 

But since it has been shown that the ratio of the 
differentials is equal to the ratio of the differential co- 
efficient to unity, 

. Bu du^ Bx__dx , du _ 1 

' Bx dx^ Bu du '' dx dx' 

du 
It is necessary here to define, that — 
u = sin."^ X means u is an angle whose sine is x, 
t* = tan."~^a7 ,, u „ ,, ,, x, 

these being called inverse functions. Thus if m = log. x, 
then — 
u = log.""^ X means w is a number of which the log is «. 

K M = sin."* Xf tan.-* x, &c., find ^— . 

dx 

K « = sin."* Xf .*. a: = sin. u ; 
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dx 



= 008. u = sjX — sin.* u = »/\ — a?* ; 
du 

du 1 1 



' ' dx dx \/i — ic»' 
Til 

d X 

u = 008.~* a?, or a? = cos. u, .•.-__= — sin. u : 

du 

du 1 1 



' ' dx sin. u ^i — x^ ' 

« = tan.""*a?, .•. ir=tan.«: .*. -7— =. (1 + tan.^ti); 

du 1 1 



'*(?af l+tan.»n !+«»' 

ti = sec. * a?, .'. a? = sec. u: .•.---= sec. u tan. i* ; 

aw ' 

fi = cot."'^a?, .*. a? = cot. «; .-.--^ = (1 + cot.'M) ; 

du 

du__ 1 ___ 1 

" rfa? "" 1 + cot.» tt "" 1 + a?* ' 

t« = cosec.~* Xy .*. a? — cosec. u ; --? =— cosec. u cot. « ; 

du 

du -^l 1 



(?a? cosec. u cot. w a? \/x^ — 1 

It will be at once observed that these differential 
coefficients are found by a system of substitution ; and 
it appears that the differential coefficient for u = sin.-» x 
IB the reciprocal of that for u = sin. x, and so on. 

A similar process maybe applied to expressions of 

the form of « = sin.~^ -; .*. — = sin. u, 

a a 
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To find the differentialB from the differential coeffi- 
cients : — 

d (sin. x) = COS. x , dx. 
d (cos. x) = — sin. x . d x. 
d (tan. x) = (1 + tan.' x) d x. 

And — ^ / • — 1 \ d X 

d (sin. *a?) = 



d (tan.-^a;) = y^^- 
(? (sec-^a:) = ^^ 



Xf^^X^ — 1 

Example, — ^Find that angle {x) which increases twice 
as fast as its sine. 

Let « = sin. x\ du-=i cos. x , dx. 
But du=:. -- d X, ,\- dx=i COS. x . dx, 

,\ COS. a: = -. .',x =z 60°. 
2 

Again. — Find that angle {x) which increases at the 
same rate as its sine. 

'Slqtq d U'=^ d X. .*. COS. ar = l. .*. a: = 0. 

A few remarks on these examples may be of assistance 
to the student. We may imagine an indefinitely small 
arc in which the arc nearly coincides with the sine. -But 
it is eyident that it cannot quitej as a right line cannot 
coincide with a curve, even if the extremities touched ; 
but such an expression is useful in determining what 
we may call points of departure in each direction. Thus, 
suppose the angle to be measured between a horizontal 
radius and one inclined upwards at an angle of 60° 
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it, then let tlie inclined radius revolve downwards to- 
wards the horizontal radius, the ratio of d? to sine x will 
decrease until a: = o, when passing* below the horizontal 
radius that ratio will again increase. 

Next let « = tf", which generally expresses the rela- 
tion between a number u and its logarithm x ; find — . 

dx 

Because « = a*, Mi = fl^*"*"*^ ^ or x a^. 

13uta* = l +^A+ ^A^^ + &c. Where A =log..a. 

(The Napierian logarithm is here indicated.) There- 
fore — 

.'. -J- = Ax*, and du=:: A a^ dx. 
dx 

J{a = e = 2*71828 (= base of Napierian logarithms), 

A =:log. tf =: 1. 

d ^ 
dx 

Now let M = log. a? ; .*. a?=:a"; .*. r-^ z=zAa*=iAx, 

du 

dx dx A X 
du 

If the base he e, A =z I and - — =: -, or i^lotr x 

dx X ^* 

d X 

~~~ " ■« 

X 



Again, if « = «*, find 



d%i 
d X 
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du J . du du d% A ,d % 

= Aa'; .*. - — =- — . - — =iAa'^—, 

d z dx d % d X dx 

If « = log. (a), find - — 
^ ^ ^ dx 

du __ 1 1. . du du d% 1 \ d % 

d% A ' z^ ' dx dz dx A ' % ' dx 

dz 

If ^ = 1, ^Mi) =if ; and d (log. z) = l-l 

d X z z 

From the foregoing we find, The differential coefficient 
of the logarithm of a function eqtiala the differential coefficient 
of the function, divided hy the function itself 

Example — 

w = log. V^ + ^+1=7 log. (a?* + ar* + 1) ; 



then 



du ___ 2a? + X 



dx a:* + a:*+ 1 



Successive Differentiation. 

If u •=if{x)y - — , its derivative, may also be a funo- 

d X 

tion of X, f \x)y and is capable of being differentiated. 

d u 

Suppose -—z=zp^ and for x put x + h. 
d X 

ft St 

Then by replacing uhy -j— in the expression u + 

a X 



810 TBKATISB ON MATHEMATICS. 

it, then let the inclined radius revolve downwards to- 
wards the horizontal radius, the ratio of x to sine x will 
decrease until x-=.o, when passing below the horizontal 
radius that ratio will again increase. 

Next let « = <i", which generally expresses the rela- 
tion between a number u and its logarithm x ; find ■— . 

dx 

Because u^tfy «i = a^*"*"*^ = »• x »*. 

13uta* = l -f^A-f ^A^K" + &c. Where A = log., a. 

(The Napierian logarithm is here indicated.) There- 
fore — 

Ji 

.'. 3- = ^ic*, and du'=^ AsE^ dx. 
ax 

If « = g r= 2-71828 (= base of Napierian logarithms), 
A =log. e=zl, 

d ^ - 

,\ ^r— •=. tf \ a (f z=^ ef d X, 1 

dx I 

Now let u = log. a? ; .*. a? = a* ; .'. -- =^ fl" =^ a?. 1 

a u 

. ^__J___1 l_ 

dx dx A X 
du 

If the base be tf, -4 = 1 and - — = ~, ot d log. x 

dx X 

d X 

X 

Again, if w = a', find -— . 

d X 
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du J , , du du dz . ,d % 

. — A a *y .'. — — — . -A a -J- , 

dz dx dz dx dx 

If fi = log. (a), find ^. 

du __ 1 1. . du du d % __ I \ d% 

dz A ' z^ ' ' dx dz ' dx^ A * z * dx 



dz 



dz 



a z 

li A=\, i^^ =iZ; and d (log. z) = li 

d X z z 

From the foregoing we find, The differential coefficient 
of the logarithm of a function equals the differential coefficient 
of the function, divided hy the function itself 

Example — 

u = log. V^ + ar* + 1 = i log. (ar* + ar* + 1) ; 



then 



du __ 2 a^ + X 



dx X^ + 0^-+- 1 



Successive Differentiation. 

If u:=f{x)f --, its derivative, may also be a funo- 

d X 

tion of Xf f \x), and is capable of being differentiated. 

d 11 

Suppose _- = ^, and for x put x-\-h, 
dx 

Then by replacing w by -j— in the expression u + 

dx 
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d/du\ 

ph + UK\ we get4?i+J^>'A + &c. =i> + ^ A 
ix ^ dx ax dx 

Then because -_=/», 

dx 

dtdu\ 

therefore -l£f/ =4^. 
ad? dx 

In like manner may J^ be a function of x and 
equal q^ 



and 



dx dx dx ( dx ) 



and 80 on for succeeding differential coefficients. 

This is called successive differentiation, and -=— > v^, 

ax ax 

-3^, &c., are called the first, second, third, &c., differen- 
a z 

tial coefficients. 

A more compact notation than the above is used, the 
reason for which appears upon consideration of differ- 
entials, and it may here be observed that dx as well as 
h is always considered to be invariable, when u =/(:r). 

Since -=— = », .*. du = » . dx, 
dx 

.'. d{du) =.d,p . dx .hut dp=z qdx; 
.'. d{du)=:iq , da^. 

But as d {d u) is the symbol showing that u has 
been twice differentiated, and d is the symbol of dif- 
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ferentiation, therefore d^u will properly express the 
fact that u h£is been twice differentiated. 

Similarly d{cPu)=icPu=idqda?=z rdo?, 
d{d? u)^-d^u '=-drdi}^ = « da^. 
&c. 

' ' dx dx^' 

da ^ d^u 
dx da^' 

dr (^«. 

dx dix^ 

and the nth differential coefficient is -= — . 

The following are exetmples of successiye differentia- 
tion: — 

Let u=zai^ + a^ + x + U 

^ = 3«» + 2a?+l. 
dx 

^=6* + 2. 
dx 

^=2X8. 

dar 

Let tt =1 - = a:"\ 
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= 2 x~^ = : 

dx" ^ a^ ^' 

|^ = (— I)'x2x3x4x5..» Xar-««+i). 

Letii = Bin.(aar + a); find^. 

<^t< /> i z\ 

_=acos.(aa? + J); 
d^u J • / I T\ 

^— J = tf* sin. (aa? + 5) = tf* «. 



Maxtma Am) MmncA. 

If « =/(a?), express the relation between the function 
u and the variable a?; then if x •=.a make/ (a) greater 
than loth f {a + A) and f{a — A), « =/(«) is said to be 
a maximnm ; but if /(<») is less than both /(a + ^) and 
/(« — A) it is said to be a minimuTn. 

It is easy to imagine that a quantity may gradually 
increase up to a certain value and then decrease again. 
Now in such a case there will be a TAOximwn value. And 
in like manner we may conceive that a quantity gradu- 
ally diminishes to some value whence it again ascends, 
BO that a minimum value is found to occur. 
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Thus, for example, take a semicircle ; commencing 
with an angle = o, we shall find the sine increasing with 
the angle until it reaches its greatest value at an angle 
of 90 degrees, after which it will again decline to zero. 
On the other hand, a line drawn from the focus of a 
parabola to its vertex is less than any of the focal dis- 
tances drawn on each side of it, hence it is a Tnininmnr) . 

The differential calculus ajSords a very convenient 
means of ascertaining the positions corresponding to 
maximimi and minimum values. 

First, the following proposition must be proved : — 

A«+i + &c., where the ratio of any coefficient to the one 
immediately preceding is finite, that is — y" ■ is finite, 

h may be so assumed that any one term shall be greater 
than the sum of all the terms that follow it. 

Let r =■ greater than the greatest ratio between the 
coefficients. 

.\~^<r, 0TA2<Air. 
Ai 

-4a 

^<r; .-. A,<A,f*. 
As 

.'. Aih + Aih"" A^h^ + &Q, <Aih + Airh* + 

^ir»A' + &c. 

<Aih (1 + r A + rU» + &o.)- 
1 



<A,h 



l—rh' 
F 2 
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Let r A =--, or A = -— ; .'. — -. = 2. 

2 2r 1 — rh 

Similarly may -4a A' be shown to be >-4j A' + A^h*' + 
&c. 

We have here supposed the series to extend to in- 
finity ; if it extend to n terms it is evident that any term 
is greater than the snm of all the terms that follow it. 

If u z=.f{x) be a maximum or minimum when x'=.a, 

then on the same supposition _. = o. 

ax 

This is evident on a little consideration, for if the 
quantity increases up to xz=za and then decreases, it 
follows that when x-=ia there is neither one nor the 
other action occurring ; so if we suppose the quantity u 
to be the ordinate to a curve, at the maximum or 
yniTiiTmTm a tangent to such curve will be parallel to the 
axis of X. 

11 u^ f (a?), and «i = / (a? + A), then by Taylor's 
theorem, 

«.=« + -^A. + ^. _+^._+etc + 



dx* 2.3 . . . n 

The proof of this depends upon the proposition that 
if Wi =/(ir + h) — 

dui __dux 
d X dh 

or £he coefficient of A is the same in the expansion 
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/(o? + 2 K)f whether m/(a? + A), x become Ekr -|- A, or A 
becomes A + A. 

Let a? + A = a?i ; .-. u^ =f{x,\ and ^ = ^f(^0, 

d Xi dxi 

But <l«fL=lifL . i£ =also-li^ . ^. 
dxi dx dxi dh dxi 

d X UK 

But A being constant, ~ — = 1 ; ar constant, — = 1. 

dx^ ' dxi 

' ' d X d h' 
d /d wA (? (d wA 
Hence -1^ = \?>^ : or ^ =-^' ^ 

and^*-^ = ^^ 

Let .-. «i=:« + ^A+PA'»+ QA»+ J2A* + i&c. 

ax 

...4^»=4^+2PA+3QA^+4J2A' + &c. 

^ =4^+.^« . A + 4^ . A» +4^ . A' + &c. 
dh dx dor dx dx 

Whence equating the coefiB.cients of the same powers 
of h — 

"'■^-'dl^' ■ 2"d^' 



818 TBSATISB ON IIATHBMATIOS. 

••• •'^ = ''+7i* + -??- T:2+-5^- -273 + ^^- 

Iset t«i =/(« + A), and ti, =/(«— A). 

Then at a maximum or minimum, u = f(x) must be 
greater or less than both / (a? + A) and f(x — A), or 
greater or less than both Ui and t^, and hence t^ — u 
and «3 — ti must both have the same algebraical sign. 

dx ^ da^ 1.2 da^ 2.3^ 

dx do? 1.2 <?ar» 2.3 

+ &c., 

by writing — h for A in the value of «i — k. 

Hence, since the first term of the expansion can be 
made greater than the sum of all the terms that follow 
it (if :r = a does not make any of the differential coeffi- 
cients infinite), it is evident that while the term - A 

dx 

exists, Ux — u and w, — u will have different algebraical 

signs ; that is, «i and tfj cannot be both greater or both 

less than «. Therefore if there be a maximimi or 

• . d u J 

mimmimi -.r— = o, and — 
d x 

d^u W ,d^u A» , « 

^^-"=5^-t:2 + c?^-2^+*^ 



Now if ip = a does not make , -« = o, the sign of 

d or 
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Ml — tt and Wa — u, since h^ is positive, will depend upon 
that of ^. 

K therefore 3-- be +, «i — wand «a — « are both 
+ and rt^?^ t7^«(2. 

If ^=—5 be +> Wi and «2 are both greater than m, or t< is 

a TniTn'TniTm , and vice versd. 

Hence we obtain the following rule : — 

To find whether u^z f(jv) contain any maxima or 

minima, put -=— = 0, substitute the values of x thus 

d X 

found in .^5-—, if the results be positive there axemmima; 
d or 

if negative maxima, 

d'u 



If 



, however, -p— = 0, when a? = <», 
dx^ 






and «i — u and tfj — m have again different signs; 
and therefore there will be no maxima or minima if 

exist. Hence it is obvious that there is a maximum 
d a^ 

or TniTiiTmmn only when the^«^ dijfermtidl eoefieimt iM 
does not vanish is of an even order. 
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If « =: T"'^'"^TiTn i =: TniniTrnimj and coiiYerselj. 

U 

T . I dv I du 

Let © = - ; "y~= o«"3-» 

u dx %r dx 

dn^^i^^dd^ %^'d^x u^*d(x?' 

« == maximiim. 

Therefore, if „ be negative, -w-? is positive, or if n 

aar » xr 

be a maTJTniiTn, ~ is a TninirmiTn. 

u 

Examples : — 

Let « = «' — hai^+ 11 a? — 6. 

dx 
.% Sie' — Ux+ 12 = 1; «» — 4a?+4=I; 

Let a? = 2 + ^ ; .'. ^ = 2 J'T indicates a mini- 

3 da^ 

mum. 

X =z2 — ^^ ; .*. -— = — 2fjs indicates a maximum. 
3 dx^ 

Find that fraction which exceeds its second power by 
the greatest possible number. 
Itct X be the fraction. 
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.'. t« = a? — 3^ ia €L maxiiuum. 

du 10 1 

.*. T— =1 — 2x=:o; .•. a? = -- 

dx _ 2 

d^u « 1 . 

-Y-T- = — 2, or a? =— , IS a maxuuxim. 

dar 2 

It is not possible within the limits of the present work 
to enter exhaustively into the applications of the dif- 
ferential calculus in its higher developments, and we 
have therefore limited ourselves to the treatment of the 
subject so far as it may be found useful by the class of 
students for whom we write, but before closing this 
part of our subject we may show one or two applica- 
tions in addition to those which have already appeared 
in the examples. 

By means of the differential calculus certain quanti- 
ties may be eliminated from equations. 

We have seen that constant quantities connected with 
the functions by plus or minus signs disappear in the 
process of differentiation, but those multiplied into the 
function or any of its terms will appear in the differen- 
tial coefQ.cient. 

Letw = aar*; .*. -7— = 2«a?. 
' dx 

T> X ^ du 2u 

x* ax X 

An equation from which a has disappeared. 

m 

Let w = (a' + a?*) * . 

m 

du o »»/2 I -ji\-? — 1 2mx(a^+ a^)* 

• • -.— = 2x- {a^+ ar*)* = / j . ^v^ = 

dx n^ ^ n{a^+ sr) 

2mxu 
p3 
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In this way irrational and transcendental quantities 
are eliminated. 

If there be two constants, as a and h, involved in the 
equation, then the equations u-=.Ofdu-=.o, and d^u-=-o 
must be combined to eliminate them. liyz=zf (x)^ 

Let fi=y — ajj" — hxzno^ or y:=aa^+ hx, 

dx da^ dx da? 

a? d*y dy , . d^ y 

da? X ' dx a? 
Let y = a cos. mx+ h sin. m x ; eliminate a and h. 

dy • I 1 

-i-=. — ma sm. mx'\'mh cos. m x, 

dx 



d^y _ 
da? 



•= — m* a COS. mx — m^h sin. m x 



=. — m' (a COS. mx-\' h sin. m a?) = i»' y. 



•• rf*» 



-|- tn' y = 0. 
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THE INTEGRAL CALCULUS. 

The Integral Calculus is the inverse of the Differential 
Calculus, its object being to discover the original func- 
tion from a given relation between the differential co- 
efficients and functions of x and u. 

The process by which u is found from — is called 

integration J and is indicated by the symbol /p. 

At £rst sight the process of integration seems simple 
enough, merely consisting in inverting the rule for dif- 
ferentiating, and so applying it, but a little thought will 
show that this is not in every case sufficient. 

It will be remembered that in differentiating, constant 
quantities connected with the functions by pltts or miniM 
signs disappeared, hence in recovering the function these 
(if any) must be reproduced. The rule to integrate a 
monomial will therefore become, add unity to the index, 
divide hy the index so increased, and add a constant. 

The value of the constant will be determined by the 
nature of the problem. 

Generally, if ^ =/(^), u =/ .f{x) + C. 

ax •/ a? 



824 TBBATIBB ON 1CATHEMATIC8. 

Also because if ^ = /(a?), ,-. du=:f(x)dx. 
u is found by prefixing the symbol y thus — 

u=:f.f{x)dx+ C. 

The symbol / is the initial letter of summa, the in- 
tegral being said to be the sum of the differentials of 
the function ; thus f *f{x) Ax and j . / (a?) dx are the 

same, also as in jd uz=u, the symbols /and d are used 

to indicate inverse operations. 

Let us take a simple case, where -=— =.aa^. 

dx 

d X 
,\ a -=.11 Ay and m = n — 1 ; .•. » = w + 1, 

and =— = ; / aaf* = — ?._— . af'+^ + CI 

n m+ I y« m+ 1 ^ ' 

from which also may be deduced the rule indicated 

above. 

^ » »o du _-,* a 1 

Agam, 11-5— = «^ =__,«= — 



dx x^ m — 1 af^^ 

+ 0. 

derived from the foregoing by putting — m for m. 

The general formula wiU not obtain when m = — 1, 
for then — 

1 1 
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- Butiii» = — 1, ._—=- = <»-. 
■* ax X X 

But because ? = a . ^JS^), ... a/i =alog.a; 
X dx J^x ^ 

+ 0. 

Thus the value of u may be found if that of C be first 
. determined. 

For suppose u-=.o, when a? = J. 

.•. = -+ Cy or C = — -; 

W+ 1 

= log. -T = » logp a? — a log. J = « log. a? + C. 
Next, since if w = log. \_f{x) ] = log. (s), where % = 

(?g •* dt 

du dx 1 dx ^ f \ \ n 

or if there be a fraction in which the numerator is the 
derivative of the denominator, the integral is the 
logarithm of the denominator. 

® Jx^ l+ar» ""2 * TIT?' 



.♦. w = - log. (1 + a?») = log. ^1 + «*• 
Because ^+Ji+|^+&c. = -^(i;+^ + ra 



&c.); 



4. 



Off 



(P+f + r+Ac,) 
dm 



dx 



^-3-:=^ 






••-=^/,'-+i^/,*-+cy;.,+ 



&e. 



_ ^ 



«•+' + 



rf^ - •^;r?''*^ "'••faction of x; find.. 
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Bridges, Cranes, Ship-building, &c., &c. By J.G. Winton. Illttstrated. $*,% 

165. IRON AND HEAT, exhibiting the Principles concerned in the 
-^ Construction of Iron Beams, Pillars, and Bridge Girders, and the Action of 
• Heat in the Smelting Furnace. By J. Armour, C.E. 2s. 6d.4: 

166. POWER IN MOTION: Horse-Power, Toothed- Wheel Gearing, 

Long and Short Driving Bands, and Angular Forces. By J. Armour, 2S.6d.i 

167. IRON BRIDGES, GIRDERS, ROOFS, AND OTHER 

WORKS. Bv Francis Campin, C.E. 2s. 6d.t 
171. THE WORKMAN'S MANUAL OF ENGINEERING 

DRAWING. By John Maxton, Engineer. Fourth Edition. Ulustrated 

with 7 Plates and nearly 350 Woodcuts. 3s. 6d4 
190. STEAM AND THE STEAM ENGINE, Stationaiy and 

Portable. Being an extension of Mr. John Sewell's " Treatise on Steam." 

By D. K. Clark, M.I.C.E. Second Edition, revised. 3s. 6d.t 
200. FUEL, its Combustion and Economy. By C. W. Williams, 

A.I.C.E. With extensive additions on Recent Practice in the Combustion 

and Economy of Fuel— Coal, Coke, Wood, Peat, Petroleum, &c.— by D. K. 

Clark, M.I.C.E. 2nd Edition. 3s. 6d.t 
202. LOCOMOTIVE ENGINES, By G. D. Dempsey, C.E. ; with 

large additions by D. Kinnbar Clark, M.I.C.E. xs.t 
211. THE BOILERMAKER'S ASSISTANT in Drawing:, Tern- 

plating, and Calculating Boiler and Tank Work. By John Courtney, 

Practical Boiler Maker. Edited by D. K. Clark, C.E. 100 Illustrations. 2s. 

216. MATERIALS AND CONSTRUCTION; A Theoretical and 

Practical Treatise on the Strains, Designing, and Erection of Works of Con- 
struction. By Francis Campin, C.E. 35.* [Jusi published. 

217. SEWING MACHINERY: a Manual of the Sewing Machine; 



comprising its Construction, History, &c., with full Technical Directions 
for Adjusting, &c. By J. W. Urquhart, C.E. 2s.t 

223. MECHANICAL ENGINEERING, Comprising Metallurgy, 

Moulding, Casting, Forging, Tools, Workshop Machinery, Manufacture of 
the Steam Engine, &c. By Francis Campin, C.E. 2s. 6d.i 

224. COACH BUILDING, A Practical Treatise, Historical and 

Descriptive, containing full information of the various Trades and Processes 
involved, with Hints on the proper Keeping of Carriages. By J, W. 

BUROBSS. 2S. 6d.t 

PRACTICAL ORGAN BUILDING, By W. E. DiCKSON, 
M.A., Precentor of Ely Cathedral. Illustrated. 2s. 6d.t [Just published. 



The % indicates thai these vols, may be had strongly bound at ^d» extro.. 
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WE ale's rudimentary series. 



SHIPBUILDING, NAVIGATION, MARINE 

ENGINEERING, ETC. 
51. NAVAL ARCHITECTURE, the Rudiments of; or an 

tion of the Kicmentary Principles of the Science, and their Practical^ 
rAtion to N.ival Construction. Compiled for the Use of Beginnm. 
James Trakr, School of Naval Architecture, H.M. Dockyard, Por 
l-'ourth Kiliiion, corrected, with Plates and Diap-ams. 3s. 6q.1 

53«. snips I OR OCEAN AND RIVER SEI^pycE, Elemt 

and Practical Principles of the Construction of. By Hakon A. So 
rPLDT, Surveyor of the Royal Norwegian Navy. Wiui an AoDendiz. 

53 • • . AX A TLAS OFENGRA VINGS to Illustrate the above. Tw*] 
l.irire foldini; plates. Rojral 4to, cloth. 78. 6d. 1 

54. MASTING, MAST-MAKING, AND RIGGING OF SBm 
Rudimentary Troatiso on. Also Tables of Spars, Rigging, Blocks; Chttl 
AVire, and Hemp Ropes, Ike., relative to every class of vessels. WiA &1 
Appendix of Dimensions of Masts and Yards of the Royal Nayv. By RobiC| 
KippiNO, N.A. Fourteenth Edition. Illustrated, as.t l 

54«. IRON SHIP-BUILDING, With Practical Examples andDetaik 
for the Use of Ship Owners and Ship Builders. By John Grantham, Cat-] 
suiting Engineer and Naval Architect. 5U1 Edition, with Additions ti. \ 

54»». AN ATLAS OF FORTY PLATES to lUustrate Se'a&t 
Fifth Edition. Including the latest Examples, such as H.M. Steam Frinkil 
••Warrior," "Hercules,^' " Bellerophon ; " H.M. Troop Ship^Serapa. 
Iron Floating Dock, &c., 8cc. 4to, boards. 38s. 



55. THE SAILOR*^ S*EA BOOK: a Rudimentary Treatise a 
Navi|fation. Part I. How to Keep the Log and Work it offl Part II. Oi 
Finding the Latitude and Longitude. By Jabirs Grbbnwood B.A ' To 
which are added, the Deviation and Error of the Compass ; Grreat Ciide 
Sailing ; the International (Commercial) Code of Signals ; the Rule of tk 
Road at Sea; Rocket and Mortar Apparatus for Saving^ Life; the Lawol 
Storms ; and a Brief Dictionary of Sea Terms. With numerous Woodcuts 
and Coloured Plates of Flags. New, thoroughly revised and much enlarnd 
edition. IW W. H. Rossbr. 2s. 6d.I 

80. MARINE ENGINES, AND STEAM VESSELS, a Treatise 

on. To(;:ethcr with Practical Remarks on the Screw and Propelling Power, 
as used in the Royal and Merchant Navy. By RonBRT AIurrav CX, 
En jfinecr- Surveyor to the Board of Trade. "With a Glossary of T«:hnical 
Terms, and their Equivalents in French, German, and Spanish. Seveadi 
Edition, revised and enlarged. Illustrated. i%.t 

Zibts. THE FORMS OF SHIPS AND BOATS: Hints, Experiment, 
ally Derived, on some of the Principles regulating Ship-building. ByW. 
Bland. Seventh Edition, revised.with numerous Illustrations and ModAl« ts^ 

^. NAVIGATION AND NAUTICAL ASTRONOMY, in Thcffl^ 
and Practice. With Attempts to facilitate the Finding of the Time and tbe 
Longitude at Sea. By J. R. Young, formerly Professor of Matiiematics is 
Belfast College. Illustrated. 2s. 6d. 

100*. TABLES intended to facilitate the Operations of Navigation and 
Nautical Astronomy, as an Accompaniment to the above Book. By J. R. 
Young, .is. 6d. 

106. SHIPS' ANCHORS, aXi-eatise on. By G. Cotsell, N.A. is 6d. 

149. SAILS AND SAIL-MAKING, an Elementary Treatise on. 
With Draughting, and the Centre of Effort of the Sails. Also, Weighb: 
and Sices of Ropes ; Masting, Rigging, and Sails of Steam Vessels, &c &c 
Eleventh Edition, enlarged, with an Appendix. By Robert Kippinq, i}'A 
Sailmaker, Quayside, Newcastle. Illustrated. 2s. 6d.t ' ** 

155. THE ENGINEER'S GUIDE TO THE ROYAL AND 
MERCANTILE NAVIES. By a Practical Enginbbr. Revised by D. 
F. M'Carthv, late of the Ordnance Survey Office, Southampton, ts 

55 PRACTICAL NAVIGATION Consisting of The Sailor's 
& Sea-Book. By Jambs Grbbnwood and W. H. Rossbr. Tof>ather with 

204 *^® requisite ^rathcmalical and Nautical Tables for the Working of the 
^* Problems. By Henry Law, C.E., and J. R. Young, formerly Professor of 
Mathematics in Belfast College. Illustrated with numerous Wood Engrav. 
\T\g% and Coloured Plates. 7s. Strongly half-bound in leather. 

iff^?* T/ie % ittdicaiet that these vols, may be had sirmxvrly bound <it ^d. extra. 
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weale's rudimentary series. 



"7 PHYSICAL SCIENCE, NATURAL PHILO- 
SOPHY, ETC. 

., I. CHEMISTRY, for the Use of Beginners. By Professor George 
Fo\VNKS, F.R.S. With an Appendix on the Application of Chemistry to 
' Agfriculture. is. 

j; 2. NATURAL PHILOSOPHY, Introduction to the Study of; for 
J the Use of Beginners. By C. Tomlinson, Lecturer on Natural Science in 

^^ King's College School, London. Woodcuts, is. 6d, 

J 4. MINERALOGY, Rudiments of; a concise View of the Properties 
^ of Minerals. By A. Ramsay, Jan. Woodcuts and Steel Plates, js.t 

, 6. MECHANICS, Rudimentary Treatise on; being a concise Ex- 
position of the General Principles of Mechanical Science, and their Applica- 
tions. By Charles Tomlinson. Illustrated, is. 6d. 

7. ELECTRICITY; showing the General Principles of Electrical 

Science, and the purposes to which it has been applied. By Sir W. Snow 
Harris, F.R.S., &c. With Additions by R. Sabinb, C.E., F.S.A. is. 6d. 
7», GAL VANISM, Rudimentary Treatise on, and the General Prin- 
ciples of Animal and Voltaic Electricity. By Sir W. Snow Harris. New 
Edition, with considerable Additions by Kobbrt Sabinb, C.E., F.S A. is. 6d. 

8. MAGNETISM; being a concise Exposition of the General Prin- 

ciples of Magnetical Science, and the Purposes to which it has been applied. 
By Sir W. Snow Harris. New Edition, revised and enlarged by H. M. 
NoAD, Ph.D., Vice-President of the Chemical Society, Author of "A 
Manual of Electricity," «tc., &c. With 165 Woodcuts. 3s. 6d.t 

11. THE ELECTRIC TELEGRAPH; its History and Progress; 

with Descriptions of some of the Apparatus. By R. Sabinb, C.E., F.S.A. %%. 

12. PNEUMATICS, for the Use of Beginners. By Charles 

Tomlinson. Illustrated, is. 6d. 
72. MANUAL OF THE MOLLUSCA ; a Treatise on Recent and 
Fossil Shells. By Dr. S. P. Woodward, A.L.S. Fourth Edition. With 
Appendix by Ralph Tatb, A.L.S., F.G.S. With numerous Plates and 300 
Woodcuts. 6s. 6d. Cloth boards, 7s. 6d. 
*l<^**, PHOTOGRAPHY, Popular Treatise on; with a Description of 
the Stereoscope, &c. Translated from the French of D. Van Monckhovbn, 
by W. H. Thornthwaitb, Ph.D. Woodcuts, is. 6d. 

96. ASTRONOMY. By the Rev. R. Main, M.A., F.R.S., &c. 

New Edition, with an Appendix on ''Spectrum Analysis." Woodcuts, is. 6d. 

97. STATICS AND DYNAMICS, the Principles and Practice of; 

embracing also a clear development of Hydrostatics, Hydrodynamics, and 
Central Forces. By T. Baker, C.E. is. 6d. 
138. TELEGRAPH, Handbook of the; a Manual of Telegraphy, 
Telegraph Clerks' Remembrancer, and Guide t« Candidates for Employ- 
ment in the Telegraph Service. By R. Bond. Fourth Edition, revised and 
enlarged : to which is appended, OuESTIONS on MAGNETISM, ELEC- 
TRICITY, and PRACTICAL TELEGRAPHY, for the Use of Students, 
by W. McGregor, First Assistant Supnt, Indian Gov. Telegraphs. 3s.t 

143. EXPERIMENTAL ESSAYS. By Charles Tomlinson. 

I. On the Motions of Camphor on Wator. II. On the Motion of Camphor 
towards tbeLight. III. History of the Modem Theoiy of Dew. Woodcuts, is. 

173. PHYSICAL GEOLOGY, partiv based on Major-General Port- 

lock's "Rudiments of G«ology." By kALPHTATB,A.L.S.,atc. Woodcuts, m. 

174. HISTORICAL GEOLOGY, partly based on Major-General 

Portlock's "Rudiments." By Ralph Tatb, A.L.S» 8ec. Woodcuts, as. 6d. 

173 RUDIMENTARY TREATISE ON GEOLOGY, Physical and 

ft Historical. Partly based on Major-General Portlock's "Rudiments of 

174. Geology." By Ralph Tatb, A.L.S., F.G.S.,8cc. In On© Volume. 4s. 6d.1 

183 ANIMAL PHYSICS, Handbook of. By Dr. Laednkr, D.C.L., 
& . formerly Professor of Natural Philosophy and Astronomy in University 

.0. College, Lond. With 5S0 Illustrations. In One Vol. 7t. 6a., cloth boards. 



* * Sold also tH Two Parts, as follows .*• 



183. At^tmal Physics, i^y Dr. Larunbr. Part I., Chapters I.— VII. 40. 

184. Animal Physics. By Dr. Laronbr. Part II., Chapters VIlI.—XVlll. 



TAe t indicafes thai these vols, may he had st»-ongly b<mnd at <^. *^^'»^! 



f, stationers' hall C0\3RT» lAJDGKI.^ ^\\A-, ^*'^' 



1*£ALX'S RUDIMENTARY SERIES. 



MINING, METALLURGY, ETC. 
117. SUBTERRANEOUS SURVEYING, Elementary and RacfidI 
Treatise on, with and without the Magnetic Needle. By Thomas Fmno^l 
Snn-ryor of Mines, and Thomas Bakbr, CJS. Illustrated, as. 6d.t I 

133. METALLURGY OF COPPER ; an Introduction to the MeftiAl 

of Seeking, Mining, and Assa^ng Copper, and Mannfactnring its AI^I 
By Robert H. Lamborn, Ph.D. Woodcuts, ss. 6d.t I 

134. METALLURGY OF SILVER AND LEAD, A Desaiptii 

of the Ores ; their Assay and Tr^tment, and valuable Constituents. ^Ol] 
R. H. Lamborn. Woodcuts, ss. 6d.t 

135. ELECTRO-METALLURGY; Practically Treated. By Ain-I 

andbr Watt, F.R.S.SA. 7th Edition, revised, with important additioBil 
including the £lectro-Deposition of Nickel, 8cc. Woodcuts, ts.^ 

172. MINING TOOLS, Manual of. For the Use of Mine Managqs, 

Agents, Students, Sic. By William Morgans, as. 66..% 
I72*. MINING TOOLS, ATLAS of Engravings to Illustrate the aboit, 
containing 335 Illustrations, drawn to Scale. 4to. 4s. 6d. ; cloth boards, fit^ 

?76. METALLURGY OF IRON, Containing History of Iron Mann. 
facture, Methods of Assay, and Analyses of Iron Ores, Processes of Mana* 
facture of Iron and Steel, &c. Bv H. Bauerman, F.G.S. 4th Bdition. 4S. 6d.t 

180. COAL AND COAL MINING, A Rudimentary Treatise on. 

By Warimoton W. Smyth, M.A., F.R.S. Fifth Edition, revised aai 
enlarged. With numerous Illustrations. 3s. 6d.t ' X^usi ^uhliskei, 

195. THK MINERAL SURVEYOR AND VALUJBR'SCOU' 
PLETE GUIDE, with new Traverse Tables, and Descriptions of Improved 
Instruments ; also the Correct Principles of La3ring out and Valuing Mineral 
Properties. By Wiixiam Lintrrn, Mining and Civil Engineer, ts. Mi 

214. SLATE AND SLATE ^ ^-4^^ r/ATCr, Scientific, Practical, and 

Commercial. By D. C. Davibs, F.G.S., Mining Engineer, &c. Witk 
numerous Illustrations and Folding Plates. 33.^ 

215. THE GOLDSMITH'S HANDBOOK, containing full Instruc 
tions for the Alloying and Working of Gold. By Gborgb £. Gbb, Goldsmith 
and Silversmith. Second Edition, considerably enlarged. z^'t\.yust published. 

225. THE SILVERSMITHS HANDBOOK, containing fuU In- 
structions for the Alloying and Workingr of Silver. By Gborgb E. Gbb. ts.* 

220. MAGNETIC SURVEYING, AND ANGULAR SURVEY- 
ING, with Records of the Peculiarities of Needle Disturbances. Compiled 
firom the Results of carefully made Experiments. By Wiluaic Lintbrn, 
Mining and Civil Engineer and Surveyor, ss. \,^ust published, 

FINE ARTS. 

20. PERSPECTIVE FOR BEGINNERS. Adapted to Young 

'■ Students and Amateurs in Architecture, Paintin?. 8cc. By Gborgb Pynb. <$. 

40 GLASS STAINING, AND THE ART OF PAINTING ON 

^41. GLASS, From the German of Dr. Gbssrrt and Emanubl Otto From- 

BBRO. With an Appendix on Thb Art op Enamelling. 2s. 6d. 
69. MUSIC, A Rudimentary and Practical Treatise on. With 

numerous Examples. By Charlbs Child Spbncbr. ss. 6d. 
71. PIANOFORTE, The Art of Playing the. With numerous Exer- 

cises & Lessons from the Best Masters. By Charlbs Child Spbncbr. is.6d. 
69.71. MUSIC AND THE PIANOFORTE, In one volume. Half 

bound, 5s. 

181. PAINTING POPULARLY EXPLAINED, including Fresco, 

Oil, Mosaic, Water Colour, Water-Glass, Tempera, Encaustic. Miniature, 
Painting on Ivorv", Vellum. Pottery, Enamel, Glass, &c. With Historical 
Sketches of the Progress of the Art by Thomas John Guluck, assisted by 
John Timbs, F.S.A. Feurth Edition, revised and enlarged. $*•% 
186. A GRAMMAR OF COLOURING, applied to Decorative 
Painting and the Arts. By Gborgb Fibld. New Edition, enlai^ed and 
adapted to the Use of the Ornamental Painter and Designer. By Ellis A. 
Davidson. Wit h two new Coloured Diagrams, &c. 3s.* 

The X indicates that these vols, may be had strongly bound at 6d. fxitnm 
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3 AGRICULTURE, GARDENING, ETC. 

S 66. CLAY LANDS ^ LOAMY SOILS, By Prof. Donaxdson. is. 
K 131. MILLER'S, MERCHANTS, AND FARMER'S READY 
^ RECKONER, for ascertaining at sight the value of any quantity of Com, 

g^ from One Bushel to One Hundred Quarters, at any g^iven price, vtoxa. j^z to 

^5 per Qr. With approximate values of Millstones, Millwork, 8ec. zs. 

^; 140. SOILSy MANURES, AND CROPS. (Vol. I. Outlines of 

^ Modern Farming.) By R. Scott Burn. Woodcuts, ss. 

^ 141. FARMING &* FARMING ECONOMY, Notes, Historical and 
i Practical, on. (Vol. 2.0utunbs of Modern Farming.) By R. Scott Burn. 3s. 

^ 142. STOCK; CATTLE, SHEEP, AND HORSES, (Vol. 3. 
% Outlines op Modern Farming.) By R. Scott Burn. Woodcuts, ss. 6d. 

el 145. DAIRY, PIGS, AND POULTRY, Management of the. By 

R. Scott Burn. With Notes on the Diseases of Stock. (Vol. 4. Outlines 
»i OP Modern Farming.) Woodcuts. 2s. 

1' 146. UTILIZATION OF SEWAGE, IRRIGATION, AND 
y RECLAMATION OF WASTE LAND. (Vol. <. Outunes op Modbrn 

Farming.) By R. Scott Burn. Woodcuts. 2s. ed. 
P *<»* Nos. Z40-Z-2-5-6, in One Vol., handsomely half-bound, entitled ''Outlines op 

■ Modern Farming." By Robert Scott Burn. Price Z2s. 

Jl 177. FRUIT TREES, The Scientific and Profitable Culture of. From 
the French of Du Breuil. Revised by Geo. Glenny. X87 Woodcuts. 38. 6d.t 
198. SHEEP; THE HISTORY, STRUCTURE, ECONOMY, AND 
2 DISEASES OF. By W. C. Spooner, M.R.V.C, &c. Fourth Edition, 

|t enlarged, including Specimens of New and Improved Breeds. 3s. 6d.t 

)• 201. KITCHEN GARDENING MADE EASY. Showing how to 
' ^epare and lay out the ground, the best means of cultivating every known 

Vegetable and Herb, with full cultural directions, &c. By George M. F. 

Glenny. zs. 6d.:t 

■ 207. OUTLINES OF FARM MANAGEMENT, and the Organu 

zaiion of Farm Labour: Treating of the General Work of the Farm ; Field 
and Live Stock ; Details of Contract Work ; Specialities of Labour, &c., &c. 
By Robert Scott Burn. 2s. 6d.7 

208. OUTLINES OF LANDED ESTATES MANAGEMENT: 

Treating of the Varieties of Lands, Methods of Fanning, Farm Buildings, 
Irrigation, Drainage, &c. By R. Scoi-T Burn. 2s. 6d.t 
V Nos. 207 6f 208 tn One VoL^ handsomely half'bound,enh'iled " Outlines op 
Landed Estates and Farm Management." By R. Scott Burn. Price 6s. 

209. THE TREE PLANTER AND PLANT PROPAGATOR. 

A Practical Manual on the Propagation of Forest Trees, Fruit Trees, 
Flowering Shrubs, Flowering Plants, Pot-Herbs, &c. By Samxtbl Wood. 
Illustrated. 2s.t 

210. THE TREE PRUNER. A Practical Manual on the Pruning of 

Fruit Trees, including also their Training and Renovation ; also the Pruning 
of Shrubs, Climbers, and Flowering Plants. By Samuel Wood. %%.% 
•«• Nos. 2og 6- 210 in One Vo/., handsomely half- bound, enlt'lled ** The Tref, 
Planter, Propagator and Pruner." By Samuel Wood. Price 5*. 

219. THE HA Y AND STRA W MEASURER : Being New Tables 
for the Use of Auctioneers, Valuers, Farmers, Hay and Straw Dealers. &c., 
forming a complete Calculator and Ready-Reckoner, especially adapted to 
persons connected with Agriculture. Fourth Edition. By John Steele. z&. 

222. SUBURBAN FARMING. The Laying-out and Cultivation of 
Farms^ adapted to the Produce of Milk, Butter, and Cheese, Eggs, Poultr}*, 
. and Pigs. By Prof. John Donaldson and R. Scott Burn. 3s. ta.X 

231. THE ART OF GRAFTING AND BUDDING. By Charles 

Baltet. With Illustrations. 2s. 6d.t ijusi Mlished. 

232. COTTAGE GARDENING; or, Flowers, Fruits, and Vegetables 

for Small Gardens. By E. Hobday, zs. 6d. [Jusi published. 

233. GARDEN RECEIPTS. Edited by Charles w. QuiN. is. 6d, 

[Jusi published. 

The t indicates thai these vols, may be had strongly bo und at ^d. extra 
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ARITHMETIC, GEOMETRY, MATHEMATICS,] 

ETC. 
31. MATnEMATICAL INSTRUMENTS, a Treatise on; inittl 

their Construction and the Methods of Testing', Adjustine, and Usinedttl 

arc concisrlv Eiplaincd. By T. F. Hbathrr, M.A., of the Royal mo^ 

Aradctny, Woolwich. Originsu Edition, in i vol.. Illustrated- xs. 6d. 

• «• Ai crderinx the atort^ be careful to say, " Original Edifion ** {No. 32), to ixS^X 

gtinh tt from the Enlarged Ediiion tn 3 vols. {JVbs. 168-9-70.) I 

60. LAiVD AND ENGINEERING SURVBYING, a Treatise d 
with all the Modern Improvements. Arrans^ed for the Use of Scboobaij 
Piivnte Students; also tor Practical Land Surveyors and Engineos. If I 
T. Hakrk. C.K. New Edition, revised by Edwa&o Nugbnt, C.B. Q*'' 
tiatcd with Plates and Diagrams, as.t 

t\*. READY RECKONER FOR THE ADMEASUREMENT ^V 
LAND. Hy Abraham Arman, Schoolmaster, Thurleirh, Beds. Toiibi. 
is added a Tablf% showingthe Price of Work, from ss. 6a. tOj^z peracie,ai I 
Tables for the Valuation of Land, from xs. to ;^i,oooper acre, and from oil 
pule to two thousand acres in extent, flee, &c. xs. 6d. 

76. DESCRIPTIVE GEOMETRY, an Elementary Treatise on. 
with a Theory of Shadows and of Perspective^ extracted from the Frendidi 
G. MoNOB. To which is added, a description of the Principles and Practice 
of Isometrical Projection ; the whole being intended as an introduction to ^ 
Application ot Descriptive Geometry to various branches <»t the Arts. ^ 
J. F. Hkathbr, M.A. Illustrated with X4 Plates, ss. 

178. PRACTICAL PLANE GEOMETRY: giving the Simplest 

Modes of Constructing Firures contained in one Plane and Geometrical Coo* 
Btruction of the Ground. By J. F. Hkathbr, M.A. With 2x5 Woodcuts. tf> 

179. PROJECTION : Orthographic, Topographic, and Perspective: 

eiving the various Modes of Delineating Solid Forms by Constructions on a 
Single Plane Surface. By J. F. Ubathbr, M.A. [In. pr^parmtunu 

'«* Tk9 ahdvt thrt* volumes will form a Cohplbtb Elsmbntart Codrsb or 

I^Iatubmatical Drawing 

83. COMMERCIAL BOOK-KEEPING. With Commercial Phrases 

and Forms in English, French, Italian, and German. By Jambs HADoax, 
M.A., Arithmetical Master of King's College School, London, xs* 6d. 

84. ARITHMETIC, a Rudimentary Treatise on : with full Explana- 

tions of its Theoretical Principles, and numerous Exanaples for Practice. For 
the Use of Schools and for Self- Instruction. By J. R. Young, late FVofessor 
of Mathematics in Bel&st College. New Edition, with Index, xs. 6d. 

84*. A Kbt to the above, containing Solutions in full to the Exercises, togetba 
with Comments, Explanations, and Improved Processes, for the Use of 
Teachers and Unassisted Learners. ByJ. R. Young, is. 6d. 

85. EQUA TIONAL ARITHMETIC, applied to Questions of Interest, 
8q*. Annuities, Life Assuiance, and Greneral Commerce ; with varions Tables I^ 

which all Calculations may be greatly facilitated. By W. Hitslbt. ts. 

86. ALGEBRA, the Elements of. By jAMBS Haddon, M.A, 

Second Mathematical Master of King's College School. With Appendix, 
containing miscellaneous Investigations, and a Collection of Pr(>blems is 
various puis of Algebra, ss. 

85*. A Kby AND Companion to the above Book, forming an extensive repository of 
Solved Examples and Problems in Illustration of the various ExpedieBtt 
necessary in Algebraical Operations. Especially adiq[>ted for Self-Instmc 
tion. By J. R. Young, xs. 6d. 

88. EUCLID, The Elements of : with many additional Propositioni 

80. and Explanatory Notes : to which is prefixed, an letroductoxy Bssay m 
Logic. By Henry. Law, C.E. ss. 6d4 

*m* Sold also separaitfy, vik, .— > ^ 
ts. EucUD, The First Three Books. By Hbnry Law, C.E. iti 6d. 

89. EvcuD, Books 4, 5, 6, xi, X2. By Hbnry Law, C.E. xs. 6d. 
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WEALE'S rudimentary series. II 

yj Arithmetic, Geometry, Mathemiatics, etc., continued, 

9a ANALYTICAL GEOMETRY AND CONIC SECTIONS, 

a Rudimentary Treatise on. By James Hann, late Mathematical Master of 

if King's College School, London. A New Edition, re-written and enlarged 

by J. R. Young, formerly Professor of Mathematics at Belfast College. 2s.t 

91. PLANE TRIGONOMETRY, the Elements of. By James 
Hann, formerly Mathematical Master of Bang's College, London, is. 6d. 

92. SPHERICAL TRIGONOMETR F, the Elements of. By James 
Hann. Revised by Charles H. Dowling, C.E. is. 

%• Or with " The Elements 0/ Plane Trigonometry** in On* Volume, zs. 6d. 

93. MENSURATION AND MEASURING, for Students and Prac- 
tical Use. With the Mensuration and Levelling of Land for the Purposes of 
Modem Engineering. By T. Baker, C.E. New Edition, with Corrections 
and Additions by E. Nugent, C.E. Illustrated, is. 6d. 

102. INTEGRAL CALCULUS, Rudimentary Treatise on the. By 
Hombrsham Cox, B.A. Illustrated, is. 

103. INTEGRAL CALCULUS, Examples on the. By James Hann, 
late of King's College, London. Illustrated, zs. 

1 01. DIFFERENTIAL CALCULUS, Elements of the. By W. S. B. 

Woolhouse, F.R.A.S^ &c. is. 6d. 
105. MNEMONICAL LESSONS, — Geoubi:kv, Algebra, and 

Trigonometry, in Easy Mncmonical Lessons. By the Rev. Thomas 

Penyngton Kirkman, M.A. zs. 6d. 

136, ARITHMETIC, Rudimentary, for the Use of Schools and Self- 
Instruction. By James Haddon, M.A. Revised by Abraham Arman. 
zs. 6d. 

137. A Key to Haddon's Rudimentary Arithmetic. By A. Arman. it. 6d. 

168. DRAWING AND MEASURING INSTRUMENTS. Includ- 
ing — I. Instruments employed in Geometrical and Mechanical Drawing, 
and in the Construction, Copying, and Measurement of Maps and Plans. 
II. Instruments used for the purposes of Accurate Measurement, and for 
Arithmetical Computations. By J. F. Heather, M.A^ late of the Royal 
Military Academy. Woolwich, Author of " Descriptive Geometry," &c., &c. 
Illustrated, zs. 6a. 

169. OPTICAL INSTRUMENTS. Including (more especiaUy) Tele- 
scopes, Microscopes, and Apparatus for producing copies of Maps and Plans 
by Photography. By J. F. Heather, M.A. Illustrated, zs. 6d. 

170. SURVEYING AND ASTRONOMICAL INSTRUMENTS. 
Including — I. Instruments Used for Determining the Geometrical Features 
of a portion of Ground. II. Instruments Employed in Astronomical Observa- 
tions. By J. F. Heather, M.A. Illustrated, zs. 6d. 

\* The above three volumes form an enlargement of the Author's original work. 
" Mathematical Instruments: their Construction, Adjustment, Testing, and Use,'* 
the Thirteenth Edition 0/ which is on sale. Price is. 6d, {See No, 32 in the Series.) 

z(A.^ MATHEMATICAL INSTRUMENTS. By J. F. Heather, 
169. > M.A. Enlarged Edition, for the most part entirely re-wntten. The 3 Parti as 
170.^ above, in One thick Volume. With numerous Illustrations. 48. 6d.t 

158. THE SLIDE RULE, AND HOW TO USE IT; containing 
full, easy, and simple Instructions to perform all Business Calculations with 
unexampled rapidity and accuracy. By Charles Hoarx, C.E. With a 
Slide Rule in tuck of cover. 2s. 6a. t 

185. THE COMPLETE MEASURER; setting forth the Measure- 
ment of Boards, Glass, Sec, &c. ; Unequal -sided. Square-tided, Octagonal> 
sided. Round Timber and Stone, and Standing Timber. With a Tabic 
showing the solidity of hewn or eight-sided timber, or of any octagonal- 
tided column. Compiled for Timber-growers, Merchants, and Surveyors, 
Stonemasons, Architects, and others. By Richard Horton. Fourth 
Edition, with valuable additions. 4s. ; strongly bound in leather, 5s. 

196. THEORY OF COMPOUND INTEREST AND ANNUI- 
TIES', with Tables of Logarithms for the more Difficult Computations of 
Interest, Discount, Annuities, &c. By F^dor Thoman. 4s.t _ 

g^^ The X indicates thai these vols, may he had sfro-wg ly bovnd at t>d» extv<».x 
7, stationers' HALL C0\3KT, "UVSTiOKt^ 'BX\:^'i '^"^^ 
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Arithmetic, Geometry, Matheiaatics, etc., continued, 
199. INTUITIVE CALCULATIONS; or. Easy and Compenta 
Methods of Perfonnins^ the various Arithmetical Operations reqaired ii 
Commercial and Business Transactions ; together with Full Explanations of 
Decimals and Duodecimals, several Useful Tables, &c. By Danih 
O'GoRMAN. Twenty-fifth Edition, corrected and enlarged by J. K. YoDWi 
formerly Professor of Mathematics in Belfast Colleg^e. 35.^ 

204. MATHEMATICAL 7'-4-fiZ:-ffi», for Trigonometrical, Astronomical, 
and Nautical Calculations ; to which is prefixed a Treatise on Logarithas. 
By Henry Law, C.E. Together with a Series of Tables for Navigalia 
and Nautical Astronomy. By J. R. Young, formerly Professor of MatlK* 
matics in Belfast College. New Edition. 3s. 6d.t 

221. MEASURES, WEIGHTS, AND MONEYS OF ALL Nk- 
T/ONSt and an Analysis of the Christian, Hebrew, and Mahometa 
Calendars. By W. S. B. Woolhousb, F.R.A.S., F.S.S. Sixth EditioB, 
carefully revised and enlarged. 2s.t 

227. MATHEMATICS AS APPLIED TO TUB CONSTRUC- 
TIVE ARTS, Illustrating the varions processes of Mathematical Investi' 
ration, by means of Arithmetical and Simple Alg-ebraical Equations and 
Practical Examples ; also the Methods of Analvsinsr Principles and D^ 
ducing Rules and Formulae, applicable to the Requirements of Practice. 
By Francis Campi.v, C.E., Author of "Materials and Construction," ftc 
Second Edition, revised and enlarged by the Author. 3s.t [yusi publuhtL 
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MISCELLANEOUS VOLUMES. 

36. A DICTIONARY OF TERMS used in ARCHITECTURE, 
BUILDING, ENGINEERING, MINING, METALLURGY, ARCH A- 
OLOGY, the FINE ARTS, &^. By TohnWealb. Fifth Edition. Revised 
by Robert Hunt, F.R.S., Keeper of Mining Records. Numerous IIIa^ 
trations. 5s. cloth limp ; 6s. cloth boards. 
50. THE LAW OF CONTRACTS FOR WORKS AND SER- 
VICES, By David Gibbons. Third Edition, enlarged, is.t 
112. MANUAL OF DOMESTIC MEDICINE. By R. Gooding, 
B.A., M.D. Intended as a Family Guide in all Cases of Accident and 
Emergency. 2s.t 
II2». MANAGEMENT OF HEALTH A Manual of Home and 
Personal Hygiene. By the Rev. James Baird, B.A. is. 

150. LOGIC, Pure and Applied. By S. H. Emmens. is. 6d. 

151. SELECTIONS FROM LOCKE'S ESSAYS ON THE 

HUMAN UNDERSTANDING, With Notes by S. H. Emmbns. ss 
154. GENERAL HINTS TO EMIGRANTS, Containing Notices 
of the various Fields for EmJ|Tation. With Hints on Preparation for 
. . Emigrating, Outfits, &c., &c. With Directions and Recipes useful to tito 
' Emigrant. With a Map of the World, ss. 
157. THE EMIGRANTS GUIDE TO NATAL. By Robert 
James Mann, F.R.A.S., F.M.S. Second Edition, carefully corrected to 
the present Date. Map. 2s. 

193. HANDBOOK OF FIELD FORTIFICATION, intended for the 

Guidance of Officers Preparing for Promotion, and especially adapted to tiM 
requirements of Beginners. By Major W. W. KNOLLYS, F.R.G.S. ojrf 
Sutherland Highlanders, &c. With 163 Woodcuts. 3S.t * * 

194. THE HOUSE MANAGER: Being a Guide to Housekeeping. 

Practical Cookery, Pickling and Preserving, Household WoA, Daiiy 
Management, the Table and Dessert, Cellarage of Wines, Home-brewing 
and Wine-makings, the Boudoir and Dressing-room, Travelling, StaUe 
Economy, Gardening Operations, &c. By An Old Housbkbepbr. ts. 6d.t 

194. HOUSE BOOK {The), Comprising :— I. The House Manager. 
112. Bv an Old HousBKBBPBR. II. Domestic Mbdicine. By Ralph Goooimo, I 

o, M.D. III. Management of Health. By Jambs Baird. In One Vol., 

y ^ strongly half -bound. 6s. 

TAe t indicates that these vols, may he had strongly bound at 6<f. exfm, 
LONDON : CROSBY LOC¥L^OOT> K^T> C.Q.^ 
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weale's educational and classical series. 13 
EDUCATION AL AND CLASS ICAL SERIES. 

HISTORY. 

I. England, Outlines of the History of; more especially with 

reference to the Oriapn and Progress of the English Constitution. By 
William Douglas Hamilton, F.S.A.. of Her Majesty's Public Record 
Office. 4th Edition, revised. 5s. ; cloth boards, 6s. 

5. Greece, Outlines of the History of ; in connection with the 

Rise of the Arts and Civilization in Europe. By W. Douglas Hamilton. 
of University College, London, and Edward Lbvibn, M.A., of Ballio! 
College, Oxford. 2s. 6d. ; cloth boards, 3s. 6d. 

7. Rome, Outlines of the History of: from the Earliest Period 

to the Christian Era and the Commencement of the Decline of the Empire. 
By Edward Lbvibn, of Balliol College, Oxford. Map, 2s. 6d. ; cl. bds. 3s. 6d. 

9. Chronology of History, Art, Literature, and Progress, 

from the Creation oi the World to the Conclusion of the Franco-German War. 
The Continuation by W. D. Hamilton, F.S.A. 3s. ; cloth boards, 3s. 6d. 

50. Dates and Kvents in English History, for the use of 

Candidates in Public and Private Examinations. By the Rev. £. Rand. is. 

ENGJ-ISH LANGUAGE AND MISCELLANEOUS. 

11. Grananaar of the English Tongue, Spoken and Written. 

With an Introduction to the Study of Comparative Philology. By Hydb 
Clarke, D.C.L. Fourth Edition, zs. 6d. 

II*. Philology ! Handbook of the Comparative Philology of English, 
Anglo-Saxon, Frisian, Flemish or Dutch, Low or Piatt Dutch, High Dutch 
or German, Danish, Swedish, Icelandic, Latin, Italian, French, Spanish, and 
Portuguese Tongues. By Hydb Clarkb, D.C.L. is. 

12. Dictionary of the English Language, as Spoken and 

Written. Containing above zoo,ooo Words. By Hydb Clarkb, D.C.L. 
3s. 6d. ; cloth boards, 4s. 6d. ; complete with the Grammar, cloth bds., 5s. 6d. 

48. Composition and Punctuation, familiarly Explained for 

those who have neglected the .Study of Grammar. By Justin Brbnan. 
zyth Edition, is. 6d. 

49. Derivative Spelling-Book: Giving the Origin of Every Word 

from the Greek, Latin, Saxon, German, Teutonic, Dutch, French, Si>anish, 
and other Languages ; with their present Acceptation and Pronunciation. 
By J. RowBOTHAM, F.R.A.S. Improved Edition, zs. 6d. 

51. The Art of Extempore Speaking: Hints for the Pulpit, the 

Senate, and the Bar. By M. Bautain, Vicar-General and Professor at the 
Sorbonne. Translatedfrom the French. 7th Edition, carefully corrected. 2s. 6d. 

52. Mining and Quarrying, with the Sciences connected there- 

with. First Book of, for Schools. By J. H. Collins, F.G.S., Lecturer to 
the Miners' Association of Cornwall ana Devon, is. 

53. Places and Facts in Political and Physical Geography, 

for Candidates in Examinations. By the Rev. Edgar Rand, B.A. is. 

54. Analytical Chenaistry, Qualitative and Quantitative, a Course 

of. To which is prefixed, a BrietTreatise upon Modem Chemical Nomencla- 
ture and NoUtion. By wm. W. Pink and Georgb E. Webster. 2s. 

THE SCHOOL MANAGERS' SERIES OF READING 

BOOKS, 

Adapted to the Reguirements of the New Code. Edited by the Rev. A. R. Grant, 
Rector of Hitcham, and Honorary Canon of Ely ; formerly H.M. Inspector 
of Schools. 

Introductory Primer, id. 



f. d. 

Fourth Standard . ..is 
Fifth „ ...16 

Sixth „ ... 1 6 

Lbssons from thb Biblb. Part I. Old Testament, is. 
Lbssons from the Bible. Part II. Now Testament, to which is added 
Thb Gbocraphy of thb Bible, for very young Children. By Rev. C, 
Thornton Forstbr. is. 2d. *»• Or theTwo Vacrta m^^^s."^ '^^^sa»' •»*" 



s, d. 

First Standard . .06 
Second „ . . o 10 

Third „ . . z o 
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FRENCH. 

14. French Grammar. With Complete and Concise Rules ai 

Ganders of French Nouns. By G. L. Stkauss, Ph D is 6d 

25. French-English Dictionary. Comprising a large niiBbBi 

New Tcrmi used in Enifinecrinif, Mininy, Skc. By Alprbd Elwis. ttftl 

26. English -French Dictionary. By Alfred Elwes. «. l 
13,26. French Dictionary (as above). Complete, in One Vol, d 

cloth boards, 3s. 6d. \* Or with the Graumar, cloth boards, m. 6L \ 

47. French and English Phrase Book. : containing 

ductory Lessons, with Translations, several Vocabularios of Worfi,! 
lection of suitable Phrases, and Easy Familiar Dialogues, xs. fid. 

GERMAN. 

39. German Grammar. Adapted for English Studcnti, fr»l 

Heyse's Theoretical and Practical Grrammary by Dr. G. L Stradss tt I 

40. German Reader : A Series of Extract^ carefully culled ftom*| 

most approved Authors of German v ; with Notes', PhUoloaical and fr 
planatory. By G. L. Strauss, Ph.D. is. -M»/iogic« »« ^^ 1 

41-43. German Triglot Dictionary. By Nicholas Esterhah 

« i^-tPS^^r't r^° '^'^^? ^ k"^- n ??^Tf • g^roan-French-Engfii 
Part II. Enghsh-German-French. Part III. French-Gcnnan-BnS 
3s., or cloth boards, 4s. I 

41-43 German Triglot Dictionary (as above), together with Gcnafll 

iic 39. Grammar (No. 39), in One Volume, cloth boards, 5s. ' 

ITALIAN. 

27. Italian Grammar, an-anged in Twenty Lessons, with a Cotnse 

of Kxcrcises. Hy Alfred Elwbs. xs. 6d. 

38. Italian Triglot Dictionary, wherein the Genders of all the 

Italian and French Nouns are carefully noted down. By Axfrrd Elwis 
Vol. I. Italian-English-French, as. 6d. 

30. Italian Triglot Dictionary. By A. Elwes. Vol 2. 

En^^Iish-French-Italian. 2s. 6d. 

32. Italian Triglot Dictionary. By Alfred Elwes. VoL 3. 

French-Italian-English. 2S. 6d. 

28,30, Italian Triglot Dictionary (as above). In One VoL, 7s. 6d. 

j2. Cloth boards. 

SPANISH AND PORTUGUESE. 

34. Spanish Grammar, in a Simple and Practical Form. T^th 

a Course of Exercises. By Alfrbd Elwes. xs. 6d. 

35. Spanish-English and English-Spanish IDlctlonary. 

Including a large number of Technical Terms used in Mining, Engineering, ftc 
with the proper Accents and the Gender of every Noun. By Alfred Elwis* 
4s. ; cloth boards, 5s. \* Or with the Grammar, cloth boards, 6s. 

55. Portuguese Grammar, in a Simple and Practical Fonn. 

With a Course of Exercises. By Alfred Elwes. xs. 6d. 

56. Portuguese-English and English-Portuguese Dic- 

tionary, with the Genders of each Noun. By Alfred Elwes. 

[/« >rv>sni/MM. 

HEBREW. 

46». Hebre-w Grammar. By Dr. Bresslau. is. 6d. 
44. Hebrew and English Dictionary, Biblical and Rabbinical ; 

containing the Hebrew and Chaldee Roots of the Old T«8tameot Post- 
Kabbinicad Writings. By Dr. Bresslau. 6s. 

46. English and Hebreiv Dictionary. By Dr. Bresslau. 3s. 
44>46. Hebrew Dictionary (as above), in Two Vols., complete, with 
4^** the Grammar, cloth boards, xzs. 

LONDON ; CROSBY 1.0C1K^QR» K»T> ^^-Q^^ 
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LATIN. 

^ 19. Latin Grammar, Containing the Inflections and Elementary 

Principles of Translation and Construction. By the Rev. Thoiias Goodwin, 
-• M.A., Head Master of the Greenwich Proprietary School, is. 

J 20. Latin-English Dictionary. By the Rev. Thomas Goodwin, 

^ M.A. 2s. 

22. English-Latin Dictionary; together with an Appendix of 

^'^^SS *°** Italian Words which have thear origin from the Latm. By the 
» Rev. Thqmas Goodwin, M.A. is. 6d. 

:*o,22. Latin Dictionary (as above). Complete in One Vol., 3s. 6d.; 
* cloth boards, 4s. 6d. •.• Or with the Grammar, cloth boards, ss. 6d. ., 

LATIN CLASSICS. With Explanatory Notes in English. 
I. Latin Delectus. Containing Extracts from Classical Authors, 
with Genealogical Yooabularies and Explanatory Notes, by H.YouNO. zs.6d. 

'' 2. Caesaris Commentarii deBello Galileo. Notes, and a Geographical 
^ Register for the Use of Schools, by H. Youno. *a, 

, 3. Cornelius N epos. With Notes. By H.Young, is. 

4. Virgilll Maronis Bucolica et Georgica. With Notes on the Buco- 

lics by W. RusHTON, MA., and on the Georgics by H. Youno. is. 6d. 

5. Virgilil Maronis ^neis. With Notes, Critical and Explanatoiy, 

by H. Youno. New Edition, revised and improved. With copious Addi- 
tional Notes by Rev. T. U. L. Lbary, D.C.L., lormerly Scholar of Brasenose 
College, Oxford. 3s. 

5^ Part X. Books i.— vi., is. 6d. 

j»* ^ Part 2. Books vii.— xii., 2S. 

6. Horace; Odes, Epode, and Carmen Sseculare. Notes by H. 

Youno. is. 6d. 

7. Horace ; Satires, Epistles, and ArsPoetica. Notes by W. Brown- 

rigo Smith, M.A., F.R.G.S. zs. 6d. 

8. Sallustii Crispi Catalina et Bellum Jugurthinum. Notes, Critical 

and Explanatory, by W. M. Donnb, B.A., Trin. Coll., Cam. zs. 6d. 

9. Terentii Andria et Heautontimorumenos. With Notes, Critical 

and Explanatory, by the Rev. Jambs Davibs, M.A. zs. 6d. 

10. Terentii Adelphi, Hecyra, Phormio. Edited, with Notes, Critical 

and Explanatory, by the Rev. Jambs Davibs, MA. 2s. 

11. Terentii Emiuchus, Comcedia. Notes, by Rev. J. Davibs, M.A. 

IS. 6d. 

12. Ciceronis Oratio pro Sexto Roscio Amerino. Edited, with an 

Introduction, Analysis, and Notes, Es^lanatoiy and Critical, by the Rev. 
Jambs Davibs, M.A. zs. 

13. Ciceronis Orationes in Catilinam, Verrem, et pro Archia. 

With Introduction, Analysis, and Notes, Explanatory and Critical, bv Rev. 
T. H. L. Lbary, D.C.L. formerly Scholar of Brasenose College, Oxford. 
IS. 6d. 

14. Ciceronis Cato Major, Lselius, Brutus, sive de Senectute, de Ami- 

citia, de Claris Oratoribus Dialogi. With Notes by W. Brownrigo Smith, 
M.A., F.R.G.S. ss. 

16. Livy : History of Rome. Notes by H. YouNQ and W. B. Smith, 

M.A. Part z. Books i., ii., zs. 6d. 

i6*. — — Part t. Books iii., iv., v., is. 6d. 

17' Part 3. Books xxi.,zxii., zs. fid. 

19. Latin Verse Selections, from Catullus, TibuUus, Propertius, 

and Ovid. Notes by W. B. Donmb, M.A, Trinity College, Cambriage. »a. 

20. Latin Prose Selections, from Yarro, Columella, Yitruvius, 

Seneca, Quintiltan, Floras, Velleius Paterculos, Valerias Maximas Saeto- 
nius, Apmeios, te. Notes by W. B. Donnb, M.A. as. 

21. Juvenalis Satirae. With Prolegomena and Notes by T. H. S. 

EscoTT, B A., Lecturer on Logic at King's College, London. 8s« 

f, STATIOXKR^ HALL CO\JlCr, UTO^KITt ia\\:^> ^^^ 
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GREEK. 
14. Greek Grammar, in accordance with the Principles andPli^l 

logical Researches of the most eminent Scholars of our own day. BjBisI 
Claudb Hamilton, is. 6d. I 

15,17. Greek Lexicon. Containing all the Words in General Use, iik| 

their Signiiications, Inflections, and Doubtful Quantities. B7HB.NI1U 
Hamiltom. Vol. I. Greek-Eoglish, as. 6d. ; Vol. 2. Eng-Iish-Gzeek, a. ft| 
the Two Vols, in One, 4s. 6d. : cloth boards, ^. I 

ij.iS.Greek Lexicon (as above). Complete, with the Grammai,* 

I-. One Vol., cloth boards, 6s. | 

GREEK CLASSICS. With Explanatory Notes in Enplish. 

I. Greek Delectus. Containing Extracts from Classical AuAob, 
with Genealogical Vocabularies and Explanatory Notes, by H. Youko. Kei 
Edition, with Mimnroved and enlargedjupplementary Vocabulaiy, by Job 
HuTCHiso.M, M.A., of the High School, Glasgow, is 6d "*"*"'» "' •» 

2,3. Xenophon's Anabasis; or, The Retreat of the Ten Thousani 

Notes and a Geographical Register, by H.YouNo. Parti. Booksi.toic, 
IS. Part 2. Books iv. to vu., is. 

4. Lucian's Select Dialogues. The Text carefully revised wi* 
Grammatical and Explanatory Notes, by H. Youno. is. 6<L ' 

5- 1 a. Homer, The Works of. According to the Text of Bahumleik. 

With Notes, Critical and Explanatory, drawn from the best and lateJl 
Authorities, with Preliminary Observations and Appendices by T. H. I* 

Tub Iuad: Parti. Books i. to vi., is.6d. Part 3. Books xiii. to zviii is.6& 

Part 2. Booksvii.toxii., is.6d. "^ — '- -r^--^ . - •» •-. 

Tub Odyssby : Part i. Books i. to vi.^ is. 6d 
Part 2. Books vii. to xii., is. 6d. 



Part 4. Books xix. to xxiv., is. 6d. 

Part 3. Books xiii. to xviii., 1$. 6i 

rart 4. Books xix. to xxiv., and 

Hymns, 2s. 



13. Plato's Dialogues : The Apology of Socrates, the Crito, and 
the Pluedo. From the Text of C. F. Hermann. Edited with Notes Critical 
and Explanatory, by the Rev. Jambs Davies, M.A. 2s. * 

14-17. Herodotus, The History of, chiefly after the Text of Gaisford. 
With Preliminary Observations and Appendices, and Notes. Critical and 
Explanatory, by T. H. L. Learv, M.A., D.C.L. ' ^""'^ 

Part I. Books i.j ii. (The Clio and Euterpe), 2s. 

Part 3. Books iii., iv. HThe Thalia and Melpomene), ss. 

Part 3. Books v. -vii. (The Terpsichore, Erato, and Polymnia) ss. 

Part 4. Books viii., ix. (The Urania and Calliope) and Index 'is.*6d. 

18. Sophocles: GEdipus Tyrannus. Notes by H. Young, is. 
20. Sophocles: Antigone. From the Text of Dindorf. Notes, 

Critical and Explanatory, by the Rev. John Milnbr, B.A. as. 
23. Euripides : Hecuba and Medea. Chiefly from the Text of DiK* 

DORP. With Notes, Critical and Explanatory, by W. Brownrigg Smith, 

M.A., F.R.G.S. IS. 6d. 
26. Euripides : Alcestis. Chiefly from the Text of Dindorf. VHA 

Notes, Critical and Explanatory^ by John Milner, B A. is. 6d. 
30. .Aschylus : Prometheus Vmctus : The Prometheus Bound. FrOTi 

the Text of Dindorf. Edited, with Eng^lish Notes, Critical and Explanatory, 

by the Rev. Jambs Davies, m.A. is. 

32. ^^schylus : Septem Contra Thebes : The Seven against Thebes. 
From the Text of Dindorf. Edited, with English Notes. Critical and Ex- 
planatory, by the Rev. Jambs Davies, M.A. is. 

40. Aristophanes : Achamiacns. Chiefly from the Text of C. H. 

Wbise. With Notes, by C. S. T. Townshbnd, M.A. is.6d. 

41. Thucydldes: History of the Peloponnesian War. Notes by H. 

YouNO. Book X. IS. 

42. Xenophon's Panegyric on Agesilaus. Notes and Intro- 
duction by Ll. F. W. Jewitt. is. 6d. 

43. Demosthenes. The Oration on the Crown and the Philippics. 
With English Notes. By Rev. T. H. L. Lbary, D.CX., formerly Scholar of 
Brasenose College, Oxford, xa. Wi. 
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Humberts New Work on Water-Supply. 

A COMPREHENSIVE TREATISE on the WATER-SUPPLY 
of CITIES and TOWNS. By William Humber, A.-M. Inst 
C.E., and M. Inst. M.E. Illustrated with 50 Double Plates, 
I Single Plate, Coloured Frontispiece, and upwards of 250 Wood- 
cuts, and containing 400 pages of Text. Imp. 4to, 6/. 6j. elegantly 
and substantially half-bound in morocco. 

List of Contents : — 



I. Historical Sketch of some of the 
means tliat have been adopted for the 
Supply of Water to Cities and Towns. — 
II. Water and the Foreign Matter usually 
associated with it. — III. Rainfall and 
Evaporation. — IV. Springs and the water- 
bearing formations of various districts. — 
V. Measurement and Estimation of the 
Flow of Water.— VI. On the Selection of 
the Source of Supply. — VII. Wells.— 
VI I L Reservoirs. — IX. The Purification 
of Water. — X. Pumps. — XI. Pumping 



Machinery.— XII. Conduits. — XIII. Dis- 
tribution of Water. — XIV. Meters, Ser- 
vice Pipes, and House Fittings. — XV. The 
Law and Economy of Water Works.— 
XVI. Constant and Intermittent Supply. 
— XVII. Description of Platet. — Appen- 
dices, giving Tables of Rates of Supply» 
Velocities, &c. &c., together with Specin- 
cations of sevo^ Works illustrated, among 
which will be found : — Aberdeen, BideforcC 
Canterbury, Dundee, Halifax, Lambeth, 
Rotherham, Dublin, and others. 



" The most systematic and valuable work upon water supply hitherto ];>roduced in 
English, or in any other language .... Mr. Humber's work is characterised admost 
throughout by an exhaustiveness much more distinctive of French and German than 
of English technical \x^^^&&^**•~^Engineer, 

Humberts Great Work on Bridge Construction. 

A COMPLETE and PRACTICAL TREATISE on CAST and 
WROUGHT-IRON BRIDGE CONSTRUCTION, including 
Iron Foundations. In Three Parts — Theoretical, Practical, and 
Descriptive, By William Humber, A. -M. Inst. C. E. , and M. Inst. 
M.E. Third Edition, with 115 Double Plates. In 2 vols. imp. 4to, 
6/. l6s, 6d, half-bound in morocco. 

" A book — and particularly a large and costly treatise like Mr. Humber's — which 
has reached its thirS edition may certainly be said to have e&uyLV^<eA\N& ^-^irck. 
reputation. " — Engineering^. 
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Humbers Modem Engineering'. 

A RECORD of the PROGRESS of MODERN ENGINEEF- 
ING. First Scries. Comprising Civil, Mechanical, Marine, Hy- 
draolic, Railway, Bridge, and other Engineering Works, &c \ 
William Humber, A.-M. Inst. C.E., &c. Imp. 4to, viik 

?6 Double Plates, drawn to a laige scale, and Portrait of ]^ i 
lawkshaw, CE., F.R.S., &&, ancTdescriptive Letter-press, Sped- 
fications, &c. 3/. 51. half morocco. 

List of the Plates attd Diagraffts. 



plates); Bridge over the Thames^ Vet 
London Extension Rjulway (5 \Aai»j'M 
mour Plates : Suspension Bndfe^TnaB 
U plates) : The Allea Engine iSiispeaaa 
Bndge, Avon (3 plates); Vndtx^xid 
Railway (3 plates). 



Victoria Station and Roof, L. B. & S. 
C. R. (8 plates) : Southport Pier (a plates); 
Vicuma Station and Roof, L. C. & D. and 
(i. W. R. (6 plates) ; Roof of Cremorae 
Music Hall : Bridge over G. N. Railway ; 
Roof of Station, Dutch Rhenish Rail (a 

** Handsomely lithographed and printed. It will find favour with many wfaodcsit 
to preserve in a permanent form copies of the plans and specifications prepared forte 
MuiJance of the contractors for many important engineering "works^^-^EMtituer. 

UUMBER'S RECORD OF MODERN ENGINEERING. Second 
Series. Imp. 4to, with 36 Double Plates, Portrait of Robert Ste- 
phenson, C.E., &C., and descriptive Letterpress, Specifications, 
&c 3/. y, half morocco. 

List of the Plates and Diagrams, 



Viaduct, Merth>T, Tredegar, and Abeip- 
venny Railway ; College Wood Viaduct, 
Cornwall Railway ; Dublin Winter Palftoe 
Roof (3 pUtes) ; Bridge over the Thames, 
L. C and D. Railway (6 plates) ; Albeit 
Harbour, Greenock (4 fi^tes). 



Birkenhead Docks, Low Water Basin 
(15 plates): Charing Cross Station Roof, 
C. C. Railway (3 plates) ; Digswell Via- 
duct, G. N. Railway ; Robbery Wood 
Viaduct, G. N. Railway ; Iron Permanent 
Way ; Clydach Viaduct, Merthyr, Tre- 
degar, and Abergavenny Railway ; Ebbw 

HUMBER'S RECORD OF MODERN ENGINEERING. Third 
Series. Imp. 4to, with 40 Double Plates, Portrait of J. R. M*Clean, 
Esq. , late Pres. Inst. C. E., and descriptive Letterpress, Speciiica* 
tions, &c. 3/. 3^. half morocco. 

List o/the Plates and Diagrams. 
Main Drainage, Metropolis.^ — 
i^orth Side. — Map showing Interception 
of Sewers ; Middle I^vel Sewer (a plates) ; 
Outfall Sewer, Bridge over River Lea (3 
plates); Outfall Sewer, Bridge over Marsh 
Lane, North Woolwich Railway, and Bow 
and Barking Railway Junction ; Outfall 
Sewer, Bridge over Bow and Barking 
Raflway (3 iHates); Outfall Sewer, Bridge 
over Eiast London Waterworks' Feeder 
(a plates); Outfall Sewer, Reservoir (a 
plates); Outfall Sewer, Tumbling Bay 
and Outlet ; Outfall Sewer, Penstocks. 
South Side. — Outfall Sewer, Bermondsey 



Branch (a plates) ; Outfall Sewer, Reser 
voir and Oudet (4 plates) ; Outfidl Sewer, 
Filth Hoist ; Sections of Sewers (NorU 
and South Sides). 

Thames Embankment. — Sectkm of 
River Wall ; Steamboat Pier, Westminsta 
(a plates) ; Landing Stairs between Qis- 
ring Cross and Waterloo Bridges ; Yoik 
Gate (a plates) ; Overflow and Outlet at 
Savoy Street Sewer (3 plates) ; Steamboat 
Pier, Waterloo Bridge f| plates); Junc- 
tion of Sewers, Plans and Sections ; Gullies, 
Plans and Sections ; Rolling Stock ; On- 
nite and Iron Forts. 
HUMBER'S RECORD OF MODERN ENGINEERING. Fourth 
Series. Imp. 4to, with 36 Double Plates, Portrait of John Fowler, 
Esq., late Pres. Inst. C.E., and descriptive Letterpress, Specifica- 
tions, &c. 3/. 3J. half morocco. 

List o/the Plates and Diagrams, 



Abbey Mills Pumping Station, Main 
Brainage, Metrepolis (4 plates); Barrow 
Docks (5 plates) ; Manquis Viaduct, San- 
tiago and Valparaiso Railway (a plates) ; 
Adam's Locomotive, St. Helen's Canal 
Railway (a plates) ; Cannon Street Station 
Kooi. Charing Cross Railway (3 plates) ; 
1?oaW Bridge over the River MoVa ^a 
Telegraphic Apparatus forMeso- 



\ 



potamia ; Viaduct over the River Wye, 
Midland Railway (3 plates) ; St. Germao's 
Viaduct, Cornwall Railway (a plates): 
Wrought-Iron Cylinder for Diving Ball; 
Millwall Docks (6plates) ; MilroyVPatsot 
Excavator, Metropolitan District Railway 
(6 plates) ; Harbownrs, Ports, and Break* 
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Strains y Formula & Diagrams for Calculation of. 

A HANDY BOOK for the CALCULATION of STRAINS 
in GIRDERS aiid SIMILAR STRUCTURES, and their 
STRENGTH ; consisting of Formulae and Corresponding Diagrams, 
with numerous Details for Practical Application, &c. By William 
HUMBER, A.-M. lust. C.E., &c. Third Edition. With nearly 
100 Woodcuts and 3 Plates, Crown 8vo, *js, (yd, cloth. 
"The system of emplo3ring diagrams as a substitute for complex computations 

is one justly coming into great favour, and in that respect Mr. Humber** volume is 

fully up to the times." — Engineering, 

Strains. 

THE STRAINS ON STRUCTURES OF IRONWORK; 

with Practical Remarks on Iron Construction. By F. W. Sheilds, 

M. Inst. C.E. Second Edition, with 5 Plates. Royal 8vo, 5j. doth. 

"The student cannot find a better book on this subject thanMr. Sheilds'. ** — Engineer, 

Barlow on the Strength of Materials y enlarged. 

A TREATISE ON THE STRENGTH OF MATERIALS, 
with Rules for application in Architecture, the Construction of 
Suspension Bridges, Railways, &c. ; and an Appendix on the 
Power of Locomotive Engines, and the effect of Inclined Planes 
and Gradients. By Peter Barlow, F.R.S. A New Edition, 
revised by his Sons, P. W. Barlow, F.R.S., and W. H. Barlow, 
F.R.S. The whole arranged and edited by W. Humber, A-M, 
Inst. C.E. 8vo, 400 pp., with 19 large Plates, i&r. cloth. 
" The standard ^eatise upon this particular subject." — Engineer* 

Strength of Cast Iron^ &c. 

A PRACTICAL ESSAY on the STRENGTH of CAST IRON 
and OTHER METALS. By T. Tredgold, C.E. 5th Edition, 
To which are added, Experimental Researches on the Strength, &c., 
of Cast Iron, by E. Hodgkinson, F.R.S. 8vo, izr. clom. 

*#* Hodgkinson's Researches, separate, price dr. 

Hydraulics. 

HYDRAULIC TABLES, CO-EFFICIENTS, and FORMULAE 
for finding the Discharge of Water from Orifices, Notches, Weirs, 
Pipes, and Rivers. With New Formulae, Tables, and General 
Information on Rain-fall, Catchment-Basins, Drainage, Sewerage, 
Water Supply for Towns and Mill Power. By John Neville, 
Civil Engineer, M.R.I.A. Third Edition, carenilly revised, with 
considerable Additions. Numerous Illustrations. Cr. 8vo, i^r. cloth. 
"Undoubtedly an exceedingly useful and elaborate compilation." — Iron, 
** Alike valuable to students and engineers in practice." — Mining Journal. 

River Engineering. 

RIVER BARS : Notes on the Causes of their Formation, and on 
their Treatment by * Induced Tidal Scour,' with a Description of 
the Successful Reduction by this Method of the Bar at Dublin. By 
I. J. Mann, Assistant Engineer to the Dublin Port and Docks 
Board. With Illustrations. Royal 8vo. 7^. 6</, cloth. 

Hydraulics. 

HYDRAULIC MANUAL. Consisting of Working Tables and 
Explanatory Text. Intended as a Guide in Hydraulic C^^Nsia^csss^is. 
and Field Operations. By LoNVis T>'K. '^kc.y.^q^. ^cpqsJ^ 
"Edition. Rewritten and Enlarged. Lar^e Cxo>wtv%so- \In tHe i?re^s. 
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Levelling. 

A TREATISE on the PRINCIPLES and PRACTICE of 
LEVELLING ; showing its Application to Purposes of Railway 
and Civil Engineering, in the Construction of Roads ; with Mt 
Telford's Rules for the same. By Frederick W. Simms, 
F.G.S., M. Inst C.E. Sixth Edition, very carefully revised, with 
the addition of Mr. Law's Practical Examples for Setting oat 
Railway Curves, and Mr. Trautwine's Field Practice of Laying 
out Circular Curves. With 7 Plates and numerous Woodcuts, sto, 
8x. td, doth. %♦ Trautwine on Curves, separate, 5; 

'* The text-book on levelling in most of our engineering schools and coU^es.*- 
Engitutr, 

Practical Tunnelling. 

PRACTICAL TUNNELLING: Explaming in detail the Setting 
out of the Works, Shaft-sinking and Heading-Driving, Ranging 
the Lines and Levelling under Ground, Sub-Excavating, Timbering, 
and the Construction of the Brickwork of Tunnels with the amount 
of labour required for, and the Cost of, the various portions of the 
work. By F. W. SiMMS, M. Inst. C.E. Third Edition, Revised 
and Extended. By D. Kinnear Clark, M.I. C.E. Imp. 8vo, 
with 21 Folding Plates and numerous Wood Engravings, 30J. cloth. 
" It has been reirarded from the first as a text-book of the subject. . . . Mr. Oaik 
has added immensely to the value of the book." — Engineer, 

Steam. 

STEAM AND THE STEAM ENGINE, Stationary and Poit- 
able. Being an Extension of Sewell's Treatise on Steam. By D. 
Kinnear Clark, M.I.CE. Second Edition. t2mo, 4J. doth. 

Civil and Hydraulic Engineering. 

CIVIL ENGINEERING. By Henry Law, M. Inst C.E. 
Including a Treatise on Hydraulic Engineering, by George R. 
BuRNELL, M.I.CE. Sixth Edition, Revised, with lai^e additions 
on Recent Practice in Civil Engineering, by D. Kinnear Clark, 
M. Inst. C.E. i2mo, *is, 6d., cloth boards. 

GaS'L ighting. 

COMMON SENSE FOR GAS-USERS : a Catechism of Gas- 
Lighting for Householders, Gasfitters, Millowners, Architects, 
Engineers, &c. By R. Wilson, C.E. 2nd Edition. Cr. 8vo, 2j. dd. 

Bridge Construction in Masonry ^ Timber ^ & Iron. 

EXAMPLES OF BRIDGE AND VIADUCT CONSTRUC- 
TION IN MASONRY, TIMBER, AND IRON ; consistog of 
46 Plates from the Contract Drawings or Admeasurement ofsSed 
Works. By W. Davis Haskoll, C.E. Second Edition, with 
the addition of 554 Estimates, and the Practice of Setting out WoikS) 
with 6 pages of Diagrams. Imp. 4to, 2/. I2s, 6d, half-morocca 
''A work of the present nature by a man of Mr. HaskoU's experience, must prove 
invaluable. The tables of estimates considerably enhance its value."— ^j^^^MM^y^. 

Earthwork. 

EARTHWORK TABLES, showhig the Contents in Cubic Yards 
of Embankments, CuUings, &c, of Heights or Depths up to u 

average of 80 feet. By 30S1.YR I^^okd^^^t^ dE.,^ and Fkancis 

Camtjn, €.£• Ct, S\o, oUoiv^, v» ^^'^ 
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lys and their Working. 

...WAYS; their CONSTRUCTION and WORKING. 

[fecial RefercDce to the Tramways of the United Kitigdum, 

■1. KiNNEAR Clark, M.I.C.E, Supplementary Voujme; 

E the Progress recently made in the Design and Construc- 

imwnys, and In the Means uf LocDmolion by Mechanical' 

Vith Wood Engravings. 8vo, I2J. dotlu 

ways and their Working. 

BAMWAYS; their CONSTRUCTION and WORKING. 
, KiNNHAR Clark, M. Insl. C. E. With Wood Ba- 
gs, and thirteen folding Plates, The Complete Wurk, in 
Us., Large Crown Svo, 30J. cloth. 

■— — -■ -- ' iwnyi must itStt [o il, as all railway engLnccrs have tuimd I 

Railway Machinery. '"— 7"^ Ehsuicit. 

W iggr Engineering. 

SIW ONEER ENGINEERING. A Treatise on Ihe Engineering 
^^•perntions connected with the Settlement of Waste Landa in New 
^■•ountries. By Edward Dohson, A.I.C.E. With Plates and 
*"^food Engravings. Revised Edition, izmo, 51. cloth. 



9»*im Engine. 

■^EXT-BOOK ON THE STEAM ENGINE. By T. M. 
T30ODEVE, M.A., narrisler-al-Law, Author uf "The Principles 
of Mechanics," "The Elements of Mechanism," &c. Fourth 
W^dition. With numerous 1 iliistrations. Crown 8vo, 6j. cloth. 
■Vir. Goodeve's leit-bCHik ii a work nrnhidi eiEry yaimg EDgiueer sliauld pi»- 
^y imaelf . "—Minixg Jmmal. 

" THE SAFE USE OF STEAM ! containing Rules for Unpro- 
y f earional Steam Users. By an Engineer. 4th Edition. Sewed, &/, 

P>lr ileBm-uaeTi would biU leam this litlte book by heart, boilei enploiionB wmild 

^echanical Engineering. 

DETAILS OF MACHINERY : Comprising Instructions for the 

Execation of various Works in Iron, in the Filting-Shop, Foundry, 

- and Boiler-Yard. Arranged expressly for the use of Draufihls- 

ta men, Students, and Foremen Engineers. By Francis Campin, 

• C.E. i2mD. y. 6d. cloth. \Jtnt published. 

Mechanical Engineering. 

' MECHANICAL ENGINEERING : Comprising _ Melallui-gy, 
' Moulding, Casting, Forging, Toolf, Workshop Machinery, Mflnu- 
' faclure of the Steam Engine, &c By F. Campin, C.E. 3s. cloth, 

t-Vbrks of Construction. 

MATERIALS AND CONSTRUCTION : a Theoretical and I 
Ptactical Treatise on the Strains, Designing, and Erection o£ | 
Works of ConstructiDn. By F. Campin,C.E. lamo, jr. 6rf. cL brds. 

Iron Bridges, Girders, Roofs, &c. 

A TREATISE ON THE APPUCATION OF IRON, 
TO THE CONSTRUCTION OF BW-tt^ifS., 'iX'SSyiS 
i;R WORKS. Bs'F.CKiA^w.C-^j^- 
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Boiler Construction. 

THE MECHANICAL ENGINEER'S OFFICE BOOK: 
Boiler Construction. By Nelson Foley, Cardiff, late Assistant 
Manager Palmer's Engine Works, Jarrow. With 29 full-page 
Lithographic Diagrams. Folio 2IJ. half-bound. 

Oblique Arches. 

A PRACTICAL TREATISE ON THE CONSTRUCTION of 
OBLIQUE ARCHES. By John Hart. srdEd, Imp. 8vo, Sj.dotlL 

Oblique Bridges. ' 

A PRACTICAL and THEORETICAL ESSAY on OBLIQUE 
BRIDGES, with 13 large Plates. By the late Geo. Watsok 
Buck, M. I. C. E. Third Edition, revised by his Son, J. H. Watson 
Buck, M.I.C.E. ; and with the addition of Description to Dia- 
grams for Facilitating the Construction of Oblique Bridges, by 
W. H. Barlow, M.I.C.E. Royal 8vo,i2j. doth. 
'* The standard text book for all engineers regardbig skew arches."— iffn^fxitM^. 

Gas and Gasworks. 

THE CONSTRUCTION OF GASWORKS AND THE 
MANUFACTURE AND DISTRIBUTION OF COAL-GAS. 
Originally written by S. Hughes, C.E. Sixth Edition. Re- written 
and enlarged, by W. Richards, C.E. i2mo, 5j. doth. 

Waterworks for Cities and Towns. 

WATERWORKS for the SUPPLY of CITIES and TOWNS, 
with a Description of the Principal Geological Formations of Eng- 
land as influendng Supplies of Water. By S. Hughes. 4X. 6</. doth. 

Locomotive- Engine Driving. 

LOCOMOTIVE-ENGINE DRIVING ; a Practical Manual for 
Engineers in charge of Locomotive Engines. By Michael 
Reynolds, M.S.E. Fifth Edition. Comprising A KEY TO THE 

LOCOMOTIVE ENGINE. With Illustrations. Cr.Svo, 4J.6i/.d 
" Mr. Reynolds has supplied a want, and has supplied it well." — Engineer, 

The Engineer^ Fireman, and Engine-Boy. 

THE MODEL LOCOMOTIVE ENGINEER, FIREMAN, 
AND ENGINE-BOY. By M. Reynolds. Crown 8vo, 41. 6^ 

Stationary Engine Driving. 

STATIONARY ENGINE DRIVING. A Practical Manual for 
Engineers in Charge of Stationary Engines. By Michael Rey- 
nolds. Second Edition, Revised and Enlarged. With Plates and 
Woodcuts. Crown 8vo, 4J. 6d. cloth. [jfust published. 

Engine- Driving Life.* 

ENGINE-DRIVING LIFE ; or Stirring Adventures and Inci- 
dents in the Lives of Locomotive Engine- Drivers. By Michael 
Reynolds. Crown 8vo, 2s, cloth. 

Continuous Railway Brakes. 

CONTINUOUS RAILWAY BRAKES. A Practical Treatise on 

the several Systems in Use in the United Kingdom ; their Constmc- 

tion and Performance. V^ilVv co^vous Illustrations and numerous 

Tables. By Michaei- "Reyi^o\a>s. "Lax^'t Cao'wtv ^^t:*, qr, doth. 
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Construction of Iron BeamSy Pillars^ &c. 

IRON AND HEAT ; exhibiting the Principles concerned in the 
construction of Iron Beams, Pillars, and Bridge Girders, and the 
Action of Heat in the Smelting Furnace. By J. Armour, C. E. 3j. 

nre Engineering. 

FIRES, FIRE-ENGINES, AND FIRE BRIGADES. With 
a History of Fire-Engines, their Construction, Use, and Manage- 
ment ; Remarks on Fire- Proof Buildings, and the Preservation of 
Life from Fire ; Statistics of the Fire Appliances in English 
Towns ; Foreign Fire Systems ; Hints on Fire Brigades, &c., &c 
By Charles F. T. Young, C.E. With numerous Illustrations, 

handsomely printed, 544 pp. > demy 8vo, i/. 4r. cloth. 
" We can most heartily commend this \xx^iJ*— 'Engineering, 

"Mr. Young's book on 'Fire Engines and Fire Brigades' contains a mass of 
iformation, which has been collected from a variety of sources. The subject is so 
tensely interesting and useful that it demands consideration."— ^»</(/i>ijf News. 

Vrigonometrical Surveying. 

AN OUTLINE OF THE METHOD OF CONDUCTING A 
TRIGONOMETRICAL SURVEY, for the Formation of Geo- 
graphical and Topographical Maps and Plans, Military Recon- 
naissance, Levelling, &c., with the most useful Problems m Geodesy 
and Practical Astronomy. By Lieut. -Gen. Frome, R.E., late In- 
spector-General of Fortifications. Fourth Edition, Enlarged, and 
partly Re-written. By Captain Charles Warren, R.E. With 
19 Plates and 115 Woodcuts, royal 8vo, I dr. cloth. 

Tables of Curves. 

TABLES OF TANGENTIAL ANGLES and MULTIPLES 
for setting out Curves from 5 to 200 Radius. By Alexander 
Beazeley, M. Inst. C.E. Second Edition. Printed on 4S Cards, 
and sold in a cloth box, waistcoat-pocket size, 3^. 6</. 

" Each table is printed on a small card, which, being placed on the theodolite, leaves 

le hands free to manipidate the instrument."-^^>^W^r. 
" Very handy ; a man may know that all his day's work must fall on two of these 

ards, which he puts into his own card-case, and leaves the rest behind." — 

Engineering Fieldwork. '^^ thenamm, 

THE PRACTICE OF ENGINEERING FIELDWORK, 
applied to Land and Hydraulic, Hydrographic, and Submarine 
Surveying and Lerelling. Second Edition, revised, with consider- 
able additions, and a Supplement on WATERWORKS, SEWERS, 
SEWAGE, and IRRIGATION. By W. Davis Haskoll, C.E. 
Numerous folding Plates. In I Vol., demy 8vo, i/, 5j., cl. boards. 

Large Tunnel Shafts. 

THE CONSTRUCTION OF LARGE TUNNEL SHAFTS. 
A Practical and Theoretical Essay. By J. H. Watson Buck, 
M. Inst. C.E., Resident Engineer, London and North- Western 
Railway. Illustrated with Folding Plates. Royal 8vo, I2j. cloth. 
" Many of the methods mven are of extreme practical value to the mason, and the 
ibserVatu>ns on the form of arch, the rules for ordering the stene, and the construc- 
ion of the templates, will be found of considerable use. We commend the book to 
lie engineering profession, and to all who have to build similar shafts." — Building 
^ews, 
** Will bo rtgarded by civil cnpneers as oC the utnvosX. vaX'OLft.vcA. caSsx^a&fta. Vi ''a^^ 
lucb time and obviate many mistakes."— Co22i«ry Gtiardian. 



8 WORKS IN ENGINEERING, SURVEYING, ETC., 



Survey Practice. 

AID TO SURVEY PRACTICE : for Reference in Surveying, 

Levelling, Setting-out and in Route Surveys of Travellers by Land 

and Sea, With Tables, Illustrations, and Records. By Lewis 

D*A. Jackson, A.-M.I.C.E. Author of ** Hydraulic Manual and 

Statistics,'* &c. Large crown 8vo, I2J. (id,, cloth. 

" Mr. Jackson has produced a valuable vadt-tnecum for the surveyor. We can 

recommead this book as containing an admirable supplement to the teaching of the 

acoompllshed tMxs^sot,'^ —Athenctum. 

*' A general text book was wanted, and we are able to speak with confidence of 
Mr. Jackson's treatise. . . . We cannot racommend to the student who knows 
something of the mathematical principles of the subject a better course than to fortify 
his practice in the field under a competent surveyor with a study of Mr. Jackson's 
useful manual. Ill* field records illustrate every kind of survey, and will be found 
an essential aid to the sWx^nX,.^'— -Building News, 

" llie author brings to his work a fortunate union of theory and practical eKp^ 
rience which, aided by a clear and lucid style of writing, renders the book both a very 
useful one and very agreeable to read." — Buildtr, 

Sanitary Work. 

SANITARY WORK IN THE SMALLER TOWNS AND 
IN VILLAGES. Comprising : — i. Some of the more Common 
Forms of Nuisance and their Remedies ; 2. Drainage ; 3. Water 
Supply. By Chas. Slagg, Assoc. Inst C.E. Crown 8vo, 3J. cloth. 
"A very useful book, and may be safely recommended. The author has had 
practical experience in the works of which he Xxt2As.'*"Builder, 

Locomotives. 

LOCOMOTIVE ENGINES, A Rudimentary Treatise on. Com- 
prising an Historical Sketch and Description of the Locomotive 
Engine. By G. D. Dempsey, C.E. With large additions treat- 
ing of the Modern Locomotive, by D. Kinnear Clark, CE., 
M.I.C.E., Author of "Tramways, their Construction and Working," 
&c., &C. With numerous Illustrations. i2mo. 3J. 6d, doth boai^s. 
" The student cannot fail to profit largely by adopting this as his preliminary text* 
book." — Jrtm and Coal Trades Review. 

" Seems a model of what an elementary technical book should be." — Academy, 

Fuels and their Economy. 

FUEL, its Combustion and Economy ; consisting of an Abridg- 
ment of ** A Treatise on the Combustion of Coal and the Prevention 
of Smoke." By C. W. Williams, A.I.C.E. With extensive 
additions on Recent Practice in the Combustion and Economy of 
Fuel— Coal, Coke, Wood, Peat, Petroleum, &c. ; by D. Kin- 
near Clark, C.E., M.I.C.E. Second Edition, revised. With 
numerous Illustrations. i2mo. 4^. cloth boards. 
" Students should buy the book and read it, as one of the most complete and satis- 
factory treatises on the combustion and economy of fuel to be had." — Engineer, 

Roads and Streets, 

THE CONSTRUCTION OF ROADS AND STREETS. In 
Two Parts. I. The Art of Constructing Common Roads. By 
Henry Law, C.E. Revised and Condensed. II. Recent 
Practice in the Construction of Roads and Streets : including 
Pavements of Stone, Wood, and Asphalte. By D, Kinnear 
Clark, C.E., M.T.C.E. Second Edit, revised. i2mo, 5^. cloth. 
"A book which every borough survcvox an^ «ii^««x tqmsi assess, and which will 
'beofcoand&mble service to aitSahecte,W\\deTv*sA\sTO5(«t<j«wD«^ 



PUBLISHED BY CROSBY LOCKWOOD & CO. 9 

Sewing Machine [The). 

SEWING MACHINERY ; being a Practical Manual of the 
Sewing Machine, comprising its History and Details of its Con- 
struction, with full Technical Directions for the Adjusting of Sew- 
ing Machines. By J. W. Urquhart, Author of "Electro 
Plating: a Practical Manual ;*' "Electric Light: its Production 
and Use.*' With Numerous Illustrations. i2mo, 2s, 6d, cloth. 

Field-Book for Engineers, 

THE ENGINEER'S, MINING SURVEYOR'S, and CON- 
TRACTOR'S FIELD-BOOK. By W. Davis Haskoll, C.E. 
Consisting of a Series of Tables, with Rules, Explanations of 
Systems, and Use of Theodolite for Traverse Surveying and Plotting 
the Work with minute accuracy by means of Straight Edge and Set 
Square only ; Levelling with the Theodolite, Casting out and Re- 
ducing Levels to Datum, and Plotting Sections in the ordinary 
manner; Setting out Curves with the Theodolite by Tangential 
Angles and Mi3tiples with Right and Left-hand Readings of the 
Instrument ; Setting out Curves without Theodolite on the System 
of Tangential Angles by Sets of Tangents and Offsets j and Earth- 
work Tables to 80 feet deep, calculated for every 6 inches in depth. 
With numerous Woodcuts. 4th Edition, enlarged. Cr. 8vo. izr. cloth. 
" The book is very handy, and the author might have added that the separate tables 

of sines and tangents to every minute will make it useful for many other purposes, the 

genuine traverse tables existmg all the S3jnt.**—Ath€nteum, 
" Cannot fail, from its portability and utility, to be extensively patronised by the 

engineering ptoies&ion,'*— 'Mining youmal. 

Earthwork^ Measurement and Calculation of. 

A MANUAL on EARTHWORK. By Alex. J. S. Graham, 
C.E., Resident Engineer, Forest of Dean Central Railway. With 
numerous Diagrams. i8mo, 25, 6d, cloth. 
*' As a really handy book for reference, we know of no work equal to it ; and the 
railway engineers and others employed in the measiu'ement and calculation of earth- 
work will mid a great amount of practical information very admirably arranged, and 
available for general or rough estimates, as well as for the more exact calculations 
reqiiired in the engineers' contractor's offices."— ^r^aw. 

Drawing for Engineers^ &c. 

THE WORKMAN'S MANUAL OF ENGINEERING 
DRAWING. By John Maxton, Instructor in Engineering 
Drawing, Royal Naval College, Greenwich, formerly of R. S. N. A., 
South Kensu^on. Fourth Edition, carefully revised. With upwards 
of 300 Plates and Diagrams. i2mo, cloth, strongly bound, \s, 
*' A copy of it should be kept for reference in evary drawing office." — Engineering, 
" Indispensable for teachers of engineering dravring." — Mechanics' Magamine, 

WeaUs Dictionary of Terms, 

A DICTIONARY of TERMS used in ARCHITECTURE, 
BUILDING, ENGINEERING, MINING, METALLURGY, 
ARCHAEOLOGY, the FINE ARTS, &c. By John Weale. 
Fifth Edition, revised by Robert Hunt, F.R. S., Keeper of Mimng 
Records, Editor of ** Ure's Dictionary of Arts." i2mo, 6j, cl. bds. 
*' The best small technological dictionary in the language." — Architect, 
" The absolute accuracy of a work of this character can only be judeed ^^ %5^«ix 
extensive consultation, and from our examinatiou \l a.v^«akX% n^T] ^^rc^^x 'vix^ >««c^ 
complete. "—^MM^ Joumal, 



lo WORKS IN MINING, METALLURGY, ETC., 

MINING, METALLURGY, ETC. 

Coal and Iron. 

THE COAL AND IRON INDUSTRIES OF THE UNITED 
KINGDOM : comprising a Description of the Coal Fields, and of 
the Principal Seams of Coal, with returns of their Produce and its 
Distribution, and Analyses of Special Varieties. Also, an Account 
of the occurrence of Iron Ores in Veins or Seams ; Analyses of 
each Variety ; and a History of the Rise and Progress of P^ Iron 
Manufacture since the year 1740, exhibiting the economies intro- 
duced in the Blast Furnaces for its Production and Improvement. 
By Richard Meade, Assistant Keeper of Mining Records. With 
^Iaps of the Coal Fields and Ironstone Deposits of the United 
Kingdom. 8vo., £\ 8j. cloth. \_Just published. 

Metalliferous Minerals and Mining. 

A TREATISE ON METALLIFEROUS MINERALS AND 
MINING. By D.C. Davies, F.G.S., author of ** A Treatise on 
Slate and Slate Quarrying." With numerous wood engravings. 
Second Edition, revised. Cr. 8vo. \2s. 6d, cloth. 
** Withoat question, the most exhaustive and the most practically useful work we 

have seen ; the amount of information given is enormous, and it is given concisely 

and intelligibly." — Mining Journal, 

Slate and Slate Qtiarrying. 

A TREATISE ON SLATE AND SLATE QUARRYING, 
Scientific, Practical, and Commercial. By D. C. Davies, F.G.S., 
Mining Engineer, &c. With numerous Illustrations and Folding 
Plates. Second Edition, carefully revised . 1 2mo, 31. 6d, cloth boards. 
"Mr. Davies has written a useful and practical hand-book on an important industry, 
with all the conditions and details of which he appears familiar." — Engineering, 

Metallurgy of Iron. 

A TREATISE ON THE METALLURGY OF IRON : con. 
taining Outlines of the History of Iron Manufacture, Methods d 
Assay, and Analyses of Iron Ores, Processes of Manufacture ol 
Iron and Steel, &c. By H. Bauerman, F.G.S. Fifth Edition, 
Revised and greatly Enlarged. With Numerous Illustrations, 
l2mo. 5 J. 6^., cloth boards. {Just publishtd. 

Manual of Mining Tools. 

MINING TOOLS. For the use of Mine Managers, Agents, 
Minmg Students, &c. By William Morgans. Volume of Text. 
i2mo, 3J. With an Atlas of Plates, containing 235 lUustrations. 
4to, 6s. Together, 91. cloth boards. 

Minings Surveying and Valuing. 

THE MINERAL SURVEYOR AND VALUER'S COM- 
PLETE GUIDE, comprising a Treatise on Improved Mining 
Surveying, with new Traverse Tables ; and Descriptions of Im- 
proved Instruments ; also an Exposition of the Correct Principles 
of Laying out and Valuing Home and Foreign Iron and Coal 
Mineral Properties. By William Lintern, Mining and Civil 
Engineer. With four Plales oi T>\agt«nv^ PUas, &c. , i2mo, 41. cloth. 
\* The above, bound ml\i T^ouksC^ 1k»\»&. ^«t\«.^ aa) 
Piice p. 6d. cloth. 
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Coal and Coal Mining. 

COAL AND COAL MINING : a Rudimentaiy Treatise on. By 

Warington W. Smyth, M.A., F.R.S., &c., Chief Inspector 

of the Mines of the Croi^ii. Fifth edition, revised and corrected. 

l2mo, with numerous Illustrations, 4J. cloth boards. 

" Every portion of the volume appears to have been prepared with much care, imd 

as an outline is given of every known coal-field in this and other countries, as well as 

of the two principal methods of working, the book will doubtless interest a very 

lar^e number of readers." — Mining youmal. 

Underground Pumping Machinery, 

MINE DRAINAGE ; being a Complete and Practical Treatise 
on Direct-Acting Underground Steam Pumping Machinery, with 
a Description of a large number of the best known Engines, their 
General Utility and the Special Sphere of their Action, the Mode 
of their Application, and their merits compared with other forms of 
Pumping Machinery. By Stephen Michell, Joint- Authorof" The 
Cornish System of Mine Drainage. " 8vo, 1 5 j. cloth. 



NAVAL ARCHITECTURE, NAVIGATION, ETC. 
Pocket Book for Naval Architects & Shipbuilders. 

THE NAVAL ARCHITECT'S AND SHIPBUILDER'S 
POCKET BOOK OF FORMULAE, RULES, AND TABLES 
AND MARINE ENGINEER'S AND SURVEYOR'S HANDY 
BOOK OF REFERENCE. By Clement Mackrow, M. Inst. 
N. A., Naval Draughtsman. Second Edition, revised. With 
numerous Diagrams. Fcap., I2x. 6^., strongly bound in leather. 
" Should be used by all who are engaged in the construction or design of vessels." 
"^Engineer. 

** There is scarcely a subject on which a naval architect or shipbuilder can require 
to refresh his memory which will not be found within the covers of Mr. Mackrow's 
book." — English Mechanic. 

*' Mr. Mackrow has compressed an extraordinary amount of information into this 
useful volume." — Athenceum. 

Grantham's Iron Ship-Building. 

ON IRON SHIP-BUILDING ; with Practical Examples and 
Details. Fifth Edition. Imp. 4to, boards, enlarged from 24 to 40 
Plates (21 quite new), including the latest Examples. Together 
with separate Text, also considerably enlarged, l2mo, cloth limp. 
By John Grantham, M. Inst. C.E., &c 2/. 2j. complete. 

'* Mr. Grantham's work is of great interest. It will, we are confident, command an 
extensive circulation among shipbuilders in general. By order of the Board of Admi- 
ralty, the work will form the text-book on which the examination in iron ship-building 
of candidates for promotion in the dockyards will be mainly based." — Engineering. 

Pocket-Book for Marine Engineers. 

A POCKET-BOOK OF USEFUL TABLES AND FOR- 
MULAE FOR MARINE ENGINEERS. By Frank Proctor, 
A.I.N. A. Third Edition. Royal 32mo, leather, gilt edges, 4r. 

"A most useful companion to all marine engineers."— £/n(V«<£ Seroice G<KMtt«. 

•* Scarcely anything required by a naval cxif[;.va«« «Q(^«as% \» Vas^ \s««a. Vst- 
gotteai. **— /^w*; 
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Light-Houses. 

EUROPEAN LIGHT-HOUSE SYSTEMS ; being a Report of 
a Tour of Inspection made in 1873. By Major George H. 
Elliot, Corps of Engineers, U.S.A. Illustrated by 51 En- 
grarings and 31 Woodcuts in the Text. 8vo, 2ij. cloth. 

Surifeying (Land and Marine). 

LAND AND MARINE SURVEYING, In Reference to the 
Preparation of Plans for Roads and RaUways, Canals, Riveis, 
Tov.ns' Water Supplies, Docks and Harbours ; with Description 
and Use of Surveying Instruments. By W. Davis Haskoll, C.E. 
With 14 folding Plates, and numerous Woodcuts. Svo, I2x. 6d, cloth. 

" A most useful and well arranj^ed book for the aid of a student" — Builder. 

" Of the utmost practical utility, and may be safely recommended to all students 
who aspixe to become dean and expert stu-veyors." — Mining yournal. 

Storms. 

STORMS : their Nature, Classification, and Laws, with the 
Means of Predicting them by their Embodiments, the Clouds. 
By William Blasius. Crown Svo, ioj. td, doth boards. 

Rudimentary Navigation, 

THE SAILOR'S SEA-BOOK: a Rudimentary Treatise on Navi- 
gation. By Tames Greenwood, B. A. New and enlarged edition. 
By W. H. RossER. i2mo, y, cloth boards. 

Matltematical and Nautical Tables. 

MATHEMATICAL TABLES, for Trigonometrical, Astronomical 
and Nautical Calculations ; to which is prefixed a Treatise on 
Logarithms. Bjr Henry Law, C.E. Together with a Series of 
Tables for Navigation and Nautical Astronomy. By J. R. 
Young, formerly Professor of Mathematics in Belfast College. 
New Edition. i2mo, 4J. cloth boards. 

Navigation {Practical) ^ with Tables. 

PRACTICAL NAVIGATION : consisting of the Sailor's Sea- 
Book, by James Greenwood and W. H. Rosser ; together 
with the requisite Mathematical and Nautical Tables for the Work- 
ing of the Problems. By Henry Law, C.E., and Professor 
J. R. Young. Illustrated with numerous Wood Engravings and 
Coloured Plates. i2mo, 7^. strongly half bound in leather. 



WEALE'S RUDIMENTARY SERIES. 

The following books in Naval Architecture^ etc,^ are published in the 

above series, 
MASTING, MAST-MAKING, AND RIGGING OF SHIPS. By 
Robert Kipping, N. A. Fourteenth Edition. i2mo, 2j. 6«/. cloth. 
SAILS AND SAIL-MAKING. Tenth Edition, enlarged. By 

Robert Kipping, N.A. Illustrated. i2mo, 3J. doth ^:>ards. 
2VAVAL ARCHITECTURE. By James Peake. Fourth Edition, 
with. PJates and Diagrams. i2mo, ^. cloth boards. 
MARINK ENGINES, AND Si:^K^ N^^^^\.^, "R^ RoBMT 
Murray, C.E. SevenlYi E.6i\:\oiv. iimo^T^s^^.O^af^XsKSMfta^ 
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ARCHITECTURE, BUILDING, ETC. 



Construction. — • — 

THE SCIENCE of BUILDING : An Elementary Treatise on 
the Principles of Construction. By E. Wyndham Tarn, M.A., 
Architect. With 58 Wood Engravings. Second Edition, revised and 
enlarged, including an entirely new chapter on the Nature of 
Lightning, and the Means of Protecting Buildings from its Violence. 
Crown 8vo, ^s, 6d, cloth. 

" A very valuable book, which we strongly recommend to all students."— ^»AU!rr. 

" No architectural student should be without this hand-book." — Architect. 

Civil and Ecclesiastical Building. 

A BOOK ON BUILDING, CIVIL AND ECCLESIASTICAL, 
Including Church Restoration. By Sir Edmund Beckett, 
Bart., LL.D., Q.C., F.R.A.S. Author of "Clocks and 
Watches and Bells," &c. l2mo, Ss. cloth boards. 
*' A book which is always amusing and nearly always instructive. We are able 
very cordially to recommend all persons to read it for themselves. "—Times. 

*' We commend the book to the thoughtful consideration of all who are interested 
in the buildint; art."— Builder. 

Villa Architecture. 

A HANDY BOOK of VILLA ARCHITECTURE ; being a 
Series of Designs for Villa Residences in various Styles. With 
Detailed Specincations and Estimates. By C. Wickes, Architect, 
Author of " The Spires and Towers of the Mediaeval Churches of Eng- 
land," &c. 30 Plates, 4to, half morocco, gilt edges, i/. u. 
*»* Also an Enlarged edition of the above. 61 Plates, with Detailed 
Specifications, Estimates, &c. 2/. 2^. half morocco. 

Useful Text- Book for Architects. 

THE ARCHITECT'S GUIDE : Bemg a Text-book of Useful 
Information for Architects, Engineers, Surveyors, Contractors, 
Clerks of Works, &c B)r F. Rogers. Cr. 8vo, 6x. cloth. 
"As a text-book of useful information for architects, engineers, surveyors, &c., it 
would be hard to find a handier or more complete little volume." — Standard. 

The Young Architect's Book. 

HINTS TO YOUNG ARCHITECTS. By G. Wightwick. 
New Edition. By G. H. Guillaume. i2mo, cloth, 4^. 
" Will be found an acquisition to pupils, and a copy ought to be conddercd as 
necessary a purchase as a box of instruments." — Architect. 

Drawing for Builders and Students. 

PRACTICAL RULES ON DRAWING for the OPERATIVE 
BUILDER and YOUNG STUDENT in ARCHITECTURE. 
By George Pyne. With 14 Plates, 4to, yj. dd. boards. 

Boiler and Factory Chimneys. 

BOILER AND FACTORY CHIMNEYS ; their Draugjit.^«^«. 
and Stability, with a chapter on Ligl\liv\iv^CoiA\3LQ.\.crt'&» ^-^^^^-«^xr^ 
Wilson, CE. Crown 8vo, 35. 6d, c\oXV. 
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Taylor and Cresys Rome, 

THE ARCHITECTURAL ANTIQUITIES OF ROME. By 
the Ute G. L. Taylor, Esq., F.S.A., and Edward Cresy, Esq. ; 
New Edition, Edited by the Rev. Alexander Taylor, M. A. (son 
of the late G. L. Taylor, Esq.) This is the only book which gives 
on a large scale, and with the precision of archkectural measure* 
ment, the principal Monuments of Ancient Rome in plan, elevation, 
and detail. Laiige folio, with 130 Plates, half-bound, 3/. 3^. 
•«• Originally published in two volumes, folio, at 18/. i&f. 

Vitruviu^ Architecture. 

THE ARCHITECTURE OF MARCUS VITRUVIUS 
POLLIO. Translated by Joseph Gwilt, F.S.A., F.RAS. 
Numerous Plates. l2mo, cloth limp, 51. 

Ancient Architecture. 

RUDIMENTARY ARCHITECTURE (ANCIENT); com' 

g rising VITRUVIUS, translated by Joseph Gwilt, F.S.A, 
c, with 23 fine plates ; and GRECIAN ARCHITECTURE. 
By the Earl of Aberdeen ; i2mo, 6j., half-bound. 
*^,* The only edition of VITRUVIUS procurable at a moderaU price. 

Modern Architecture. 

RUDIMENTARY ARCHITECTURE (MODERN); com- 
prising THE ORDERS OF ARCHITECTURE. By W. H. 
Leeds, Esq. ; The STYLES of ARCHITECTURE of VARIOUS 
COUNTRIES. By T. Talbot Bury ; and The PRINCIPLES 
of DESIGN in ARCHITECTURE. By E. L. Garbett. 
Numerous illustrations, i2mo, 6^. half-bound. 

Civil Architecture. 

A TREATISE on THE DECORATIVE PART of CIVIL 
ARCHITECTURE. By Sir William Chambers, F.R.S. 
With Illustrations, Notes, and an Examination of Grecian Archi- 
tecture. By Joseph Gwilt, F.S.A. Revised and edited by W. 
H. Leeds. 66 Plates, 4to, 2iJ. doth. 

House Painting. 

HOUSE PAINTING, GRAINING, MARBLING, AND 
SIGN WRITING : a Practical Manual of. With 9 Coloured 
Plates of Woods and Marbles, and nearly 150 Wood Engravings. 
By Ellis A. Davidson. Third Edition, Revised. i2mo, ts. doth. 

Plumbing. 

PLUMBING ; aText-book to the Practice of the Art or Craft of the 
Plumber. With chapters upon House-drainage, embodying the 
latest Improvements. By W. P. Buchan, Sanitary Engineer. 
Fourth Edition, Revised and much enlarged, with 300 illustrations, 
l2mo. 4f. cloth. \yust published. 

joints used in Buildings Engineerings &c. 

THE JOINTS MADE AND USED BY BUILDERS in the 

construction of various kinds of Engineering and Arcliitectural 

works, with especial teCetence to those wrought by artificers in 

erecting and finishing Ha\i\Va\i\e ^VtMcXxsa:^^, Bv W. J. Christy, 

Architect, With 160 lYlMSltaXlotvs, \2xfto, v» ^d- O^^^X^wwds, 
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Handbook of Specifications, 

THE HANDBOOK OF SPECIFICATIONS; or, Practical 
Guide to the Architect, Engineer, Surveyor, and Builder, in drawing 
up Specifications and Contracts for Works and Constructions. 
Illustrated by Precedents of Buildings actually executed by eminent 
Architects and Engineers. By Professor Thomas L. Donald- 
son, M.I.B.A. New Edition, in One large volume, 8vo, with 
upwards of 1000 pages of text, and 33 Plates, cloth, i/. lu. dd. 
" In this work forty-four specifications of executed works are given. . . . Donald- 
son's Handbook of Specifications must be bought by all architects."— ^»/V!ilrr. 

Specifications for Practical Architecture. 

SPECIFICATIONS FOR PRACTICAL ARCHITECTURE : 
A Guide to the Architect, Engineer, Surveyor, and Builder ; with 
an Essay on the Structure and Science of Modem Buildings. By 
Frederick Rogers, Architect. 8vo, 15J. doth. 

%* A volume of specifications of a practical character being greatly required, and the 
old standard work of Alfred Bartholomew being out of print, the author, on the basis 
of that work, has produced the vHoas^.— Extract from Preface, 

Designingy Measuring ^ and Valuing. 

THE STUDENTS GUIDE to the PRACTICE of MEA- 
SURING and VALUING ARTIFICERS* WORKS; contaimag 
Directions for taking Dimensions, Abstracting the same, and bringing 
the Quantities into Bill, with Tables of Constants, and copious 
Memoranda for the Valuation of Labour and Materials in the re- 
spective Trades of Bricklayer and Slater, Carpenter and Joiner, 
Painter and Glazier, Paperhanger, &c. With 43 Plates and Wood- 
cuts. Originally edited by Edward Dobson, Architect. New 
Edition, re-written, with Additions on Mensuration and Construc- 
tion, and useful Tables for facilitating Calculations and Measure- 
ments. By E. Wyndham Tarn, M.A., 8vo, lox. td, cloth. 

" Well fulfils the {M-omise of its title-page. Mr. Tarn's additions and revisions have 
much increased the usefuUiess kA Uie ^oxVJ^—Engineerin^, 

Beaton's Pocket Estimator. 

THE POCKET ESTIMATOR FOR THE BUILDING 
TRADES, being an easy method of estimating the various partj 
of a Building collectively, more especially applied to Carpenters' 
and Joiners* work. By A. C. Beaton. Second Edition. 
Waistcoat-pocket size. \s. 6d. 

Beaton^sBuilders' and Surveyors' Technical Guide. 

THE POCKET TECHNICAL GUIDE AND MEASURER 
FOR BUILDERS AND SURVEYORS: containmg a Complete 
Explanation of the Terms used in Building Construction, Memo- 
randa for Reference, Technical Directions for Measuring Work in 
all the Building Trades, &c. By A. C. Beaton. \s, dd. 

The House-Owner^ s Estimator. 

THE HOUSE-OWNER'S ESTIMATOR ; or. What wiU it 
Cost to Build, Alter, or Repair? A Price-Book for Unprofes- 
sional People, Architectural Surveyors, Builders, &c. By the late 
James D. Simon. Edited by F. T. W. Miller, A.R.LB.A. 
Third Edition, Revised. Crown 8vo, ^i. 6i., tVoJCcv. 
•• In two years it will repay its cost a hundred Xuue& w« *' — Field, 
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Cement. 

PORTLAND CEMENT FOR USERS. By Henry Faija, 
A.M. Inst. C.E., with Illustrations. Crown 8vo. 3j-. 6^. clotL 
** A uirful oompendtum of results for the builder and architect." — Building Nevt. 

Builder^ s and Contractors Price Book. 

LOCKWOOD & CO.*S BUILDER'S AND CONTRACTOR'S 
PRICE BOOK, containing the latest prices of all kinds of Builders' 
Materials and Labour, and of all Trades connected with Building, 
&c. Revised by F. T. W. Miller, A. R. I. B. A. Half-bound, 4;. 



CARPENTRY, TIMBER, ETC. 

"■ ♦ ■■ 

TredgolcTs Carpentry, new and cheaper Edition. 

THE ELEMENTARY PRINCIPLES OF CARPENTRY: 
a Treatise on the Pressure and Equilibrium of Timber Framing, the 
Resistance of Timber, and the Construction of Floors, Arches, 
Bridges, Rooft, Uniting Iron and Stone with Timber, &c. To which 
is added an Essay on the Nature and Properties of Timber, &c., 
with Descriptions of the Kinds of Wood used in Building ; also 
numerous Tables of the Scantlings of Timber for different purposes, 
the Specific Gravities of Materials, &c. By Thomas Tredgold, 
C.E, Edited by Peter Barlow, F.R.S. Fifth Edition, cor- 
rected and enlarged. With 64 Plates, Portrait of the Author, and 
Woodcuts. 4to, published at 2/. 2J., reduced to i/. 5^. cloth. 
" Ought to he in every architect's and every builder's library, and those who 
do not already possess it ought to avail themselves of the new issue. — Builder. 

"A work whose monumental excellence must commend it wherever sldlAil car^ 
I>entry is concerned. The Author's principles are rather confirmed than impaired by 
time. The additional plates are o f gr eat intrinsic yahxe,'*'~-Buildin£' News, 

Grandy's Timber Tables. 

THE TIMBER IMPORTER'S, TIMBER MERCHANTS, 
& BUILDER'S STANDARD GUIDE. By R. E. Grandy. 

2nd Edition. Carefully revised and corrected. i2mo, 3/. dd. doth. 
" Everything it pretends to be : built up gradually, it leads one from a forest to a 
treenail, and throws in, as a makeweight, a host of material concerning bricks, columnSi 
cisterns, &c. — all that the class to whom it appeals requires."— ^M^/iiA Mechatuc. 

Timber Freight Book. 

THE TIMBER IMPORTERS' AND SHIPOWNERS' 
FREIGHT BOOK : Being a Comprehensive Series of Tables for 
the Use of Timber Importers, Captains of Ships, Shipbrokers, 
Builders, and Others. By W. Richardson. Crown 8vo, 6f. 

Tahlesfor Packing-Case Makers. 

PACKING-CASE TABLES; showing the number of Superficial 
Feet in Boxes or Packing-Cases, firom six inches square and 
upwards. By W. Richardson. Oblong 4to, 3^. 6</. doth. 

" Invaluable labour-saving tables."— /rvwi^ftf^^^vr. 

Carriage Building, &c. 

COACH BUILDING: A Practical Treatise, Historical and 

Descriptive, conlalnvng full information of the various Trades asd 

Processes involved, wllYi'BmVs oxv >i>cvt ^o^w keeping of Carriages, 

&c. 57 .lUustraUons. B7 3^^^^^«^^^^^'^^- ^*»aa^ V- dodu 
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Hortofis Measurer. 

THE COMPLETE MEASURER ; setting forth the Measure- 
ment of Boards, Glass, &c ; Unequal-sided, Square-sided, Oc- 
tagonal-sided, Round Timber and Stone, and Standing Timber. 
"With just allowances for the bark in the respective species of 
trees, and proper deductions for the waste in hewing the trees, 
&c. ; also a Table showing the solidity of hewn or eight-sided 
timber, or of any octagonal-sided column. By Richard Horton. 
Fourth Edition, with considerable and valuable additions, i2mo, 
strongly bound in leather, 5j. 

Hortofis Underwood and Woodland Tables. 

TABLES FOR PLANTING AND VALUING UNDER- 
WOOD AND WOODLAND ; also Lineal, Superficial, Cubical, 
and Decimal Tables, &c. By R. Horton. i2mo, 2j. leather. 

Nicholson's Carpenters Guide. 

THE CARPENTER'S NEW GUIDE ; or, BOOK of LINES 
for CARPENTERS : comprising all the Elementary Principles 
essential for acquiring a knowledge of Carpentry. Founded on the 
late Peter Nicholson's standard work. A new Edition, revbed 
by Arthur Ashpitel, F.S.A., together with Practical Rules on 
Drawing, by George Pyne. With 74 Plates, 4to, i/. u. cloth. 

Dowsing s Timber Merchant's Companion. 

THE TIMBER MERCHANT'S AND BUILDER'S COM- 
PANION ; containing New and Copious Tables of the Reduced 
Weight and Measurement of Deals and Battens, of all sizes, from 
One to a Thousand Pieces, also the relative Price that each size 
bears per Lineal Foot to any given Price per Petersburgh Standard 
Hundred, &c., &c. Also a variety of other valuable information. 
By William Dowsing, Timber Merchant. Third Edition, Re- 
vised. Crown 8vo, 3J. cloth. 
''Everything is as concise and clear as it can possibly be made. There can be no 
d jubt that every timber merchant and builder ought to possess it." — Hull Advertiser* 

Practical Timber Merchant. 

THE PRACTICAL TIMBER MERCHANT, being a Guide 
for the use of Building Contractors, Surveyors, Builders, &c., 
comprising useful Tables for all purposes connected with the 
Timber Trade, Essay on the Strength of Timber, Remarks on the 
Growth of Timber, &c. By W. Richardson. Fcap. 8vo, 3J. dd* cl. 

Woodworking Machinery. 

WOODWORKING MACHINERY ; its Rise, Progress, and 
Construction. With Hints on the Management of Saw Mills and 
the Economical Conversion of Timber. Illustrated with Examples 
ef Recent Designs by leading English, French, and American 
Engineers. By M. Powis Bale, M.I.M.E. Large crown 8vo, 
\2s. 6d. cloth. 
" Mr. Bale is evidently an expert on the subject, and he has collected so much 
information that his book is all-sufficient for builders and others engaged in the con- 
version of ymthet.'*— Architect. 



iS WORKS IN MECHANICS, ETC., 

_ ] MECHANICS, ETC. ' 

Turning. — • — 

LATH K- WORK: a Practical Treatise on the Tools, Appliances, 

and rrocosses employed in the Art of Turning. By Paul N. Has- 

I.ICK. With Illustrations drawn by the Author. Crown 8vo, y 

*• FM<Jently wriitrn from penonal experience, and ^ves a large amount of jusi 

thai WW t uf inforiiiatiun which beginners at the lathe require." — BuiUUr. 

Mechanics Workshop Companion. 

THE OPERATIVE MECHANIC'S WORKSHOP COM- 
PANION, and THE SCIENTIFIC GENTLEMAN'S PRAC- 
TICAL ASSISTANT. By W. Templeton. 13th Edit.>tli 
Mechanical Tables for Operative Smiths, Millwrights, EngiBeos, 
&c ; anil an Extensive Table of Powers and Roots, i2mo, 5j. bouni 
" Admirably adapted to the wants of a very lar^ class. It has met witk grot 
suocew in the engineering workshop, as we can testify ; and there are a great many 
men who, in a great mea&ure, owe their rise in Ufe to this little work. " — Buildup AVm* 1 

En fencer s and Machinists Assistant. 

THE ENGINEER'S, MILLWRIGHT'S, and MACHINISTS 
PRACTICAL ASSISTANT ; comprising a Collection of Useful 
Tables, Rules, and Data. By Wm. Templeton. i8mo, 2/. W. 

Smith's Tables for Meclianics^ &c. 

TAHLES, MEMORANDA, and CALCULATED RESULTS, 
FOR MhXHANICS, ENGINEERS, ARCHITECTS, 
BUILDERS, &c. Selected and Arranged by Francis Smith. 
Waistcoat-pocket size, \s. 6d., limp leather. [ynstpublisJui 

Boiler Making. 

THE BOILER-MAKER'S READY RECKONER. With 
Examples of Practical Geometry and Templating, for the use of 
Platers, Smiths, and Riveters. By John Courtney, Edited by 
D. K. Clark, M. I. C.E. i2mo, 9J. half-bd. {^ust publishd. 

Superficial Measurement. 

THE TRADESMAN'S GUIDE TO SUPERFICIAL MEA- 
SUREMENT. Tables calculated from i to 200 inches in length, 
by I to 108 inches in breadth. By J. Hawkings. Fcp. 3/. 6</. cL 

The High-Pressure Steam Engine. 

THE HIGH-PRESSURE STEAM ENGINE. By Dr. Ernst 
Alban. Translated from the German, with Notes, by Dr. PoLi, 
F.R.S. Plates, 8vo, idr. 6^. cloth. 

Steam Boilers. 

A TREATISE ON STEAM BOILERS : then- Strength, Con- 
struction, and Economical Working. By R. Wilson, C.E. 
Fifth Edition. i2mo, 6j. cloth. 
** The best work on boilers which has come under our notice " — EngitteertHg, 
"I'he best treatise that has ever been published on steam boilers." — Engituer. 

Mechanics. 

THE HANDBOOK OF MECHANICS. By DioNYSiPS 
Lardner, D.C.L, ^ey? "E^\V\oxv, '£.^\\ftd and considerably £n* 
Jargcd, by Benjamin L,oz>n>i , Y .'S., K»^. ^ ^^^ v^^n-V*^.^^ clotk 
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MATHEMATICS, TABLES, ETC. 

♦ ■ 

Metrical Units and Systems^ &c, 

MODERN METROLOGY : A Manual of the Metrical Units 
and Systems of the present Century. With an Appendix con- 
taining a proposed English System. By Lowis D'A. Jackson, 
A.-M. Inst. C.E., Author of " Aid to Survey Praclice," &c. 
Large Crown 8vo, \2s. 6d. cloth. [Just published, 

Gregory's Practical Mathematics. 

MATHEMATICS for PRACTICAL MEN ; being a Common- 
place Book of Pure and Mixed Mathematics. Designed chiefly 
for the Use of Civil Engineers, Architects, and Surveyors. Part I. 
Pure Mathematics— comprising Arithmetic, Algebra, Geometry, 
Mensuration, Trigonometry, Conic Sections, Properties of Curves, 
Part II. Mixed Mathematics — comprising Mechanics in general. 
Statics, Dynamics, Hydrostatics, Hydrodynamics, Pneumatics, 
Mechanical Agents, Strength of Materials, &c. By Olinthus Gre- 
gory, LL.D., F.R. A.S. Enlarged by H. Law, C.E. 4th Edition, 
revised by Prof. J, R. Young. With 13 Plates. 8vo, i/. ix. doth. 

Mathematics as applied to the Constructive Arts, 

A TREATISE ON MATHEMATICS AS APPLIED TO 
THE CONSTRUCTIVE ARTS. Illustrating the various pro- 
cesses of Mathematical Investigation by means of Arithmetical and 
simple Algebraical Equations and Practical Examples, &c. By 
Francis Campin, C.E. i2mo, 3^. 6d. cloth. \jfmt published. 

Geometry for the A rchitect^ Engineer^ &c. 

PRACTICAL GEOMETRY, for the Architect, Engineer, and 
Mechanic. By E. W. Tarn,M.A. With Appendices on Diagrams 
of Strains and Isometrical projection. Demy 8vo, 9J. cloth. 

The Metric System. 

A SERIES OF METRIC TABLES, fai which the British 
Standard Measures and Weights are compared with those of the 
Metric System at present in use on the Continent. By C. H. 
DowLiNG, C.E. 2nd Edit., revised and enlarged. 8vo, loj. dd, cl. 

Inwood's Tables, greatly enlarged and improved. 

TABLES FOR THE PURCHASING of ESTATES, Freehold, 
Copyhold, or Leasehold; Annuities, Advowsons, &c., and for the 
Renewing of Leases ; also for Valuing Reversionary Estates, De- 
ferred Annuities, &c. By William Inwood. 21st edition, with 
Tables of Logarithms for the more Difficult Computations of the 
Interest of Money, &c. By M. F&dor Thoman. i2mo. Sj. cloth. 
*• Those interested in the purchase and sale of estates, and in the adjustment of 

compensation cases, as well as in transactions in annuities, life insurances, &c., will 

find the present edition of eminent ^Kn\at** •—Engineering. 

Weights, Measures^ Moneys, &c. 

MEASURES, WEIGHTS, and MONEYS of all NATIONS, 
and an Analysis of the Christian, Hebrew, and Mahometan 
Cdendars. Entirely New Edition, Revised «cA '^xJca.x^^. ^'^ 
W. S. B. WooLHOUSE, F.R.A.S. i2mo, 2s, W, ei-oN^^^-w.^- 
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Compound Interest and Annuities. 

THEORY of COMPOUND INTEREST «nd ANNUITIES; 
with Tables of Logarithms for the more Difficult Computations of 
Interest, Discount, Annuities, &c, in all their Applications and 
Uses for Mercantile and State Purposes. By F^dor Thoman, 
of the Soci^t^ CrWt Mobilier, Paris. 3rd Edit, i2mo, 4/. (xi. d 

Iron and Metal Trades^ Calculator. 

THE IRON AND METAL TRADES' COMPANION: 
Being a Calculator containing a Series of Tables upon a new and 
comprehensive plan for expeditiously ascertaining the value of any 
goods bought or sold by weight, from 15. per cwt. to II2J. per 
cwt., and from one farthing per lb. to \s, per lb. Each Table ex* 
tends from one lb. to 100 tons. BvT. Down IE. 396 pp., 9^., leather. 
*' Will supply a want, for nothing like it before existed." — Building News. 

Iron and Steel. 

IRON AND STEEL: a Work for the Forge, Foundry, 
Factory, and Office. Containing Information for Iroimiasters and 
their Stocktakers ; Managers of Bar, Rail, Plate, and Sheet Rolling 
Mills ; Iron and Metal Founders ; Iron Ship and Bridge Builders ; 
Mechanical, Mining, and Consulting Engineers ; Architects, Builders, 
&c. By Charles Hoare, Author of 'The Slide Rule,* &c. Eighth 
Edition. Oblong 32mo, ds. , leather. 
" For comprehensiveness the book has not its equal." — Jt'on, 

Comprehensive Weight Calculator. 

THE WEIGHT CALCULATOR, being a Series of Tables 
upon a New and Comprehensive Plan, exhibiting at one Reference 
the exact Value of any Weight from lib. to 15 tons, at 300 Pro- 
gressive Rates, from i Penny to 168 Shillings per cwt., and con- 
taining 186,000 Direct Answers, which, with their Combinations, 
consisting of a single addition (mostly to be performed at sight), 
will affijrd an aggregate of 10,266,000 Answers ; the whole ^ing 
calculated and designed to ensure Correctness and promote 
Despatch. By Henrv Harben, Accountant, Sheffield. New 
Edition. Royal 8vo, i/. 5j., strongly half-bound. 

Comprehensive Discount Guide. 

THE DISCOUNT GUIDE : comprising several Series of Tables 
for the use of Merchants, Manufacturers, Ironmongers, and others, 
by which maybe ascertained* the exact profit arising from any mode 
of using Discounts, either in the Purchase or Sale of Goods, and 
the method of either Altering a Rate of Discount, or Advancing a 
Price, so as to produce, by one operation, a sum that will realise 
any required profit after allowing one or more Discounts : to which 
are added Tables of Profit or Advance from i^ to 90 per cent, 
Tables of Discount from ij to 98! per cent., and Tables of Commis- 
sion, &c., from \ to 10 per cent. By Henry Harben, Accountant 
New Edition. Demy 8vo, i/. 5^., half-bound. 

Mathematical Instruments. 

MATHEMATICAI. IT^STRUMENTS : Their ConstructioB, 
Adjustment, Testing, and "Use \ comyrv^\w^ Drawing, Mearaxnji 
Optical, Surveying, and KsUonom\cai \ftsXvwftssvj&&, ^^ J, f 
HcATHER, M. A, Enlarged ILdvXXon, \a\xv^^ v* ^^^ 
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SCIENCE AND ART, 



Gold and Gold-Working. 

THE GOLDSMITJI'S HANDBOOK : containing fuU instruc- 
tions for the Alloying and Working of Gold. Including the Art of 
Alloying, Melting, Reducing, Colouring, Collecting and Refining. 
Chemical and Physical Properties of Gold, with a new System of 
Mixing its Alloys ; Solders, Enamels, &c. By George E. Gee. 
Second Edition, enlarged. i2mo, 3^. (id, cloth. 
** The best work yet i)rinted on its subject for a reasonable price." — yewelier. 
"Essentially a practical manual, well adapted to the wants of amateurs and 

apprentices, contaming trustworthy information that only a practical man can 

supply." — Ens^lish Mechanic, 

Silver and Silver Working. 

THE SILVERSMITH'S HANDBOOK, containing full In- 
structions for the Alloying and Working of Silver. Including the 
different Modes of Refining and Melting the Metal, its Solders, the 
Preparation of Imitation Mloys, &c. By G. E. Gee. i2mo, 3^. 6^?! 
" The chief merit of the work is its practical character. The workers in the trade 
will speedily discover its merits when tney sit down to study \\,**-~'English Mechanic 

Hall-Marking of Jewellery. 

THE HALL-MARKING OF JEWELLERY PRACTICALLY 
CONSIDERED, comprising an account of all the different Assay 
Towns of the United Kingdom ; with the Stamps at present 
employed ; also the Laws relating to the Standards and Hall* 
Marks at the various Assay Offices ; and a variety of Practical 
Suggestions concerning the Mixing of Standard Alloys, &c. By 
George E. Gee. Crown 8vo, 5^. cloth. \Just published. 

Electro- Platings &c. 

ELECTROPLATING: A Practical Handbook. By J. W. 
Urquhart, C.E. Crown 8vo, ^s, cloth. 
"Any ordinarily intelligent person may oecome an adept in electro-deposition 
with a very little science indeed, and this is the book to show the way."— i^M^^. 

Electrotyping^ &c. 

ELECTROTYPING : A Practical Manual on the Reproduction 
and Multiplication of Printing Surfaces and Works of Art by the 
Electro-deposition of Metals. By J. W. Urquhart, C.E. 
Crown 8vo, 5^. cloth. 
"A guide to beginners and those who practise the old and imperfect methods." — Iron, 

Electro-Plating. 

ELECTRO-METALLURGY PRACTICALLY TREATED. 
By Alexander Watt, F.R.S.S.A. Including the Electro- 
Deposition of Copper, Silver, Gold, Brass and Bronze, Platinum, 
Lead, Nickel, Tin, Zinc, Alloys of Metals, Practical Notes, &c., 
&C. Eighth Edition, Revised and Enlarged, including the most 

recent Processes. 12 mo, 3^. dd, cloth. \^ist published, 

" From this book both amateur and artisan may learn everything necessary for 

the successful prosecution of electroplating." — Iron. 

" A practical treatise for the use of those who desire to work in ttiQ 9Jct <i^ ^«rtw.'v 

deposition as si business,"— jE*//^/^/! Mecftanicx 
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Dr. Lardners Museum of Science and Art 

THE MUSEUM OF SCIENCE AND ART. Edited by 
DiONYSlus Lardner, D.CL., formerly Professor of Natural Phi- 
losophy and Astronomy in University College, London. With up- 
wards of 1 200 Engravings on Wood. In 6 Double Volumes. 
Price £\ u., in a new and elegant cloth binding, or handsomely 
bound in half morocco, 3IJ. 6^. 

OPINIONS OF THE PRESS. 

" This series, besides affording popular but sound instruction on scientific subjects, 
with which the humblest man in the country ought to be acquainted, also undertakes 
that teaching of ' common things 'which every well-wisher of his kind is anxious to 
promote. Many thousand copies of this serviceable publication have been printed, 
in the belief and hope that the desire for instruction and improvement widely ^* 
vails : and we have no fear that such enlightened faith will meet with disappomt* 
ment" — Timts. 

" A cheap and interesting publication, alike informing and attractive. The papers 
combine subjects of importance and great scientific knowledge, considerable mauc- 
tive powers, and a popular style of treatment." — Spectator. 

"xhe 'Museum of Science and Art' is the most valuable contribution that has 
ver been made to the Scientific Instruction of every class of society." — Sir Dtarid 
Brewster in th« North British Review. 

"Whether we consider the liberality and beauty of the illustrations, the charm of 
the writing, or the durable interest of the matter, we must express our belief that 
there is hardly to be found among the new books, one that would be welcomed by 
pe<^le of so many ages and classes as a valuable present." — Examiner, 

%• Separate books formed from the above^ suitable for Workmen^ s 

Libraries^ Science Classes^ ^c, 

COMMON THINGS EXPLAINED. Containing Air, Earth, Fire, 
Water, Time, Man, the Eye, Locomotion, Colour, Clocks and 
Watches, &c. 233 Illustrations, cloth gilt, 5j. 

THE MICROSCOPE. Containing Optical Images, Magnifying 
Glasses, Origin and Description of the Microscope, Microscopic 
Objects, the Solar Microscope, Microscopic Drawing and Engrav- 
ing, &c. 147 Illustrations, cloth gilt, zs, 

POPULAR GEOLOGY. Containing Earthquakes and Volcanoes, 
the Crust of the Earth, etc. 201 Illustrations, cloth gilt, 2j. td. 

POPULAR PHYSICS. Containing Magnitude and Minuteness, the 
Atmosphere, Meteoric Stones, Popular Fallacies, Weather Prog- 
nostics, the Thermometer, the Barometer, Sound, &c.' 85 Illus- 
trations, cloth gilt, 2J. 6^. 

STEAM AND ITS USES. Including the Steam Engine, the Lo- 
comotive, and Steam Navigation. 89 Illustrations, cloth gilt, 2s. 

POPULAR ASTRONOMY. Containing How to Observe the 
Heavens. The Earth, Sun, Moon, Planets. Light, Comets, 
Eclipses, Astronomical Influences, &c 182 Illustrations, 4J. td 

THE BEE AND WHITE ANTS : Their Manners and Habits. 
With Illustrations of Animal Instinct and Intelligence. 135 Illus- 
trations, cloth gilt, 2J. 

THE ELECTRIC TELEGRAPH POPULARISED. To render 
intelligible to all who can Read, irrespective of any previous Scien- 
tific Acquirements, tYie \ano\is ^otkv^ q>1 Telegraphy in Actual 
Operation. 100 lUustwitioT^s, doxiv ^^\^ \5. t»d. 
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Dr. Lardne^s Handbooks of Natural Philosophy. 

•** The following five volumes^ though each is Complete in itself and to he pur- 
chased separately J form A Complete Course of Natural Philosophy, and are 
intended for the general reader who desires to attain accurate knowledge of the 
various departments of Physical Science ^ without pursuing them according to the 
more profound methods of mathematical investigation. The style is studiously 
Popular. It has been the author's aim to supply Manuals such as are required by 
the Student t the Engineer^ the Artisan^ and the superior classes in Schools. 

THE HANDBOOK OF MECHANICS. Enlarged and almost 
rewritten by Benjamin Loewy, F.R.A.S. With 378 Illustra- 
tions. Post 8vo, 6s. cloth. 
" The perspicuity of the original has been retained, and chapters which had 
become obsolete, have been replaced by others of more modem character. The 
explanations throughout are studiously popular, and care has been taken to show 
the application of the various branches of physics to the industrial arts, and to 
the practical business of life." — Mining Journal. 

THE HANDBOOK of HYDROSTATICS and PNEUMATICS. 

New Edition, Revised and Enlarged by Benjamin Loewy, 

F.R. A.S. With 236 Illustrations. Post Svo, 5x. cloth. 
" For those * who desire to attain an accurate knowledge of physical science with- 
out the profound methods of mathematical investigation/ this work is not merely in- 
tended, but well adapted." — Chemical News, 

THE HANDBOOK OF HEAT. Edited and almost entirely 
Rewritten by Benjamin Loewy, F.R.A.S., etc 117 Illustra- 
tions. Post Svo, 6s, cloth. 

" The style is always clear and precise, and conveys instruction without leaving 
any cloudiness or lurking doubts behind."— Engineering, 

THE HANDBOOK OF OPTICS. New Edition. Edited by 
T. Olver Harding, B.A. 298 Illustrations. Post Svo, $s, cloth. 

" Written by one of the ablest English scientific writers, beautifully and elaborately 
illustmttd.'*— Mechanics' Magazine. 

THE HANDBOOK OF ELECTRICITY, MAGNETISM, and 

ACOUSTICS. New Edition. Edited by Geo. Carey Foster, 

B.A., F.C.S. With 400 Illustrations. Post Svo, 5j.- cloth. 
" The book could not have been entrusted to any one better calculated to preserve 
the terse and lucid style of Lardner. while correcting his errors and brin|^ng up his 
work to the present state of scientific knowledge." — Popular Science Review, 

Dr. Lardner' s Handbook of Astronomy. 

THE HANDBOOK OF ASTRONOMY. Forming a Com- 
panion to the "Handbooks of Natural Philosophy." By DiONY- 
sius Lardner, D.C.L. Fourth Edition. Revised and Edited by 
Edwin Dunkin, F.R.S., Royal Observatory, Greenwich. With 
38 Plates and upwards of 100 Woodcuts. In i vol., small Svo, 
550 pages, 9J. 6^., cloth. 
"Probably no other book contains the same amount of information in so com- 
pendious ancl well-arranged a form — certainly none at the price at which this is 
offered to the public." — Athenaum. 

** We can do no other than pronounoe this work a most valuable manu.il of astro- 
nomy, and we strongly recommend it to all who wish to acquire a general — but at 
the same time correct — acquaintance with this sublime science." — Quarterly Jourttal 
of Science. 

Dr. Lardner' s Handbook of Animal Physics. 

THE HANDBOOK OF ANIMAL PHYSICS. By Dr. 
Lardner. With 520 Illustrations. New edition, small Svo, 
cloth, 732 pages, 7j. 6d. 
" We have 00 hesitation in cordially recommexvdVn^vC* — Edi*ca.tv»Mx\ T\w«»» 
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Dr. Lardnet^s School Handbooks. 

NATURAL PHILOSOPHY FOR SCHOOLS. By Dr. Lardnkr. 

328 Illustrations. Sixth Edition. I voL 3^. 6^. cloth. 
** Conveys, in cloar and precise terms, general notions of all the principal divisions 
of Physical Science." — British Quarterly Review. 

ANIMAL PHYSIOLOGY FOR SCHOOLS. By Dr. Labdner. 

With 190 Illustrations. Second Edition, i voL 31. 6d. cloth. 
"dearly written, well arranged, and excellently \\\\xs,traXt^"—Gar€Utiers'CkroHkli. 

Dr. Lardner's Electric Telegraph. 

THE ELECTRIC TELEGRAPH. By Dr. Lardner. New 
Edition. Revised and Re- written, by E. B. Bright, F.R. AS. 
140 Illustrations. Small 8vo, 2j. dd. cloth. 
" One of the most readable books extant on the Electric Telegraph."— ^a^. Mechanic. 

Mollusca. 

A MANUAL OF THE MOLLUSCA ; being a Treatise on 
Recent and Fossil Shells. By Dr. S. P. Woodward, AX.S. 
With Appendix by Ralph Tate, A.L.S., F.G.S. With numer- 
ous Plates and 300 Woodcuts. 3rd Edition. Cr. 8vo, 7j. 6^. cloth. 

Geology and Genesis. 

THE TWIN RECORDS OF CREATION ; or, Geology and 
Genesis, their Perfect Harmony and Wonderful Concord. By 
George W. Victor le Vaux. Fcap. 8vo, 5^ . cloth. 

^ " A valuable contribution to the evidences of revelation, and disposes very conclu- 
sively of the arguments of those who would set God's Works against God's Word. 
No real difficulty is shirked, and no sophistry is left unexposed." — The Rock, 

Science and Scripture, 

SCIENCE ELUCIDATIVE OF SCRIPTURE, AND NOT 
ANTAGONISTIC TO IT ; being a Series of Essays on-i. 
Alleged Discrepancies ; 2. The Theory of the Geolc^sts and 
Figure of the Earth ; 3. The Mosaic Cosmogony ; 4. Miracles in 
general — Views of Hume and Powell ; 5. The Miracle of Joshua- 
Views of Dr. Colenso, &c. By Prof. J. R. Young. Fcap. 5^. cloth. 

Geology. 

A CLASS-BOOK OF GEOLOGY: Consisting of "Physical 
Geology," which sets forth the Leading Principles of the Science; 
and ** Historical Geology," which treats of the Mineral and Organic 
Conditions of the Earth at each successive epoch, especial reference 
being made to the British Series of Rocks. By Ralph Tate. 
With more than 250 Illustrations. Fcap. 8vo, 5j. cloth. 

Practical Philosophy. 

A SYNOPSIS OF PRACTICAL PHILOSOPHY. By Rev. 
John Carr, M.A., late Fellow of Trin..Coll., Camb. i8mo, 5j. d. 

Pictures and Painters. 

THE PICTURE AMATEUR'S HANDBOOK AND DIC- 
TIONARY OF PAINTERS : A Guide for Visitors to Picture 
Galleries, and for Ail-Stadewts, including methods of Painting, 
Cleaning, Re-Lining, arvd^ResVontv^^^rmsA^^lSchools of Painting, 
Copyists and Imitators. ■Byl?miA^^^T>Ns.>i\.,^A, ^\.^>^^cif^6</.d 
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Clocks^ Watches y and Bells. 

RUDIMENTARY TREATISE on CLOCKS, and WATCHES, 
and BELLS. By Sir Edmund Beckett, Bart, (late E. B. 
Denison), LL.D., Q.C., F.R.A.S. Sixth Edition, revised and en- 
larged. Limp cloth (No. 67,Weale*s Series), 4J. td,\ cloth bds. 5j. dd, 

*"rhe Dcst work on the subject probably extant. The treatise on bells is nn- 
doubtedly the best in the language. ** — Engineering. 

"The only modem treatise on clock-making." — Horological Journal* 

The Construction of the Organ, 

PRACTICAL ORGAN-BUILDING. By W. E. Dickson, 

M. A., Precentor of Ely Cathedral. Second Edition, revised, with 

Additions. i2mo, 3^. cloth boards. [jhist published. 

" In many respects the book is the best that has yet appeared on the subject. We 

cordially recommend \t." —English Mechanic. 

"'J'he amateur builder will find in this book all that is necess.iry to enable him 
personally to construct a perfect organ with his own hands." — Academy, 

Brewing. 

A HANDBOOK FOR YOUNG BREWERS. By Herbert 
Edwards "Wright, B.A. Crown 8vo, 3^. 6d, cloth. 

" A thoroughly scientific treatise in popular language." — Morning A dvirtiser. 
** We would particularly recommend teachers of the art to place it in every pupil's 
hands, and we feel sure its perusal will be attended with advantage." — Brewer, 

Dye- Wares and Colours. 

THE MANUAL of COLOURS and DYE-WARES: their 
Properties, Applications, Valuation, Impurities, and Sophistications. 
For the Use of Dyers, Printers, Drysdters, Brokers, &c. By J. 
W. Slater. Second Edition. Re-written and Enlarged. Crown 
8vo, 7 J. dd, cloth. [Just published. 

Grammar of Colouring. 

A GRAMMAR OF COLOURING, appUed to Decorative 
Painting and the Arts. By George Field. New edition. By 
Ellis A. Davidson. i2mo, 3^. 6d, cloth. 

Woods and Marbles {Imitation of). 

SCHOOL OF PAINTING FOR THE IMITATION OF 
WOODS AND MARBLES, as Taught and Practised by A. R. 
and P. Van der Burg. With 24 full-size Coloured Plates ; also 
12 Plain Plates, comprising 154 Figures. Folio, 2/. 12s, 6d. bound. 

The Military Sciences. 

AIDE-M£M0IRE to the MILITARY SCIENCES. Framed 
from Contributions of Officers and others connected with the dif- 
ferent Services. Originally edited by a Committee of the Corps of 
Royal Engineers. 2nd Edition, revised ; nearly 350 Engravings 
and many hundred Woodcuts. 3 vols, royal 8vo, cloth, 4/. lar. 

Field Fortification. 

A TREATISE on FIELD FORTIFICATION, the ATTACK 
of FORTRESSES, MILITARY MINING, and RECON- 
NOITRING. By Colonel I. S. Macaulay, late Professor of 
Fortification in the R. M. A., Woolwich. Sixth Edition^ cto>K^ 
8vo, cloth, with separate Atlas of 12 PlsiXt^^ \^s, cwsv^^^^ 
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Dilamottis Works an Illumination & Alphabets. 

A PRIMER OF THE ART OF ILLUMINATION ; for the 
ate of Beginners : with a Rudimentaty Treatise on the Art, Prac- 
tical DirKtions for its Exercise, and numerous Examples taken 
from Illuminated MSB., printed in Gold and Colours. By F. Deu* 
MOTTi. Small 4to, 9^. El^antly bound, doth antique. 

"The examples of ancient MSS. recommended to the student, which, with much 
rood sense, the author diooses from collections accessible to all, are selected witb 
Judgment and knowledge, as well as taste.*' — AtA^fugum, 

ORNAMENTAL ALPHABETS, ANCIENT and MEDIiEVAL ; 

from the Eighth Century, with Numerals ; including Gothic, 

Church-Text, German, Italian, Arabesque, Initials, Monograms, 

Crosses, &c Collected and engraved by F. Delamotte, and 

printed in Colours. New and Cheaper Edition. Royal 8to, 

oblong, 2J. 6J, ornamental boards. 

" For those who insert enamelled sentences round gp3ded chalices, who blazon shop 
legends over shop-doors, who letter church walls with pithy sentences firom tbe 
I>ecalogue, this book will be useful"— ^fMrw^nvM. 

EXAMPLES OF MODERN ALPHABETS, PLAIN and ORNA- 
MENTAL ; including German, Old English, Saxon, Italic, Per- 
spective, Greek, Hebrew, Court Hand, Engrossing, Tuscan, 
Riband, Gothic, Rustic, and Arabesque, &c., &c. Collected and 
engraved by F. Delamotte, and printed in Colours. New and 
Cheaper Edition. Royal 8vo, obloi^, 2s, 6d, ornamental boards. 

" There is comprised in it every possible shape into which the letters of the alphabet 
and numerals can be iormeA,'*'— Standard, 

MEDIAEVAL ALPHABETS AND INITIALS FOR ILLUMI- 
NATORS. By F, Delamotte. Containing 21 Plates, and 
Illuminated Title, printed in Gold and Colours. With an Intro- 
duction by J. Willis Brooks. Small 4to, 6j. doth gilt 

THE EMBROIDERER'S BOOK OF DESIGN ; containing Initials, 
Emblems, Cyphers, Monograms, Ornamental Borders, Ecclesias- 
tical Devices, Mediaeval and Modem Alphabets, and National 
Emblems. Collected and engraved by F. Delamotte, and 
printed in Colours. Oblong royal 8vo, ix. (>d, ornamental wrapper. 

Wood' Carving. 

INSTRUCTIONS In WOOD-CARVING, for Amateurs; with 

Hints on Design. By A Lady. In emblematic wrapper, hand* 

somely printed, with Ten large Plates, 2x. dd, 

" The handicraft of the wood-carver, so well as a book can impart it, may be learnt 
from ' A Lady's ' publication."— ^/A^^vmm. 

Popular Work on Painting. 

PAINTING POPULARLY EXPLAINED; with Historical 
Sketches of the Progress of the Art By Thomas John Guluck, 
Painter, and John Timbs, F.S.A Fourth Edition, revised and 
enlarged. Widi Frontispiece and Vignette. In small 8vo, 5^. td, doth. 
%* This Work has been adopted as a Prise-book in the Schools of 
Art at South Kensington. 
''CtMiCains a laige amount oC ongmaXmaxtec, agreeably conve3red.'* — Buiider. 
" Much may be learned, even 09 tibose vrVvo Ivdc?) ^^«<] d.Q\iot require to be tanghl; 
from the cunf^ p<>r ny »l f' tVi*° "»^T^**'*^'^A\tv|^>«^^<^t«pMt<a\en&v>«e\Mascv^'» — a ^ yjpanii/' 
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AGRICULTURE, GARDENING, ETC. 
Yauatt and Burtis Complete Grazier. 

THE COMPLETE GRAZIER, and FARMER'S and CATTLE- 
BREEDER'S ASSISTANT. A Compendium of Husbandry. 
By William Youatt, Esq., V.S. 12th Edition, very con- 
siderably enlarged, and brought up to the present requirements of 
agricultural practice. By Robert Scott Burn. One large 8vo. 
volume, 860 pp. with 244 Illustrations, i/. u. half-bound. 

" The sun(krd and toxt-book, with the farmer and grazier, "—/tfrm^f MagoMUU. 

*' A treatise which will remain a standard work on the subject as long as British 
agriculture endures." — Mark Lane Express, 

History y Structure, and Diseases of Sheep. 

SHEEP ; THE HISTORY, STRUCTURE, ECONOMY, 
AND DISEASES OF. By W. C. Spooner, M.R.V.C, &c. 
. Fourth Edition, with fine engravings, including specimens of New 
and Improved Breeds. 366 pp., 4J. cloth. 

Production of Meat. 

MEAT PRODUCTION. A Manual for Producers, Distributors, 
and Consumers of Butchers' Meat. Being a treatise on means of 
increasing its Home Production. Also treating of the Breeding, 
Rearing, Fattening, and Slaughtering of Meat-yielding Live Stock ; 
Indications of the Quality, etc. By John Ewart. Cr. 8vo, 5j. cloth. 
" A compact and handy volume on the meat question, which deserves serious and 
thoughtful consideration at the present time." — Meat and Prevision Traded Review, 

Donaldson and Burns Suburban Farming. 

SUBURBAN FARMING. A Treatise on the Laying Out and 
Cultivation of Farms adapted to the produce of Milk, Butter and 
Cheese, Eggs, Poultry, and Pigs. By the late Professor John 
Donaldson. With Additions, Illustrating the more Modem Prac- 
tice, byR. Scott Burn. i2mo, 4J. cloth boards. 

English Agriculture, 

THE FIELDS OF GREAT BRITAIN. A Text-book of 
Agriculture, adapted to the Syllabus of the Science and Art 
Department. For Elementary and Advanced Students. By 
Hugh Clements (Board of Trade). With an Introduction by 
H. Kains-Jackson.- i8mo, 2s. 6</. cloth. 

** A clearly written description of the ordinary routine of English farm-life.'* — Land. 

" A carefully written text-book of A§;riculture." — Athsftcenm. [Economist. 

"A most comprehensive volume, giving amass of information." — Agricultural 

Modern Farming. 

OUTLINES OF MODERN FARMING. By R. Scott Burn. 

Soils, Manures, and Crops — Farming and Farming Economy — 

Cattle, Sheep, and Horses — Management of the Dairy, Pigs, and 

Poultry — Utilisation of Town Sewage, Irrigation, &c. New Edition. 

In I voL 1250 pp., half-bound, profusely illustrated, \zu 
•• There is sufficient stated within the Umlts of Xh\s tc^axvsfc \a \ji'«n«iX ^^aooaa 
Crom going far wrjng in any of his operat\on&,"~0&scrvcr. 
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The Management of Estates. 

LANDED ESTATES MANAGEMENT: Treating of the 
Varieties of Lands, Methods of Fanning, Farm Building, Irrigation, 
Drainage, &c. By R. ScoTT Burn. i2mo, y, cloth. 
" A complete and comprehensive outline of the duties appertaining to the manage 
ment of landed estates." — Journal of Forestry, 

Tlu Manage^nent of Farms. 

OUTLINES OF FARM MANAGEMENT, and the Organiza- 
lion of Farm Labour. Treating of the General Work of the Farm, 
Field, and Live Stock, Details of Contract Work, Specialties of 
Labour, Economical Management of the Farmhouse and Cottage, 
Domestic Animals, &c. By Robert Scott Burn. i2mo, 3^. 

Management of Estates and Farms. 

LANDED ESTATES AND FARM MANAGEMENT. By 
R. Scott Burn. (The above Two Works in One Vol.) 6s, 

Hudson s Tables for Land Valuers, 

THE LAND VALUER'S BEST ASSISTANT: behig Tables, 
on a very much improved Plan, for Calculating the Value ot 
Estates. With Tables for reducing Scotch, Irish, and Provincial 
Customary Acres to Statute Measure, &c. By R. Hudson, C.E. 
New Edition, royal 32mo, leather, gilt edges, elastic band, 4J. 

Ewarts Land Improve?^ s Pocket-Book. 

THE LAND IMPROVER'S POCKET-BOOK OF FOR- 
MULA, TABLES, and MEMORANDA, required in any Com- 
putation relating to the Permanent Improvement of Landed Pro- 
perty. By John Ewart, Land Surveyor. 32mo, leather, 4J. 

Complete Agricultural Surveyor's Pocket-Book. 

THE IJ^ND VALUER'S AND LAND IMPROVER'S COM- 
PLETE POCKET-BOOK ; consisting of the above two works 
bound together, leather, gilt edges, with strap, *js, 6d, 
"We consider Hudson's book to be the best ready-reckoner on matters relating to 
the valuation of land and crops we have ever seen, and its combination with Mr. 
£ wart's work greatly enhances the value and usefulness of the latter-mentioned.— 
It is most useful as a manual for xci&[^nQ^."^North o/ England Farmer, 

Grafting and Budding. 

THE ART OF GRAFTING AND BUDDING. By Charles 
Baltet. Translated from the French. With upwards of iSo 
Illustrations. i2mo, 3^. cloth boards. \yiist published. 

Culture of Fruit Trees. 

FRUIT TREES, the Scientific and Profitable Culture of. In- 
cluding Choice of Trees, Planting, Grafting, Training, Restoration 
of Unfruitful Trees, &c. From the French of Du Breuil. Third 
Edition, revised. With an Introduction by George Glenny. 4r.cl. 
" The book teaches how to prune and train fruit-trees to perfection."- /5*f/</. 

Potato Culture. 

POTATOES, HOW TO GROW AND SHOW THEM; A 
Practical Guide to 0[ie CxxVlvvaWoxv ^lA Qs^cvatgl Treatment of the 
Vouxo. By James PWK. V^V\^a. l\\>a&\.x^\:va^ ^v^v^^or, d 



PUBLISHED BY CROSBY LOCKWOOD & CO. 3> 

Good Gardening. 

A PLAIN GUIDE TO GOOD GARDENING ; or, How to 
Grow Vegetables, Fruits, and Flowers. With Practical Notes on 
Soils, Manures, Seeds, Planting, Laying-out of Gardens and 
Grounds, &c. By S. Wood. Third Edition. Cr. 8vo, 5j. cloth. 
** A very good book, and one to be highly recommended as a practical guide. 
The practical directions are excellent" — Athenctum. 

Gainful Gardening. 

MULTUM-IN-PARVO GARDENING; or, How to make One 
Acre of Land produce ;^620 a year, by the Cultivation of Fruits 
and Vegetables ; also, How to Grow Flowers in Three Glass 
Houses, so as to realise £i*j(i per annum clear Profit. By Samuel 
Wood. 3rd Edition, revised. Cr. 8vo, 2s. cloth. 
" We are bound to recommend it as not only suited to the case of the amateur and 
gentleman's gardener, but to the market grower." — Gardener's Magazine. 

Gardening for Ladies. 

THE LADIES* MULTUM-IN-PARVO FLOWER GARDEN, 
and Amateur's Complete Guide. By S. Wood. Cr. 8vo, 3^. bd. 

Bulb Culture. 

THE BULB GARDEN, or, How to Cultivate Bulbous and 
Tuberous-rooted Flowering Plants to Perfection. By Samuel 
Wood. Coloured Plates. Crown 8vo, 3^. 6^/. cloth. 

Tree Planting. 

THE TREE PLANTER AND PLANT PROPAGATOR: 
A Practical Manual on the Propagation of Forest Trees, Fruit 
Trees, Flowering Shrubs, Flowering Plants, Pot Herbs, &c. 
Numerous Illustrations. - By Samuel Wood. i2mo, 2J. ^d, cloth. 

Tree Pruning. 

THE TREE PRUNER : A Practical Manual on the Pruning of 
Fruit Trees, their Training and Renovation ; also the Pruning of 
Shrubs, Climbers, &c. By S. Wood. i2mo, 2j. dd. cloth. 

Tree Plantings Pruning, & Plant Propagation. 

THE TREE PLANTER, PROPAGATOR, AND PRUNER. 
By Samuel Wood, Author of ** Good Gardening," &c. Consisting 
of the above Two Works in One Vol., 5^. half-bound. 

Early Fruits^ Flowers and Vegetables. 

THE FORCING GARDEN : or. How to Grow Early Fruits, 
Flowers, and Vegetables. With Plans and Estimates for Building 
Glasshouses, Pits, Frames, &c. By S. Wood. Crown 8vo, 3^. ^d. 

Market Gardenings Etc. 

THE KITCHEN AND MARKET GARDEN. By Con- 
tributors to "The Garden." Compiled by C. W. SiiAW, Editor 
of "Gardening Illustrated." i2mo, 3^. 6^. cl. bds. \Just published. 

Kitchen Gardening. 

KITCHEN GARDENING MADE EASY. Showmg how to 
prej>are and lay out the ground, the best means of cultivating even 
known Vegetable and Herb, etc By G,M.,¥,Q»\*^^^'^. Y'BSi»^a&, 
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*A Complete Epitome of the Laws of this Country! 

EVERY MAN'S OWN LAWYER; a Handy-Book of the Prin- 
ciples of Law and Equity. By A Barrister. New Edition. 
Corrected to the end of last Session. Embracing upwards of 
3,500 Statements on Points of Law, Verified by the addition of 
r^otes and References to the Authorities. Crown 8vo, cloth, 
price df. &/. (saved at every consultation), t 

COMPRISING THE RIGHTS AND WRONGS OF INDIVIDUALS, MERCANTILE 
AND COMMERCIAL LAW, CRIMINAL LAW, PARISH LAW, COUNTY COURT 
LAW, GAME AND FISHERY LAWS, POOR MEN's LAW, THE LAWS OF 



Bank RurrcY— Bills op Exchange— 

COMTSACTS AND ACRKKMSNTS— COFV- 
aiOHT— DOWSR AND DiVORCB— ElBC- 

TiONS AND Registration — Insurance 
— Libel and Slander — Mortgages- 



Settlements— Stock Exchange Prac- 
tice—Trade Marks and Patents- 
Trespass, Nuisances, etc. — ^Transfm 
OF Land, etc. — Warranty — Wills 
AND Agreements, btc. 



Also Law for Landlord and Tenant — j — Friendly Societies — Qergymen, Church' 



wardens — Medical Practitioners, &c - 
Bankers — Fanners — Contractors — Stodc 
and Share Brokers — Sportsmen and Game- 
keepers — Farriers and Horse-Dealers- 
Auctioneers, House-Agents — Innkeepers, 
&C. — Pawnbrokers — Surveyors — KaJI- 
ways and Carriers, &c, &c 



Master and Servant— Workmen and Ap- 
prentices—Heirs, Devisees, and ljtg».- 
tees — Husband and Wife — Executors 
and Trustees — Guardian and Ward — 
Married Women and Infants — Psutners 
and Agents — Lender and Borrower — 
Debtor and Creditor — Purchaser and 
Vendor — Companies and Associations 

** No Englishman ought to be without this hooic^'-^Engineer. 

** What it professes to be— a complete epitome of the laws of this country, thoroughly 
intelligible to non-professional readers. The book is a handy one to have in readiness 
when some knotty point requires ready solution." — Beifs Life. 

" A useful and concise epitome of the law." — Law Magazine. 

Auctioneer's Assistant 

THE APPRAISER, AUCTIONEER, BROKER, HOUSE 
AND ESTATE AGENT, AND VALUER'S POCKET AS- 
SISTANT, for the Valuation for Purchase, Sale, or Renewal of 
Leases, Annuities, and Reversions, and of property generally; 
with Prices for Inventories, &c By John Wheeler, Valuer, &c. 
Fourth Edition, enlarged, by C. Norris. Royal 32mo, cloth, 5J. 
" A concise book of reference, containing a clearly*arranged list of prices for 
inventories, a practical guide to determine the value of furniture, &c." — Standari. 

A uctioneering. 

AUCTIONEERS : THEIR DUTIES AND LIABILITIES. 
By Robert Squibbs, Auctioneer. Demy 8vo, ioj. 6rf. cloth. 
" Every auctioneer and valuer ought to. possess a copy of this valuable work."— 
House Property. l/ronmonger. 

HANDBOOK OF HOUSE PROPERTY : a Popular and Prac- 
tical Guide to the Purchase, Mortgage, Tenancy, and Compulsory 
Sale of Houses and Land ; including the Law of Dilapidations and 
Fixtures, &c. By E. L. Tarbuck. 2nd Edit. i2mo, 3^. 6d. cloth. 

"We are glad to be able to recommend it." — Builder. 

" The advice is thoroughly practical" — Law JournaL 

Metropolitan Rating. 

METROPOLITAN RATING : a Summary of the Appeals 
heard before the Court of General Assessment Sessions at West- 
minster, in the years 1871-80 inclusive. Containing a large mass 
oi very valuable in{oimaV\otv vj\lh. respect to the Rating of Rail* | 
ways, Gas and WaterwoiVs, Ti^xonnvj^^ N^V-ms^^^ Public Houses f 
&c. By Edward and A, L.. Bjmi^^. %no, \is, ^, 



